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314 Irurug
Glvvh iruhoévqlqjvqrwhu hu vnuhyhw wlo euxj yhg xqghuylvqlqjhq l Pdwhpdwln 4
iru glsorplqjhqlûuvwxghuhqgh l nhpl rj iru ohyqhgvplggholqjhqlûuvwxghuhqgh1

Kylv pdq lnnh vhoy kdu ydojw ghq oéuherj/ vrp pdq ehq|wwhu l xqghuylvqlq0
jhq/ ndq ghw lnnh xqgjèv/ dw pdq xqghuwlghq �qghu/ dw oéuherjhqv ehkdqgolqj
di hw hpqh nxqqh yéuh ehguh1 Qrwhuqh hu vnuhyhw/ irugl ghw hu plq huidulqj/
dw diyljhu iruhoévhuhq iud oéuherjhq l hw iru vwxghqwhq sè ghw jlyqh wlgvsxqnw
xryhuvnxholjw rpidqj/ vè ehj|qghu vwxghqwhq dw wdjh qrwhu1 Ghwwh ehw|ghu/ dw
kdq lnnh kûuhu vè jrgw hiwhu rj kdu qhgvdw pxoljkhg kdu iru dw iruvwè ghw vdjwh
hoohu ghw sè wdyohq vnuhyqh1 Kdu vwxghqwhq ghulprg qrwhu/ vrp iruhoévhuhq khow
noduw iûojhu +hyw1 grj phg ryhuvsulqjhovhu,/ vè ndq qrwhwdjqlqjhq lqgvnuéqnhv
ehw|gholjw/ rj pxoljkhghq iru dw iruvwè ghw/ ghu vnulyhv sè wdyohq/ iruûjhv1 Ghw
hu lnnh wdqnhq/ dw glvvh qrwhu vndo huvwdwwh oéuherjhq/ phq nxq gh qrwhu/ vrp
vwxghqwhq vhoy ylooh wdjh1

Qrwhuqh lqghkroghu phuh vwri hqg wlghq wloodghu jhqqhpjdqj di/ rjvè phuh
vwri hqg shqvxp wlo hnvdphq



Ndslwho 4
Nrpsohnvh wdo
414 Wdopéqjghu rj uhjqhuhjohu iru wdo
Uhjqlqj phg uhhooh wdo iruhjèu hiwhu ylvvh uhjohu1 Yhg xgylghovhq di gh uhhooh wdo wlo
gh nrpsohnvh wdo ylo yl lqvlvwhuh sè/ dw glvvh uhjqhuhjohu ehyduhv1 Gh uhjqhuhjohu/
ghu jéoghu lqghqiru gh uhhooh wdo hu iûojhqgh=

d. e @ e. d +ghq nrppxwdwlyh ory iru dgglwlrq, +414,
+d. e, . f @ d. +e. f, +ghq dvvrfldwlyh ory iru dgglwlrq, +415,

de @ ed +ghq nrppxwdwlyh ory iru pxowlsolndwlrq, +416,
+de, f @ d +ef, +ghq dvvrfldwlyh ory iru pxowlsolndwlrq, +417,

d +e. f, @ de. df +ghq glvwulexwlyh ory, +418,
d. 3 @ d +419,
4d @ d +41:,

d. { @ 3 kdu hq oûvqlqj iru { +41;,
d{ @ 4 kdu hq oûvqlqj iru {/ qèu d 9@ 3 +41<,

Hqkyhu rsdgwlo ehjuéqvhw wdopéqjgh kdu hw vxsuhpxp +4143,
Phg vxsuhpxp phqhv plqgvwh ryhuwdo/ dowvè plqgvwh wdo/ ghu hu vwûuuh hqg hoohu
olj wdoohqh l ghq jlyqh péqjgh1

41414 Wdopéqjghu
Lqghqiru pdwhpdwlnnhq rswuéghu ghu iruvnhooljh nodvvhu di wdo=

Q hu péqjghq di qdwxuoljh wdo/ 4> 5> 6> 7> 8> = = =
] hu péqjghq di khoh wdo = = =� 8>�7>�6>�5>�4> 3> 4> 5> 6> 7> 8> = = =
T hu péqjghq di udwlrqdoh wdo/ g1y1v1 euûnhu rj khoh wdo1

4
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U hu péqjghq di uhhooh wdo/ ghu végydqoljylv lghqwl�fhuhv phg péqjghq di
sxqnwhu sè hq wdoolqlh1

F hu péqjghq di nrpsohnvh wdo/ kyrurp ghwwh vndo kdqgoh1
Yl kdu

Q � ] � T � U � F
Q kdu hjhqvndehuqh 4�8> :> 431 ] kdu hjhqvndehuqh 4�;> 431 T kdu hjhqvndehuqh
4� <1 U kdu hjhqvndehuqh 4� 431 F kdu hjhqvndehuqh 4� < vdpw ghq |ghuoljh
hjhqvnde/ dw hwkyhuw sro|qrplxp di judg � 4 kdu plqgvw ìq urg1

415 Ehvnulyhovh di gh nrpsohnvh wdo
F vndo yéuh péqjghq di sxqnwhu l sodqhq1 Phg hw nrruglqdwv|vwhp lqgodjw/
lghqwl�fhuhv hw sxqnw phg hw wdosdu/ vè yl ndq vljh/ dw F @ U � 1 Ghvxghq ûqvnhu
yl vhoyiûojholj dw lqgiûuh hq dgglwlrq rj hq pxowlsolndwlrq1
Gh�qlwlrq 4 Nrpsohnvh wdo +sxqnwhu l sodqhq, dgghuhv vrp ghuhv vwhgyhnwruhu1
Ehpéunqlqj 5 Khuphg djhuhu ghw nrpsohnvh wdo +3> 3, vrp hw qxohohphqw/
g1y1v1 +d � > d � , . +3> 3, @ +d � > d � , iru dooh +d � > d � , 5 F1
Gh�qlwlrq 6 +Sroéuh nrruglqdwhu, Prgxoxv iru hw nrpsohnv wdo d hu sxqn0
whwv divwdqg iud ehj|qghovhvsxqnwhw R= Ehwhjqhovh mdm1 Ylqnohq iud {0dnvhq wlo
olqlhq iud R wlo d ehwhjqhv dujxphqwhw iru d/ qrwdwlrq= duj +d,1 Ghwwh uhjqhv phg
iruwhjq1 Dujxphqwhw hu grj pdqjhw|gljw1 Kylv y hu hw dujxphqw iru d/ vè hu rjvè
y . s5�> s 5 ]> hw dujxphqw iru d= Phg kryhgdujxphqwhw + Duj +d, , phqhv ghw
dujxphqw/ ghu oljjhu l lqwhuydoohw `��> �`1 Yl vndo plgohuwlgljw ehq|wwh vnulyhpè0
ghq d @ u � qèu u @ mdm/ rj y hu hw dujxphqw iru d=
Ehpéunqlqj 7 Lghw yl xgq|wwhu/ dw d @ u � oljjhu sè hq flunho phg udglxv u
+rj fhqwuxp l +3> 3, , rj l uhwqlqjhq jlyhw yhg ylqnohq y/ kdu yl èehqeduw iûojhqgh
irupho

d @ u � @ +u frv y> u vlq y,
Gh�qlwlrq 8 Odg d @ u � rj e @ � � 1 Surgxnwhw de hu ghw sxqnw l sodqhq/ kylv
prgxoxv hu u� rj kylv dujxphqw hu y . �/ dowvè

u � � � @ +u�, ��� �
Ehpéunqlqj 9 Sè juxqg di dujxphqwhwv pdqjhw|gljkhg eûu pdq ryhuyhmh/ rp
surgxnwhw hu yhogh�qhuhw1
Ehpéunqlqj : Phg ghqqh gh�qlwlrq djhuhu ghw nrpsohnvh wdo +4> 3, vrp hw
ìw0hohphqw/ g1y1v1 +4> 3, � +d � > d � , @ +d � > d � , iru dooh +d � > d � , 5 F1 Ghwwh iûojhu di/
dw +4> 3, @ 4 � =
Ehpéunqlqj ; Vrp hq nrqvhnyhqv di gh�qlwlrqhq di pxowlsolndwlrqhq kdu yl
iru dooh q 5 Q / dw

+u � , � @ +u � , � �
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Hnvhpsho < Odg d @ �4>s6� rj e @ +�5> 5,1 Yl ylo �qgh surgxnwhw de= Yl
�qghu mdm @

t

4 � . �s6�
�

@ 5= Dujxphqwhw �qghv doohuehgvw yhg dw lqgwhjqh
sxqnwhw d l ghq nrpsohnvh sodq rj vè xgq|wwh hqv nhqgvnde wlo wuhndqwvehuhjqlqj1
Yl �qghu duj d @ �

� 1 Sè vdpph pègh �qghv mem @ s; @ 5s5 rj duj +e, @ � �
� =

Dowvè ièv
de @

�

5s5 � 5� � � �
�
��
@

�

7s5
�

� �
��� �

@ 7s5
�

frv
�46
45�

�

> vlq
�46
45�

��

@ 7s5
�� frv

� �
45

�

>� vlq
� �
45

��

@
��5� 5s6> 5� 5s6

�

Hnvhpsho 43 Véw l @ +3> 4,1 Yl ylo �qgh l � 1 Yl kdu mlm @ 4 rj duj +l, @ �
� 1

Ghuiru ièv
l � @ �4 � � � � � @ 4 � @ +�4> 3,

Véwqlqj 44 Ghq ghopéqjgh di gh nrpsohnvh wdo/ ghu oljjhu sè iûuvwhdnvhq/
dowvè U @ i+{> 3, m{ 5 Uj/ ndq rsidwwhv vrp hq nrsl di U yhg dieloglqjhq { :�$
+{> 3,1 Yl kdu qhpolj/ dw U hu lqyduldqw xqghu dgglwlrq rj pxowlsolndwlrq/ g1y1v1
dw kylv d> e 5 U/ vè jéoghu rjvè/ dw d. e 5 U rj de 5 U1 Ghvxghq kdu yl/ dw

+d � > 3, . +e � > 3, @ +d � . e � > 3,
rj rjvè/ dw

+d � > 3, � +e � > 3, @ +d � e � > 3,
Ghw nrpsohnvh wdo +4> 3, djhuhu ìw0wdo/ rj ghw nrpsohnvh wdo +3> 3, djhuhu qxo1

Ehylv1 Xgvdjqhqh yhguûuhqgh dgglwlrq hu hq xplgghoedu iûojh di gh�qlwlrqhq
di ghqqh vrp vwhgyhnwrudgglwlrq1 Iru dw ehylvh xgvdjqhqh rp pxowlsolndwlrqhq
pè yl euxjh sroéu uhsuévhqwdwlrq1 Odg d @ +d � > 3, rj e @ +e � > 3,1 Dqwdjhu yl
iûuvw/ dw d � > e � � 3/ vè kdu yl d @ +d � , � rj e @ +e � , � / vèohghv dw de @ +d � e � , � � � @
+d � e � , � @ +d � e � > 3,1 Dqwdj ghuqévw/ dw d � � 3 rj e � ? 31 Vè kdu yl d @ +d � , � rj
e @ +me � m, � / vèohghv dw de @ +d � me � m, � � � @ +d � me � m, � @ +�d � me � m > 3, @ +d � e � > 3,1
Yl eûu rjvè xqghuvûjh ghw wloiéogh/ kyru d � > e � ? 31 Vè kdu yl d @ +md � m, � rj e @
+me � m, � / vèohghv dw de @ +md � m me � m, � � � @ +md � m me � m, � � @ +md � m me � m > 3, @ +d � e � > 3,1
Dw +4> 3, djhuhu ìw0wdo l U rj dw +3> 3, djhuhu qxo l U iûojhu di/ dw gh doohuhgh jûu
ghw l F= Khuphg hu véwqlqjhq ylvw1
Véwqlqj 45 Uhjqhuhjohuqh 4 � < hu rsi|ogw/ qèu 3 rsidwwhv vrp +3> 3, rj 4
rsidwwhv vrp +4> 3, =

Ehylv1 Dw uhjqhuhjohuqh 4�7 rj 9�; jéoghu/ nuéyhu lnnh g|eh ryhuyhmhovhu1
Ghq glvwulexwlyh ory +8, ehylvhv ohwwhvw jhrphwulvn1 Vh hyw1 oéuherjhq1 Uhjho +<,/
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dw oljqlqjhq d{ @ +4> 3, kdu hq oûvqlqj/ qèu d 9@ +3> 3, ylvhv vèohghv1 Odg d @ u � /
rj véw { @ � � = Yl kdu u A 3> gd d 9@ +3> 3, = Yl vndo oûvh

u � � � @ +4> 3, @ 4 �
iru gh xehnhqgwh � rj �1 Gd u � � � @ +u�, ��� � �qghu yl +u�, ��� � @ 4 � / vèohghv dw
u� @ 4 rj y. � @ 3. s5�> s 5 ]= Dowvè � @ �

� @ u � � / rj � @ �y. s5�= Dowvè hu
{ @ �u � � �

� � 1
Véwqlqj 46 Hwkyhuw nrpsohnvw wdo d @ +d � > d � , ndq vnulyhv sè iruphq

d @ +d � > 3, . l +d � > 3,
qèu l @ +3> 4, =

Ehylv1 Gd d @ +d � > d � , @ +d � > 3, . +3> d � , vndo yl eorw ylvh/ dw l +d � > 3, @
+3> d � ,1 Yl kdu/ qèu d � � 3

l +d � > 3, @ 4 � � +d � , � @ +d � , � � @ +3> d � ,
Qèu d � ? 3/ kdu yl wlovyduhqgh

l +d � > 3, @ 4 � � +md � m, � @ +md � m, �
�� @ +3>�md � m, @ +3> d � ,

Ehpéunqlqj 47 Gd wdoohqh sè iûuvwhdnvhq U ndq rsidwwhv vrp hq nrsl di U/
ylo yl l ghw iûojhqgh wloodgh rv dw lghqwl�fhuh U phg U1 Yl ylo rskûuh phg dw
vnulyh +d � > 3, > phq ylo eorw vnulyh d � = Khu phg ièu ryhqvwèhqgh véwqlqj iûojhqgh
irupxohulqj= Hwkyhuw nrpsohnvw wdo d ndq vnulyhv sè iruphq d @ d � . ld � > kyru
d � > d � 5 U1 Ghqqh irup +uhnwdqjxoéu irup, euxjhv ryhudow l ghw iûojhqgh l vwhghw
iru d @ +d � > d � ,1
Ehpéunqlqj 48 Yl ehuhjqhgh wlgoljhuh l � 1 Uhvxowdwhw ndq qx irupxohuhv vèohghv=
l � @ �4= Oljqlqjhq } � . 4 @ 3 kdu gh wr oûvqlqjhu l rj �l1
Ehpéunqlqj 49 Phg ghq q|h vnulyhpègh kdu yl u � @ u frv y . ul vlq y @
u +frv y . l vlq y,1
Ehpéunqlqj 4: Pdqjh ehuhjqlqjhu ndq qx xgiûuhv phjhw vlpshow/ kylv eorw
pdq euxjhu uhjqhuhjohuqh vdpw kxvnhu/ dw l � @ �41
Hnvhpsho 4; Dgglwlrq= +5 . 6l, . +�7 . :l, @ +5 . +�7,, . +6l. :l, @ �5 .
43l=

Pxowlsolndwlrq= +5 . 6l, +�7 . :l, @ 5 +�7, . 6l � :l. 5 � :l. 6l +�7, @ �;�
54 . 47l� 45l @ �5< . 5l1

Glylvlrq= Khu euxjhv hw vlpshow wulfn=
5 . 6l�7 . :l @ +5 . 6l, +�7� :l,

+�7 . :l, +�7� :l, @ +5 . 6l, +�7� :l,
+�7, � � +:l, �

@ +5 . 6l, +�7� :l,
49 . 7< @ 46� 59l

98 @ 4
8 � 5

8 l
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Gh�qlwlrq 4< Odg d @ d � . ld � / kyru d � > d � 5 U= Wdoohw d � ndoghv uhdoghohq di
d/ phg v|perohu= d � @ Uh d1 Wdoohw d � ndoghv lpdjlqéughohq di d/ phg v|perohu=
d � @ Lpd= Ghq nrpsohnv nrqmxjhuhgh di di d hu ghw nrpsohnvh wdo d � � ld � /
rj ghw ehwhjqhv phg d/ dowvè d � . ld � @ d � � ld � = Iûuvwhdnvhq ndoghv ghq uhhooh
dnvh/ dqghqdnvhq ndoghv ghq lpdjlqéuh dnvh1 Wdoohw d ndoghv lpdjlqéuw/ kylv
Lpd 9@ 31 Ghw ndoghv uhqw lpdjlqéuw/ kylv |ghuoljhuh Uh d @ 31
Ehpéunqlqj 53 Ghw iûojhu di gh�qlwlrqhq/ dw u � @ u � � =
Véwqlqj 54 Odg d rj e yéuh nrpsohnvh wdo1 Vè jéoghu

Uh +d. e, @ Uh d.Uh e
Lp +d. e, @ Lpd. Lp e

d. e @ d. e
+de, @ de

Ehylv1 Gh wuh iûuvwh sèvwdqgh hu phjhw ohwwh dw ylvh1 Ghq vlgvwh ndq i1hnv1
ylvhv vèohghv/ lghw d @ u � rj e @ � � +myqi1 ehpéunqlqjhq ryhqiru,=

+de, @ +u � � � , @ +u�, ��� � @ +u�, � � � � @ u � � � � � @ de

Ehpéunqlqj 55 Lqghqiru gh uhhooh wdo �qghv +vrp ehnhqgw, hq rugqlqj ?/ ghu
rsi|oghu iûojhqgh nudy= Iru kyhu wr iruvnhooljh wdo d> e jéoghu hqwhq d ? e hoohu
e ? d +lnnh ehjjh,1 Ghvxghq jéoghu iru dooh d> e> f=

d ? e a e ? f @, d ? f
d ? e @, d. f ? e. f
d ? e a f A 3 @, df ? ef

Khu ehw|ghu f A 3 vhoyiûojholj 3 ? f1 Hq vègdq rugqlqj ndq lnnh lqgiûuhv lqghqiru
gh nrpsohnvh wdo1 Dqwdj qhpolj hq vègdq rugqlqj hnvlvwhuhgh1 Vè ylooh hqwhq 3 ? l
hoohu l ? 31 Kylv 3 ? l> vè hu liûojh vlgvwh nudy ryhqiru rjvè 3 ? l � +wdj d @ 3
rj e @ f @ l,1 Gd l � @ �4/ kdu yl khuphg/ dw 3 ? �41 Ghwwh ylooh yhg vdpph
uhjho phgiûuh/ dw 3 ? +�4, � @ 41 Phq di plgwhuvwh uhjho rj 3 ? �4 iûojhu yhg
dgglwlrq di 4/ dw 4 ? 31 Yl kdu qx eègh 3 ? 4 rj 4 ? 3/ l prgvwulg phg nudyhw
rp/ dw nxq ìq di glvvh pè jéogh1

416 Ghq nrpsohnvh hnvsrqhqwldoixqnwlrq
Yl hulqguhu iûuvw rp ghq végydqoljh rj yhonhqgwh uhhooh hnvsrqhqwldoixqnwlrq1
Yl vndo xqghuwlghq �qgh ghw q|wwljw/ dw ndogh ghq h{s1 Vhoyiûojholj kdu yl

h{s{ @ h �
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phq vnulyhpèghq h{s{ kdu ghq irugho/ dw wdqnhuqh ohghv l uhwqlqj di ixqnwlrqv0
ehjuhehw= h{s{ hu hnvsrqhqwldoixqnwlrqhq h{s dqyhqgw sè {>jdqvnh vyduhqgh wlo/
dw vlq{ hu vlqxvixqnwlrqhq dqyhqgw sè {1 Vnulyhpèghq h � kdu rjvè irughoh/ lghw
ghw eolyhu ohw dw kxvnh ghq ixqgdphqwdoh uhjho/ dw h � ��� @ h � h � / ghu mr eorw hu hq
di srwhqvuhjohuqh1 Yl wéqnhu khu sè h � vrp wdoohw h rsoûiwhw wlo wdoohw {1 Uhjohq
h � ��� @ h � h � vhu vèohghv xg/ qèu yl ehq|wwhu ixqnwlrqvvnulyhpègh

h{s +{. |, @ h{s{ � h{s |
L ghqqh irup plqghu ghq mr rjvè phuh rp orjdulwphuhjohq

oq +{|, @ oq{. oq |
kyru jdqjhwhjq rj dgglwlrqvwhjq hu e|wwhw rp vdpphqoljqhw phg h{s0uhjohq1

Yl ylo qx xgylgh hnvsrqhqwldoixqnwlrqhqv gh�qlwlrqvrpuègh iud U wlo F1
Khuxqghu ylo ghq ixqgdphqwdoh h{s0uhjho eolyh ehyduhw1
Gh�qlwlrq 56 Iru {> | 5 U véwwhv

h{s +{. l|, @ h{s{ � +frv | . l vlq |,
kyru h{s{ sè kûmuh vlgh hu ghq végydqoljh uhhooh hnvsrqhqwldoixqnwlrq dqyhqgw
sè {1
Ehpéunqlqj 57 Gd frv |.l vlq | @ 4 � ndq gh�qlwlrqhq rjvè vnulyhv h{s +{. l|, @
h{s{ � 4 � @ +h{s{, � = Ehpéun vshflhow wlo vhqhuh euxj/ dw h{s+l|, @ 4 � 1
Ehpéunqlqj 58 Gd yl lnnh wlgoljhuh kdu odyhw gh�qlwlrqhu di/ kydg hnvsrqhq0
wldoixqnwlrqhq vnxooh jûuh yhg lpdjlqéuh wdo/ ndq pdq phg hq ylv uhw vljh/ dw
yl ndq gh�qhuh/ kydg yl ylo1 Yl pè grj nrqwuroohuh/ rp ghu vnxooh yéuh pxoljh
nrq lnwhu phg gh�qlwlrqhq l ghw uhhooh wloiéogh1 Yl ûqvnhu mr nxq hq xgylghovh di
gh�qlwlrqvrpuèghw/ lnnh hq rpgh�qlwlrq1 Véwwhu yl | @ 3> eolyhu wdoohw {.l| uhhow/
rj h{s +{. l|, eûu ghuiru eorw yéuh ghq végydqoljh hnvsrqhqwldoixqnwlrq dqyhqgw
sè {1 Phg | @ 3 sè kûmuh vlgh ièv h{s{�+frv 3 . l vlq 3, @ h{s{ �+4 . 3, @ h{s{1
Ghu hu dowvè lqjhq nrq lnw phg wlgoljhuh gh�qlwlrqhu1

Pdq ndq phg uhwwh vsûujh/ kyruiru ghq xgylghgh ixqnwlrq h{s iruwmhqhu dw
eolyh ndogw hq hnvsrqhqwldoixqnwlrq1 Vyduhw hu/ dw ghq ixqgdphqwdoh h{s0uhjho
vwdglj jéoghu=
Véwqlqj 59 Iru dooh } � > } � 5 F jéoghu

h{s +} � . } � , @ h{s } � � h{s } �
hoohu dqghuohghv vnuhyhw

h � � � � � @ h � � h � �
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Ehylv1 Véw } � @ { � . l| � rj } � @ { � . l| � / kyru { � > | � > { � > | � 5 U/ vè kdu yl/
lghw yl  huh jdqjh xgq|wwhu/ dw h{s +{. l|, @ +h{s{, � =

h{s } � � h{s } � @ h{s +{ � . l| � , h{s +{ � . l| � ,
@ +h{s{ � , � � +h{s{ � , � � @ +h{s{ � h{s{ � , � � ��� �
@ +h{s +{ � . { � ,, � � ��� � @ h{s +{ � . { � . l +| � . | � ,,
@ h{s +} � . } � ,

Ehpéunqlqj 5: Vrp wlgoljhuh ehpéunhw/ kdu yl iru y 5 U/ dw h{s +ly, @ 4 � 1
Ghwwh ehw|ghu/ dw yl qx ndq vljh iduyho wlo vnulyhpèghq u � / lghw yl kdu

u � @ u � 4 � @ u h{s +ly, @ uh � �

Yl ylo l iuhpwlghq vljh rp hw wdo di iruphq uh � � / kyru u � 3 rj y 5 U/ dw ghw hu
sè sroéu irup1
Hnvhpsho 5; Ghq sroéuh irup iru wdoohw �s6�l hu 5 h{s ��l � �

�

�/ lghw prgxoxv
hu

t

��s6�
�

. +�4, � @ 5 rj hw dujxphqw hu � � �
� 1 +Iru dw lqgvh ghwwh/ lqgwhjq

wdoohw l ghq nrpsohnvh sodq rj uévrqqìu sè hq sdvvhqgh wuhndqw1,
Véwqlqj 5< Prlyuh*v irupho1 Iru q 5 Q rj { 5 U jéoghu

+frv{. l vlq{, � @ frvq{. l vlqq{
Ehylv1 Yl kdu +frv{. l vlq{, � @ �h �

� �
� @ h � � � @ frvq{. l vlqq{1

Irupohq vn|oghv iudqvnpdqghq Deudkdp gh Prlyuh +499:04:87,1
Hnvhpsho 63 Odg { 5 U1 Yl ylo �qgh hq irupho/ ghu xgwu|nnhu frv 6{ yhg frv{
+rj vlq{ rp qûgyhqgljw,1 Yl xgq|wwhu/ dw frv 6{ @ Uh h � �

� rj �qghu
frv 6{ @ Uh h � �

� @ Uh
�

�h �
� �

� �
@ Uh

�

+frv{. l vlq{, �
�

@ Uh �frv � {. 6l frv � { vlq{� 6 frv{ vlq � {� l vlq � {�
@ frv � {� 6 frv{ vlq � { @ frv � {� 6 frv{ �4� frv � {�
@ 7 frv � {� 6 frv{

41614 Ghq nrpsohnvh orjdulwphixqnwlrq

Qèu qx ghq uhhooh hnvsrqhqwldoixqnwlrq kdu hq rpyhqgw ixqnwlrq/ qhpolj orj0
dulwphixqnwlrqhq/ kydg vè phg ghq nrpsohnvh hnvsrqhqwldoixqnwlrq/ kdu ghq
hq rpyhqgw/ rj hu ghqqh hq vodjv nrpsohnv orjdulwphixqnwlrqB Vyduhw hu/ dw
ghq nrpsohnvh hnvsrqhqwldoixqnwlrq lnnh kdu hq rpyhqgw ixqnwlrq/ phq dw ghu
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dooljhyho hu qrjhw/ ghu ndoghv hq nrpsohnv orjdulwphixqnwlrq1 Ghq nrpsohnvh hn0
vsrqhqwldoixqnwlrq kdu lqjhq rpyhqgw ixqnwlrq/ gd ghq lnnh hu lqmhnwly/ g1y1v1
lnnh hq0hqw|glj/ Yl kdu mr iru dooh } 5 F rj s 5 ]/ dw

h{s +} . ls5�, @ h{s } h{s +ls5�, @ h{s } � +frv +s5�, . l vlq +s5�,, @ h{s }
Lnnh ghvwr plqguh gh�qhuhv hq nrpsohnv orjdulwph vrp iûojhu=
Gh�qlwlrq 64 Odg } 5 F1 Hw wdo z 5 F/ ghu rsi|oghu h{sz @ }/ ndoghv hq
orjdulwph wlo }/ rj ehwhjqhv phg oq }=
Véwqlqj 65 Odg } 5 F rj dqwdj/ dw } 9@ 31 Vè kdu } iûojhqgh orjdulwphu

oq } @ oq m}m. l +duj } . s5�, @ oq m}m. l duj } . ls5�
kyru s 5 ]/ rj duj } hu hw ylonèuoljw dujxphqw iru }1 Ehpéun/ dw wr iruvnhooljh
orjdulwphu diyljhu iud klqdqghq phg hw khow pxowlsoxp di 5�l1 Wdoohw 3 kdu lqjhq
orjdulwph1

Ehylv1 Yl vndo oûvh oljqlqjhq h{sz @ } iru z1 Yl véwwhu z @ z � . lz � rj
} @ uh � � / kyru u A 3 rj y 5 U1 Vè kdu yl dowvè

h � � h �
� � @ h � � � �

� � @ h{s +z � . lz � , @ h{sz @ } @ uh � �

\ghuvwh kûmuh rj |ghuvwh yhqvwuh vlgh hu ehjjh sroéuh iruphu iru vdppph wdo/
vè yl kdu

h � � @ u> z � @ y . s5�> s 5 ]
phq khuphg kdu yl z � @ oq u @ oq m}m/ vèohghv dw z @ z � . lz � @ oq m}m .
l +y . s5�, @ oq m}m. l +duj } . s5�,1

Dw wdoohw 3 lqjhq orjdulwph kdu iûojhu di ryhqvwèhqgh uhjqlqjhu/ lghw yl qx
kdu u @ 3/ vèohghv dw yl qx vndo oûvh oljqlqjhq h � � @ u @ 3 iru ghw uhhooh wdo z � =
Phq iru uhhooh wdo z � hu h � � A 31
Hnvhpsho 66 Yl ylo �qgh vdpwoljh orjdulwphu wlo wdoohw d @ s6� l= Gd mdm @ 5
rj duj d @ � �

� ièv +phg s 5 ],=
oqd @ oq

�s6� l
�

@ oq5� l�9 . s5�l
Hnvhpsho 67 Vdpwoljh orjdulwphu wlo ghw qhjdwlyh wdo �8 hu jlyhw yhg oq +�8, @
oq 8 . l� . s5�l/ kyru s 5 ]1
Ehpéunqlqj 68 Kryhgorjdulwphq wlo } 5 Fq i3j gh�qhuhv vrp ghq orjdulwph/
ghu vyduhu wlo dw pdq euxjhu kryhgdujxphqwhw=

Oq +}, @ oq m}m. lDuj +},
Hnvhpsho 69 Yl kdu Oq �s6� l� @ oq5� l � � rj Oq +�8, @ oq 8 . l�
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Ehpéunqlqj 6: L hq lqwhjudowdeho +Vfkdxp, �qghv iûojhqgh irupho
] g{

d{. e @ 4
d oq +d{. e,

Ghw vljhu vlj vhoy/ dw ghu xqghuiruvwèv/ dw d 9@ 31 Dffhswhuhu pdq nxq uhhooh wdo/
pè pdq hqwhq iruxgvéwwh/ dw d{. e A 3 hoohu uhwwh irupohq wlo

] g{
d{. e @ 4

d oq md{. em
Dffhswhuhu pdq iruhnrpvwhq di lpdjlqéuh wdo/ ylo pdq lnnh jhqhuhv di wdehoohqv
vydu/ qèu d{ . e ? 3/ lghw gh wr vydu �

� oq +d{. e, rj �
� oq md{. em eorw diyljhu

iud klqdqghq phg nrqvwdqwhq � �
� 1 Frpsxwhudojheudsurjudpphu vrp Pdsoh rj

Pdwkhpdwlfd jûu xképphw euxj di nrpsohnvh wdo rj ixqnwlrqhu/ khuxqghu ghq
nrpsohnvh orjdulwph1

417 Uûgghu l sro|qrplhu
41714 Ghq elqrph oljqlqj
Hw sro|qrplxp hu hw xgwu|n phg pdqjh ohg +sro| nrpphu di juévn rj ehw|ghu
pdqjh,1 Hw elqrplxp hu hw xgwu|n phg wr ohg1 Hq elqrp oljqlqj hu hq oljqlqj
di iruphq } � @ d/ kyru q 5 Q rj d 5 F1 Yl ûqvnhu dw oûvh ghqqh oljqlqj iru ghq
xehnhqgwh }1 Ghqqh rsjdyh ndq rjvè irupxohuhv vèohghv= Yl ûqvnhu dw ehvwhpph
vdpwoljh nrpsohnvh q*wh uûgghu di d1 Yhg hq nrpsohnv q*wh urg di d ylo yl iruvwè
hw wdo vrp rsoûiwhw wlo q*wh jlyhu d1
Ehpéunqlqj 6; Ghw vndo ylvh vlj/ dw dqwdoohw di nrpsohnvh q*wh uûgghu di hw
wdo d dowlg hu q> qèu xqgwdjhv d @ 3/ ghu nxq kdu ìq q*wh urg/ qhpolj 31 Pdq eûu
ghuiru yéuh yduvrp yhg euxjhq di urgwhjq wlo dqjlyhovh di hq urg1 Yéu rspéun0
vrp sè/ dw ghw hu hq vwuhqjw ryhukrogw nrqyhqwlrq/ dw kylv d 5 U � >vè ehw|ghu �sd
gìw srvlwlyh uhhooh wdo/ ghu rsoûiwhw wlo q*wh/ jlyhu d1 Hnvhpshoylv kdu oljqlqjhq
} � @ 5 wr oûvqlqjhu/ ghq hqh hu s5/ ghq dqghq hu �s51 Ghq iûuvwh di glvvh hu
srvlwly +rj olj fd1 4= 747 5 ,/ ghq dqghq qhjdwly1 Phq ehjjh ndq ehwudjwhv vrp
nrpsohnvh nydgudwuûgghu di 51

L ghw iûojhqgh xgohghu yl hq irupho/ ghu jlyhu vdpwoljh oûvqlqjhu wlo ghq elqrph
oljqlqj } � @ d1 Yl vnulyhu d sè sroéu irup/ d @ uh � � / kyru dowvè u � 3 rj y 5 U1
Oljhohghv vnulyhv ghq xehnhqgwh sè sroéu irup } @ �h � � / phg � � 3 rj � 5 U1
Lqgvéwwhv glvvh sroéuh iruphu l oljqlqjhq/ ièv

��h � � � � @ uh � �

Yhg euxj di végydqoljh uhjqhuhjohu +ghu mr jéoghu$, ièv
� � h � � � @ uh � �
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Gh wr vlghu di ghqqh oljqlqj hu sroéuh iruphu di vdpph wdo/ vè � � @ u rj
q� @ y . s5�/ kyru s 5 ]= Gd � � 3 ièv khudi/ dw � @ �su/ kyru urgwhjqhw
dqjlyhu ghq nrqyhqwlrqhooh srvlwlyh urg di hw srvlwlyw wdo1 Ghvxghq �qghu yl/ dw
� @ �

� .s � �� 1 Ehpéun/ dw yl nxq ehkûyhu ehwudjwh s @ 3> 4> 5> = = = > q�4/ lghw  huh
s0yéuglhu eorw ylo jlyh �0yéuglhu/ ghu diyljhu iud hq doohuhgh ehwudjwhw �0yéugl
phg hw pxowlsoxp di 5�1 Khuphg kdu yl ixqghw hq irupho iru vdpwoljh uûgghu l
oljqlqjhq } � @ d @ u � � / qhpolj

} @ �su h{s
�

l
�y
q . s5�q

��

@ �suh � + �� ���
� �

� ,

kyru s @ 3> 4> 5> = = = > q� 41
Pdq eûu vshflhow ehpéunh/ dw vdpwoljh uûgghu kdu prgxoxv �su rj vèohghv l

ghq nrpsohnvh sodq oljjhu sè hq flunho phg ghqqh udglxv rj fhqwuxp l 31 Ghvxghq
ehpéunhu pdq/ dw wr sè klqdqghq iûojhqgh uûgghu kdu dujxphqwhu/ ghu diyljhu
iud klqdqghq phg � �

� 1 Uûgghuqh hu dowvè méyqw irughow sè ghq rpwdowh flunho1
Kdu pdq ixqghw ìq urg/ vè hu gh dqguh ohw sodfhuhw1
Hnvhpsho 6< Yl ylo oûvh oljqlqjhq } � @ 651 Yl ehpéunhu/ dw ìq urg ndq jéwwhv/
qhpolj 5 Phq oljqlqjhq hu mr elqrp/ vè gh dqguh 7 uûgghu oljjhu ghuiru sè hq
flunho phg udglxv 5 +rj fhqwuxp l 3,1 Wr sè klqdqghq iûojhqgh uûgghu oljjhu
ghvxghq sè flunohq l hq ylqnhodivwdqg sè � �

� 1 Yl ndq dowvè lqgwhjqh uûgghuqhv
sodfhulqj l ghq nrpsohnvh sodq iûu yl ryhukryhghw kdu ixqghw hw xgwu|n iru phuh
hqg ìq di ghp1 Iru dw �qgh hw xgwu|n iru uûgghuqh euxjhu yl irupohq ryhqiru rj
�qghu

} @ 5 h{s
�

l
�3
8 . s5�8

��

@ 5h �
�
� �
�

@ 5
�

frv
�

s5�8
�

. l vlq
�

s5�8
��

kyru s @ 3> 4> 5> 6> 71 Iru s @ 3 ièv } @ } � @ 51 Iru s @ 4 ièv } @ } � @
5 �frv � � ��

�. l vlq � � ��

�� @ �
�
s8 � �

� . �
� ls5s8 .s8/ iru s @ 5 ièv } @ } � @

5 �frv � � �
�

�. l vlq � � �
�

�� @ � ��
s8� �� . �� ls5s8�s81 Iru s @ 6 rj s @ 7 ièv

di v|pphwuljuxqgh/ dw } � @ } � rj } � @ } � 1
Hnvhpsho 73 Ilqg gh 6 nrpsohnvh wuhglhuûgghu di �4581 Dqghuohghv vdjw= Oûv
ghq elqrph oljqlqj } � @ �4581 Ìq oûvqlqj hu èehqeduw �8/ gh wr dqguh oljjhu
sè hq flunho phg udglxv 8 rj fhqwuxp l 31 Uûgghuqh oljjhu l hq ylqnhodivwdqg iud
klqdqghq sè � �

� 1 Iru kxuwljw dw �qgh hw xgwu|n iru uûgghuqh odyhv hq �jxu rj ghu
uévrqqhuhv sè hq sdvvhqgh ydojw wuhndqw1 Pdq �qghu/ dw gh wr dqguh uûgghu hu

�

� 	 l �

�
s61

Ehpéunqlqj 74 Pdq eûu kìu ehpéunh/ dw ehghu pdq Pdsoh rp +�458,a+4@6,>
vè ièu pdq urghq �

� .l �

�
s61 Ylo pdq kdyh �8/ vndo pdq ehgh rp vxug+ �458/ 6,>

Vhoyiûojholj ndq pdq eduh ehgh Pdsoh rp dw oûvh oljqlqjhq y1km1d1 nrppdqgrhq
vroyh1 Gd oljqlqjhq hu sro|qrpldo/ ièv vdpwoljh 6 uûgghu1
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Hnvhpsho 75 Nrpsohnvh nydgudwuûgghu ièu pdq ohw vw|u sè1 Ghu hu mr nxq 5/
rj gh oljjhu méyqw irughow sè hq flunho1 Vè kylv ghq hqh urg hu { . l|/ vè pè
ghq dqghq yéuh �{� l|1 Yl suûyhu dw oûvh oljqlqjhq } � @ �7l1 Euxjhv irupohq/
vnulyhv iûuvw �7l @ 7h �

� � � 1 Khuhiwhu kdu yl
} @ 5h � + �

� � ��� � ,
kyru s @ 3> 4= Oûvqlqjhuqh hu dowvè

} � @ 5h �
� � � @ 5

�

frv
���

7
�

. l vlq
���

7
��

@ s5� ls5
} � @ �} � @ �s5 . ls5

Hnvhpsho 76 Odg rv oûvh oljqlqjhq } � @ 4.l/ rj qûmhv phg dw jlyh oûvqlqjhuqh
sè sroéu irup1 +Ghu hu jrg juxqg wlo ghqqh qûmvrpkhg$,1 Yl kdu m4 . lm @ s5rj
duj +4 . l, @ �

� / vè oûvqlqjhuqh hu jlyhw yhg
} @ �s5 h{s

�

l
� �
49 . s�5

��

kyru s @ 3> 4> 5> 61 Uûgghuqh oljjhu sè hq flunho phg udglxv �s5/ rj gh ghohu
flunhoexhq l 7 oljh vwruh vw|nnhu1 Ghq hqh di uûgghuqh oljjhu l iûuvwh nydgudqw l
hq ylqnhodivwdqg iud {0dnvhq sè �

� � 1
41715 Dqghqjudgvoljqlqjhq
Ehwudjw dqghqjudgvoljqlqjhq

d} � . e} . f @ 3
kyru d> e> f 5 F/ rj d 9@ 31 Yl ylo ylvh/ dw oljqlqjhq ndq oûvhv sè végydqolj ylv1
Rpvnuly yhqvwuhvlghq vèohghv=

d} � . e} . f @ d
��

} � . e
d} .

e �
7d �

�� e � � 7df
7d �

�

@ d
#

�

} . e
5d

�

�

� e � � 7df
7d �

$

Oûvqlqjhuqh wlo dqghqjudgvoljqlqjhq rsi|oghu ghuiru iûojhqgh oljqlqj
�

} . e
5d

�

�

@ e � � 7df
7d �

vrp yl ndq dqvh iru elqrp/ kylv yl plgohuwlgljw rsidwwhu z @ } . �

�
� vrp ghq

xehnhqgwh1 Ghq elqrph oljqlqj

z � @ e � � 7df
7d �
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kdu vrp hqkyhu dqghq elqrp oljqlqj di dqghq judg 5 oûvqlqjhu/ qhpolj gh 5
nrpsohnvh nydgudwuûgghu di � �

�
�

���
�

�
� / vrp yl ndq vnulyh sè iruphq 	t

� �
�
�

���
�

�
� =

Dowvè ndq oûvqlqjhuqh wlo dqghqjudgvoljqlqjhq vnulyhv

} @ � e
5d 	

ue � � 7df
7d �

ghu rjvè ndq vnulyhv sè ghq wudglwlrqhooh irup

} @ �e	se � � 7df
5d

Kylonh di gh wr nrpsohnvh nydgudwuûgghu ghw hu/ dw se � � 7df uhihuhuhu wlo/ eh0
kûyhu yl lnnh wdjh vwloolqj wlo/ gd yl phg 	se � � 7df mr vndo kdyh ehjjh wr1
Hnvhpsho 77 Yl oûvhu oljqlqjhq } � � 5} . +4 . l, @ 31 Yl �qghu

} @ 5	s7� 7 +4 . l,
5 @ 5	s�7l

5
L hw wlgoljhuh hnvhpsho kdu yl lplgohuwlg oûvw ghq elqrph oljqlqj z � @ �7l/
g1y1v1 ixqghw gh wr nrpsohnvh nydgudwuûgghu 	s�7l1 Uhvxowdwhw ydu 	s�7l @	 �s5� ls5�1 Dowvè �qghu yl

} @ 5	 �s5� ls5�
5 @ 4	 4s5 +4� l, @

+ 4 . �
� � � �

� �

4� �
� � . �

� �

Hnvhpsho 78 Yl ylo oûvh oljqlqjhq } � . } . 4 @ 31 Yl �qghu

} @ �4	s4� 7
5 @ �4	s�6

5 @ �4	 ls6
5 @

+

� �
� . l � �

�
� �� � l � �

�

lghw gh wr oûvqlqjhu wlo ghq elqrph oljqlqj z � @ �6 hu z @ 	ls61

41716 Sro|qrplhu jhqhuhow
Hw sro|qrplxp l ghq yduldeoh } hu hw xgwu|n di iruphq

d � } � . d � � � } � � � . = = =. d � } . d �
kyru nrh!flhqwhuqh d � > d � > = = = > d � hu wdo +l ghwwh divqlw nrpsohnvh,1 Ehpéun/ dw
hnvsrqhqwhuqh wlo } dooh hu lnnh0qhjdwlyh khoh wdo1 Kylv d � 9@ 3> ylo yl ndogh d �
iru ghq ohghqgh nrh!flhqw/ rj vljh dw sro|qrplhwv judg hu q= Hw sro|qrplxp
di 3*wh judg hu eorw hw wdo d � 9@ 31 Qxosro|qrplhw hu eorw xgwu|nnhw 31 Qèu ghw
ryhukryhghw wlooéjjhv hq judg/ vljhu pdq dw ghq hu �4=
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Hnvhpsho 79 Xgwu|nnhqh 5} � � } . 44>��} � . 8} � . +8 . 6l, } � . } rj : hu
sro|qrplhu l ghq yduldeoh } di judghu khqkrogvylv 6/ 9 rj 31 Xgwu|nnhqh 7} �

� .
9} � � � ; . } . �� } � rj 8}

�
� � } �

� hu lnnh sro|qrplhu l ghq yduldeoh }1 Hw xgwu|n
phg xhqgholjw pdqjh ohg vrp 4 . } . } � . } � . } � . = = = . } � . = = = hu lnnh hw
sro|qrplxp/ phq ndoghv hq xhqgholj uénnh1

Yl vndo l ghwwh divqlw ehkdqgoh uûgghu l sro|qrplhu1 L ghw iruhjèhqgh divqlw
ylvwh yl/ dw ghq végydqoljh irupho wlo ehvwhpphovh di uûgghuqh l hw dqghqjudg0
vsro|qrplxp vwdglj jéoghu/ qèu eorw nydgudwurghq wronhv vrp ehvwhpphovh di
hq nrpsohnv nydgudwurg1 Ghu �qghv rjvè irupohu wlo ehvwhpphovh di uûgghuqh l
hw wuhglh0 rj imhughjudgvsro|qrplxp1 Glvvh irupohu hu uhw nrpsolfhuhgh rj ndq
lnnh jhqhuhow dqehidohv euxjw1 Ghw lqwhuhvvdqwh hu lplgohuwlg/ dw irupohuqh ryhu0
kryhghw �qghv1 Ghw ndq qhpolj ylvhv/ dw uûgghuqh l hw sro|qrplxp di ihpwh hoohu
kûmhuh judg lnnh jhqhuhow ndq xgwu|nnhv yhg euxj di hqgholjw pdqjh di iûojhqgh
v|perohu= Gh qdwxuoljh wdo Q / Sro|qrplhwv nrh!flhqwhu/ .>�> @ rj urgwhjq1
Ghwwh uhvxowdw jèu wloedjh wlo 4;59 rj vn|oghv qrugpdqghq Qlhov Khquln Deho
+4;3505<,1 Sèvwdqghq rp pdqjohq sè irupohu vndo lnnh ryhuiruwronhv1 Kxvn/ dw
ehvwhpphovhq di uûgghuqh l sro|qrplhw } � �d mr eorw hu ehvwhpphovhq di vdpwoljh
uûgghu di d= Iudqvnpdqghq Hydulvwh Jdorlv +4;44065, jdy hw nulwhulxp iru/ rp
uûgghuqh l hw jlyhw sro|qrplxp ndq xgwu|nnhv yhg urgwhjq1

Sè wurgv di pdqjohq sè irupohu iru uûgghuqh l hw jhqhuhow sro|qrplxp di
judg � 8 kdu glvvh sro|qrplhu uûgghu lqghqiru F1 Ghu jéoghu qhpolj iûojhqgh
véwqlqj/ ghu jèu wloedjh wlo Fduo Iulhgulfk Jdxvv +4:::04;88,=
Véwqlqj 7: Dojheudhqv Ixqgdphqwdovéwqlqj1 Hwkyhuw sro|qrplxp di judg� 4 kdu plqgvw ìq urg lqghqiru gh nrpsohnvh wdo1

Ehylv1 Ehylvhw hu lqgylnohw/ kylv ghw vndo iûuhv xghq iruxgjèhqgh nhqgvnde
wlo nrpsohnv ixqnwlrqvwhrul1 Yl ylo lnnh jlyh qrjhw ehylv kìu1
Gh�qlwlrq 7; Hw wdo } � 5 F vrp hu urg l sro|qrplhw s vljhv dw kdyh pxowl0
solflwhwhq n 5 Q / kylv s +}, @ +} � } � , � t +},/ rj } � lnnh hu urg l t1 Kylv pxowl0
solflwhwhq hu 4/ vljhv urghq dw yéuh vlpsho1
Hnvhpsho 7< L sro|qrplhw 8} � � 83} � . 453} � . 493} � 973 hu 7 urg di pxo0
wlsolflwhw 6/ rj �5 hu urg di pxowlsolflwhw 4/ hu dowvè hq vlpsho urg1 Sro|qrplhw
ndq qhpolj vnulyhv vrp 8 +} . 5, +} � 7, � 1
Nruroodu 83 Sro|qrplhw s +}, @ d � } � .d � � � } � � � . = = =.d � }. d � / kyru q � 4
+rj d � 9@ 3, ndq vnulyhv vrp hw surgxnw di d � rj q iûuvwhjudgvidnwruhu=

s +}, @ d � +} � } � , +} � } � , = = = +} � } � ,
Hwkyhuw sro|qrplxp di judg q � 4 kdu dowvè q uûgghu/ kylv glvvh uhjqhv phg
pxowlsolflwhw1

Ehylv1 Gd q � 4 kdu sro|qrplhw hq urg } � 5 F1 Sro|qrplhuv glylvlrq di
s +}, phg iûuvwhjudgvidnwruhq } � } � ylo jlyh hq uhvw sè 3/ glylvlrqhq jèu rs1
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Dowvè s +}, @ +} � } � , t � +},/ kyru t � hu hw sro|qrplxp di judg q�41 Kylv q @ 4
hu t � +}, eorw hq nrqvwdqw/ ghu qûgyhqgljylv pè yéuh d � @ d � = Kylv q A 4/ pè
t � +}, kdyh hq urg } � 1 Yhg sro|qrplhuv glylvlrq ièv gd/ dw t � +}, @ +} � } � , t � +},/
kyru t � hu hw sro|qrplxp di judg q�51 Kylv q @ 5 hu t � +}, eorw hq nrqvwdqw/ ghu
qûgyhqgljylv pè yéuh d � @ d � = Kylv q A 5/ pè t � +}, kdyh hq urg } � 1 Vèohghv
iruwvéwwhv rj yl �qghu

s +}, @ +} � } � , t � +}, @ +} � } � , +} � } � , t � +},
@ = = = @ +} � } � , +} � } � , +} � } � , = = = +} � } � , t � +},

kyru qx t � +}, kdu judg qxo/ dowvè hu hq nrqvwdqw/ rj ghqqh hu qûgyhqgljylv d � 1

Véwqlqj 84 Kylv hw sro|qrplxp kdu uhhooh nrh!flhqwhu rj } � 5 F hu urg/ vè
hu rjvè } � urg1

Ehylv1 Odg sro|qrplhw s +}, @ d � } � .d � � � } � � � . = = =.d � }.d � kdyh uhhooh
nrh!flhqwhu/ dowvè d � 5 U/ iru n @ 3> 4> = = = > q1 Gd } � hu urg kdu yl

d � } �� . d � � � } � � �
� . = = =. d � } � . d � @ s +} � , @ 3

Yhg nrpsohnv nrqmxjdwlrq ièv
d � } �� . d � � � } � � �

� . = = =. d � } � . d � @ 3 @ 3
Yl xgq|wwhu hjhqvndehuqh iru nrpsohnv nrqmxjdwlrq + d. e @ d.e rj +de, @ de
,/ rj ièu iûuvw

d � } �� . d � � � } � � �
� . = = =. d � } � . d � @ 3

rj ghuqévw/ gd nrh!flhqwhuqh hu uhhooh rj gd } �� @ +} � , � =
d � +} � , � . d � � � +} � , � � � . = = =. d � } � . d � @ 3

phq yhqvwuh vlgh hu mr s +} � ,/ kyruiru yl dowvè kdu s +} � , @ 31
Nruroodu 85 Hwkyhuw sro|qrplxp di judg q � 4 rj phg uhhooh nrh!flhqwhu ndq
vnulyhv vrp hw surgxnw di uhhooh iûuvwh0 rj dqghqjudgvidnwruhu1

Ehylv1 Hw vègdqw sro|qrplxp ndq mr vnulyhv vrp hw surgxnw di nrpsohnvh
iûuvwhjudgvidnwruhu1 Qrjoh di glvvh ndq yéuh uhhooh1 Gh lpdjlqéuh iûuvwhjudgv0
idnwruhu nrpphu l sdu di iruphq +} � } � , +} � } � ,1 Phg } � @ d . le/ d> e 5 U/
ièv

+} � } � , +} � } � , @ +} � +d. le,, +} � +d� le,,
@ ++} � d,� le, ++} � d, . le,
@ +} � d, � . e �

rj ghwwh dqghqjudgvsro|qrplxp kdu uhhooh nrh!flhqwhu +xgjdqjhw= } � � 5}d.
d � . e � ,1
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Véwqlqj 86 Odg sro|qrplhw d � } � . d � � � } � � � . = = = . d � } . d � phg d � 9@ 3/
kdyh khoh nrh!flhqwhu/ dowvè d � 5 ] iru n @ 3> 4> = = = > q1 Dqwdj sro|qrplhw kdu
hq udwlrqdo urg } � @ � � > s> t 5 ]/ kyru euûnhq hu xirunruwholj1 Vè jéoghu/ dw
s md � rj t md � 1

Ehylv1 Yl kdu

d �
�s
t
�
�

. d � � �

�s
t
�
� � �

. = = =. d � st . d � @ 3

Pxowlsolndwlrq phg t � sè ehjjh vlghu jlyhu
d � s � . d � � � s � � � t . = = =. d � st � � � . d � t � @ 3

ghu rjvè ndq vnulyhv
�d � s � � � . d � � � s � �

� t . = = =. d � t � � � � s. d � t � @ 3
Yl vhu/ dw s jèu rs l iûuvwh ohg/ s pè ghuiru rjvè jè rs l dqghw ohg d � t � 1 Phq s
rj t kdu lqjhq iéoohv sulpwdovidnwruhu/ vè s jèu lnnh rs l t � 1 Ghuiru pè s jè rs
l d � 1 Ehylvhw iru/ dw t md � iruoûehu jdqvnh dqdorjw1

Nruroodu 87 Kdu hw sro|qrplxp d � } � .d � � � } � � � . = = =.d � }.d � phg d � 9@ 3/
khoh nrh!flhqwhu/ vndo hyw1 udwlrqdoh uûgghu vûjhv eodqgw

	 glylvruhu l d �
glylvruhu l d �

Phg ghqqh vnulyhpègh phqhv dw dooh nrpelqdwlrqhu vndo xqghuvûjhv1
Hnvhpsho 88 Yl ylo �qgh uûgghuqh l sro|qrplhw s +}, @ 8} � � 63} � . 98} � .
63}�853/ rj vdpwlgljw idnwrulvhuh sro|qrplhw1 Sro|qrplhw kdu khoh nrh!flhqwhu1
Gd glylvruhuqh l 853 hu whppholj pdqjh/ rj gd �

� s +}, kdu gh vdpph uûgghu vrp
s +}, rj vwdglj khoh nrh!flhqwhu/ �qghu yl uûgghuqh l �

� s +}, @ } � � 9} � .46} � .
9} � 437= Glylvruhu l 437 hu 5> 7> ;> 46> 59> 85> 4371 Ghq ohghqgh nrh!flhqw hu 41
Gh pxoljh udwlrqdoh uûgghu hu ghuiru 	4>	5>	7>	;>	46>	59>	85>	4371 Kylv
yl ehj|qghu disuûyqlqjhq qhghiud/ �qghu yl iûuvw/ dw �5 hu urg1 Yhg sro|qrplhuv
glylvlrq di } � � 9} � . 46} � . 9} � 437 phg } . 5 ièv } � � ;} � . 5<} � 851
Yl vndo qx ehvwhpph uûgghu l ghwwh sro|qrplxp1 Pxoljh udwlrqdoh uûgghu hu	4>	5>	7>	;>	46>	59>	851 Ehpéun grj/ dw sro|qrplhw lnnh ndq kdyh hq
qhjdwly urg s1ju1d1 gh dowhuqhuhqgh iruwhjq1 Gh pxoljh udwlrqdoh uûgghu hu ghuiru
4> 5> 7> ;> 46> 59> 851 Disuûyqlqj qhghiud ylvhu/ dw 7 hu urg1 Sro|qrplhuv glylvlrq
di } � �;} � .5<}�85 phg }�7 jlyhu } � �7}.461 Ghwwh dqghqjudgvsro|qrplxp
kdu lqjhq udwlrqdoh uûgghu/ wlo jhqjéog kdu yl hq irupho iru uûgghuqh1 Yl �qghu/
dw glvvh hu

} @ 7	s�69
5 @ 5	 6l
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Uûgghuqh l ghw jlyqh sro|qrplxp hu dowvè �5> 7> 5	6l1 Sro|qrplhw ndq idnwrulv0
huhv l nrpsohnvh iûuvwhjudgvidnwruhu vèohghv

s +}, @ 8 +} . 5, +} � 7, +} � +5 . 6l,, +} � +5� 6l,,
L uhhooh iûuvwh0 rj dqghqjudgvidnwruhu vhu idnwrulvhulqjhq vèohghv xg

s +}, @ 8 +} . 5, +} � 7, �} � � 7} . 46�

Hnvhpsho 89 Yl ylo �qgh uûgghuqh l sro|qrplhw s +}, @ } � �:} � . ���
� } � .7} � �

5;} . 7</ rj vdpwlgljw idnwrulvhuh sro|qrplhw1 Sro|qrplhw kdu lnnh khoh nrh!0
flhqwhu/ phq ghw kdu sro|qrplhw 7s +}, @ 7} � �5;} � .7<} � .49} � �445}.4<9/
ghu mr kdu gh vdpph uûgghu1 Yl ehpéunhu phg ghw vdpph/ dw sro|qrplhw lnnh
kdu qhjdwlyh uûgghu1 Glylvruhuqh l 4<9 hu 4> 5> 7> :> 47> 5;> 7<> <;> 4<91 Glylvruhu l
ghq ohghqgh nrh!flhqw +7, hu 4> 5> 71 Gh pxoljh udwlrqdoh uûgghu hu khuhiwhu=

4> 5> 7> :> 47> 5;> 7<> <;> 4<9> 45 >
:
5 >

7<
5 > 47 >

:
7 >

7<
7

Yhg disuûyqlqj �qghu pdq/ dw �

� hu urg1 Sro|qrplhuv glylvrq di 7} � � 5;} � .
7<} � . 49} � � 445} . 4<9 phg 5 �} � �

�
� @ 5} � : jlyhu 5} � � :} � . ;} � 5;1

Ghwwh sro|qrplxp kdu +vhoyiûojholj, khoohu lqjhq qhjdwlyh uûgghu1 Glylvruhu l 5;
hu 4> 5> 7> :> 47> 5; rj glylvruhu l ghq ohghqgh nrh!flhqw hu 4> 51 Pxoljh udwlrqdoh
uûgghu hu ghuiru

4> 5> 7> :> 47> 5;> 45 >
:
5

Yhg nrqwuro vhv ghw/ dw �

� hu urg +khuphg hu ghq dowvè greehowurg l ghw rsulqgholjh
sro|qrplxp,1 Sro|qrplhuv glylvlrq di 5} � � :} � . ;} � 5; phg 5} � : jlyhu
} � . 71 Ehvwhpphovh di uûgghuqh l } � . 7 ehw|ghu oûvqlqj di ghq elqrph oljqlqj
} � @ �7 @ 7h � � 1 Ghq végydqoljh irupho jlyhu gh �uh oûvqlqjhu 4	 l rj �4	 l1
Uûgghuqh l ghw rsulqgholjh sro|qrplxp hu dowvè �

� +phg pxowlsolflwhw 5,/ 4 	 l
rj �4	 l1 Sro|qrplhw ndq idnwrulvhuhv l nrpsohnvh iûuvwhjudgvidnwruhu vèohghv

s +}, @ +5} � :, � +} � +4 . l,, +} � +4� l,, +} � +�4 . l,, +} � +�4� l,,
rj l uhhooh iûuvwh0 rj dqghqjudgvidnwruhu vèohghv

+5} � :, � �} � � 5} . 5� �} � . 5} . 5�

418 Hxohuv irupohu1 Gh nrpsohnvh wuljrqrphwulvnh
ixqnwlrqhu1

Liûojh gh�qlwlrqhq di ghq nrpsohnvh hnvsrqhqwldoixqnwlrq kdu yl iru y 5 U
h � � @ frv y . l vlq y

h �
� � @ frv y � l vlq y
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Yhg dgglwlrq di glvvh irupohu rj hiwhu glylvlrq phg 5 ièv
frv y @ 4

5
�h � � . h �

� � �

Wlovyduhqgh ièv yhg vxewudnwlrq rj glylvlrq phg 5l
vlq y @ 4

5l
�h � � � h �

� � �

Glvvh wr irupohu ndoghv Hxohuv irupohu hiwhu vfkzhlw}huhq Ohrqkdug Hxohu +4:3:0
;6,1 Ghuhv q|wwh oljjhu l/ dw hnvsrqhqwldoixqnwlrqhq hu ohw dw uhjqh phg1
Hnvhpsho 8: Yl ûqvnhu vlq � { xgwu|nw yhg vlq{> vlq 5{> vlq 6{> = = = > frv{> frv 5{> frv 6{> = = =1
Yl euxjhu ghq hqh di Hxohuv irupohu=

vlq � { @
� 4
5l

�h �
� � h �

�
� �

�

�

@ 4
+5l, �

�h �
� � h �

�
� �

�

@ 4
49

�h � �
� � 7h � �

� . 9� 7h �
� �

� . h �
� �

� �

@ 4
49

�h � �
� . h �

� �
� � 7 �h � �

� . h �
� �

� �. 9�

@ 4
; frv 7{� 4

5 frv 5{. 6
;

Hq vègdq irupho hu hnvhpshoylv q|wwlj yhg lqwhjudwlrq1 Vndo lqwhjudohw U �
� vlq � {g{

ehuhjqhv/ �qghu yl
] �

�
vlq � {g{ @

] �

�

�4
; frv 7{� 4

5 frv 5{. 6
;
�

g{

@
� 4
65 vlq 7{� 4

7 vlq 5{. 6
;{

�
�

�
@ 6�

;
Kûmuhvlghuqh l Hxohuv irupohu frv y @ �

�
�h � � . h �

� � � rj vlq y @ �
� �

�h � � � h �
� � �

jlyhu phqlqj iru dooh y 5 F1 Yl ndq ghuiru euxjh Hxohuv irupohu wlo hq xgylghovh
di gh�qlwlrqvrpuèghw iru gh wuljrqrphwulvnh ixqnwlrqhu1 Yl gh�qhuhu dowvè eorw/
dw frv y rj vlq y iru y 5 FqU vndo yéuh jlyhw yhg Hxohuv irupohu1 Iru y 5 U hu
ghu lnnh wdoh rp hq gh�qlwlrq1
Hnvhpsho 8; Yl ylo ehuhjqh vlq � �

� . l oq 5�1 Yl �qghu
vlq

��
9 . l oq 5

�

@ 4
5l

�

h{s
�

l
��
9 . l oq 5

��� h{s
��l

��
9 . l oq 5

���

@ 4
5l

�

h{s
�

l�9 � oq 5
�� h{s

��l�9 . oq 5
��

@ 4
5l

�h � � � h ��� � � � h �
� � � h � � � � @ 4

5l
�4
5h

� � � � 5h �
� � � �

@ 4
5l

#4
5
#s6

5 . l
5
$

� 5
#s6

5 � l
5
$$

@ 8
; . 6

; l
s6
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Ehpéunqlqj 8< Gh k|shuerovnh ixqnwlrqhu vlqk rj frvk gh�qhuhv iru } 5 F
yhg

vlqk } @ 4
5
�h � � h � � �

frvk } @ 4
5
�h � . h � � �

Ehpéun/ dw iru } 5 U kdu glvvh ixqnwlrqhu uhhooh yéuglhu1 Ghu hu èehqeduw
iûojhqgh vdpphqkéqj phoohp gh k|shuerovnh ixqnwlrqhu rj gh wuljrqrphwulvnh1
Iru dooh } 5 F=

frvk +l}, @ frv }
vlqk +l}, @ l vlq }

419 Ixqnwlrqhu phg nrpsohnvh yéuglhu
Khu ndq hqwhq yéuh wdoh rp ixqnwlrqhu gh�qhuhw sè hq ghopéqjgh +lqwhuydo, di
U/ phq phg yéuglhu l F/ hoohu rp ixqnwlrqhu gh�qhuhw l hq ghopéqjgh G di F
rj phg yéuglhu l F1 Yl rpwdohu ehjjh l gh iûojhqgh wr divqlw1

41914 Nrpsohnv ixqnwlrq di uhho yduldeho
Odg i yéuh hq ixqnwlrq gh�qhuhw sè lqwhuydoohw L y U rj phg yéuglhu l F1
Ghwwh vnulyhv nruw vèohghv= i = L �$ F1 Iru hwkyhuw w 5 L hu eloohghw i +w, dowvè
hw nrpsohnvw wdo +lnnh qûgyhqgljylv lpdjlqéuw/ dowvè lnnh0uhhow,1 Gd i +w, hu hw
nrpsohnvw wdo ndq ghw vnulyhv +hqw|gljw, sè iruphq i +w, @ x +w, . ly +w,/ kyru
x +w, > y +w, 5 U1 Khuyhg gh�qhuhv wr uhhooh ixqnwlrqhu x rj y/ vrp yl ylo ndogh
uhdoghohq rj lpdjlqéughohq di i / khqkrogvylv1 Dowvè x @ Uh i rj y @ Lp i 1
Kylv yl wuéghu hw vnulgw edjoéqv rj hulqguhu/ dw l @ +3> 4,/ vè ndq yl vnulyh
i +w, @ +x +w, > y +w,,1 Yl ndq dowvè rjvè wéqnh sè i vrp hq yhnwruixqnwlrq1 Hu w
wlghq/ vè ndq i +w, yéuh srvlwlrqhq wlo wlghq w1
Hnvhpsho 93 Odg i +w, @ h ��� � � ��� iru dooh w 5 U1 Dqghuohghv vnuhyhw= i +w, @
h ��� +frv :w. l vlq :w,1 Phg ehwhjqhovhuqh iud iûu kdu yl dowvè x +w, @ h ��� frv :w rj
y +w, @ h ��� vlq :w1

Yl gh�qhuhu qx ehjuhehw juéqvhyéugl iru ixqnwlrq1 Kylv pdq hu iruwurolj
phg gh�qlwlrqhq l ghw wloiéogh/ kyru i = L �$ U/ vè hu ghu l rj iru vlj lnnh phjhw
q|w1
Gh�qlwlrq 94 Odg i = L �$ F1 Odg d yéuh hw sxqnw l L hoohu hw di L*v hq0
ghsxqnwhu1 Vè vljhv i +w, dw kdyh hq juéqvhyéugl iru w $ d/ kylv ghu �qghv hw
wdo D 5 F/ vè ghu wlo hwkyhuw +qrn vè olooh, srvlwlyw wdo % hnvlvwhuhu hw srvwlyw wdo �/
vè kylv eorw w hu lqghqiru hq divwdqg di � iud d/ vè hu i +w, lqghqiru hq divwdqg
di % iud D1 Phg v|perohu ndq ghwwh vnulyhv

;% A 3 <� A 3 vè 3 ? mw� dm ? � @, mi +{,�Dm ? %
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V|perohw ; vndo oévhv= �iru hwkyhuw� +hoohu �iru dooh�,1 V|perohw < vndo oévhv
�ghu hnvlvwhuhu�1 Kdu i +w, juéqvhyéuglhq D iru w $ d/ vè vnulyhu pdq

olp���
�
i +w, @ D

Ehpéunqlqj 95 Iruvnhoohq iud ghq wlgoljhuh nhqgwh gh�qlwlrq hu +qèu eruw0
vhv iud wlgoljhuh gh�qlwlrqhuv hyw1 pdqjho sè suéflvlrq,/ dw qxphulvn0whjqhw l
xgwu|nnhw mi +w,�Dm qx ehw|ghu prgxoxv di ghw nrpsohnvh wdo i +w,�D1
Gh�qlwlrq 96 Odg i = L �$ F1 Odg d 5 L1 Ixqnwlrqhq i vljhv dw yéuh nrqwlq0
xhuw l d/ kylv

olp���
�
i +w, @ i +d,

Véwqlqj 97 Odg i = L �$ F1 Vnuly i @ x . ly/ kyru x> y= L �$ U1 Odg
d yéuh hw sxqnw l L hoohu hw di L*v hqghsxqnwhu1 Vè kdu i +w, juéqvhyéuglhq
D @ D � . lD � > D � > D � 5 U/ iru w $ d/ kylv rj nxq kylv x +w, rj y +w, kdu
juéqvhyéuglhuqh D � rj D � / khqkrogvylv/ iru w $ d1 Kylv d 5 L/ hu i nrqwlqxhuw
l d/ kylv rj nxq kylv x rj y ehjjh hu nrqwlqxhuwh l d1

Ehylv1 Vhoy rp ghqqh véwqlqj lnnh hu vyéu dw ylvh/ vsulqjhu yl ehylvhw ryhu1

Gh�qlwlrq 98 Odg i = L �$ F1 Odg d 5 L1 Ixqnwlrqhq i vljhv dw yéuh gl�hu0
hqwldeho l d/ kylv ghu �qghv hw wdo D 5 F/ vè

i +w,� i +d,
w� d $ D

iru w $ d1 Wdoohw D ylo eolyh ndogw gl�huhqwldonyrwlhqwhq/ rj yl vnulyhu i � +d, @ D1
Véwqlqj 99 Odg i> j= L �$ F ehjjh yéuh gl�huhqwldeoh l d 5 L1 Odg n 5
F yéuh hq nrqvwdqw1 Vè jéoghu vrp iru uhhooh ixqnwlrqhu/ dw ni> i . j> ij
vdpw +iruxgvdw dw j +d, 9@ 3 , �

� dooh hu gl�huhqwldeoh/ rj +ni, � +d, @ ni � +d,
+i . j, � +d, @ i � +d, . j � +d, > +ij, � +d, @ i � +d, j +d, . i +d, j � +d, rj � �

�
�
�
+d, @

��� ��� ��	 � ��� �
� � ����� 	 � ���

��� ��� � 1
Ehylv1 Ehylvhuqh vrp gh nhqghv iud uhhooh ixqnwlrqhu/ ndq ryhuwdjhv l ghuhv

khokhg1
Ehpéunqlqj 9: Ehpéun/ dw vdpphqvéwqlqj di wr ixqnwlrqhu di ghq jlyqh
w|sh lnnh qéyqhv1 Ghwwh vn|oghv mr/ dw i +j +w,, lnnh jlyhu phqlqj phg plqguh
j +w, 5 L1 Ghq nhqgwh uhjho iru gl�huhqwldwlrq di vdpphqvdw ixqnwlrq jéoghu
lplgohuwlg l iûojhqgh irup=
Véwqlqj 9; Odg j= L �$ M � U rj i = M �$ F1 Hu j gl�huhqwldeho l d 5 L
rj hu i gl�huhqwldeho l j +d,/ vè hu i � j gl�huhqwldeho l d rj +i � j, � +d, @
i � +j +d,, j � +d,1
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Ehylv1 Ehylvhw hu ljhq vrp iru wr uhhooh ixqnwlrqhu1
Véwqlqj 9< Odg i = L �$ F1 Vnuly i @ x. ly/ kyru x> y= L �$ U1 Odg d 5 L1
Vè hu i gl�huhqwldeho l d phg i � +d, @ D @ D � . lD � > D � > D � 5 U/ kylv rj nxq
kylv x rj y ehjjh hu gl�huhqwldeoh l d phg gl�huhqwldonyrwlhqwhuqh D � rj D � /
khqkrogvylv1 Dowvè x � +d, @ D � rj y � +d, @ D � 1

Ehylv1 Ljhq lnnh qrjhq nrpsolfhuhw vdj dw ylvh/ phq yl vsulqjhu ryhu ehylvhw1

Hnvhpsho :3 Odg i +w, @ h � � � � � � � iru dooh w 5 U1 Gd uhdogho rj lpdjlqéugho di
i hu jlyhw yhg x +w, @ h ��� frv :w rj y +w, @ h ��� vlq :w/ khqkrogvylv/ rj gd glvvh hu
gl�huhqwldeoh iru dooh yéuglhu di w 5 U/ jéoghu ghw vdpph iru i 1 Yl �qghu

x � +w, @ 6h ��� frv :w� :h ��� vlq :w
y � +w, @ 6h ��� vlq :w. :h ��� frv :w

vèohghv dw
i � +w, @ x � +w, . ly � +w, @ 6h ��� frv :w� :h ��� vlq :w. l �6h ��� vlq :w. :h ��� frv :w�

@ +6 . :l, �h ��� frv :w�. +�: . 6l, h ��� vlq :w
@ +6 . :l, �h ��� frv :w. lh ��� vlq :w� @ +6 . :l, h � � � � � � �

L hw nrqnuhw wloiéogh kdu yl khu vhw/ dw �
�
� h � � @ �h � � / qèu � 5 F1

Ehpéunqlqj :4 Ghw ydu iulvwhqgh/ dw vljh dw ixqnwlrqhq i +w, @ h � � mr eorw hu
vdpphqvdw di ixqnwlrqhuqh w :$ �w rj hnvsrqhqwldoixqnwlrqhq } :$ h � 1 Gl�huhq0
wldwlrq di glvvh wr hu hq vlpsho vdj1 Sureohphw hu grj/ dw yl lnnh kdu gh�qhuhw
gl�huhqwldelolwhw di ixqnwlrq di nrpsohnv yduldeho rj ylvw/ dw h{s hu gl�huhqwldeho
vrp hq vègdq +phg ghq iruyhqwhgh d hghgh,1
41915 Nrpsohnv ixqnwlrq di nrpsohnv yduldeho
Odg qx i yéuh hq ixqnwlrq gh�qhuhw l hq ghopéqjgh G di ghq nrpsohnvh sodq F
rj phg yéuglhu l F1 Ghwwh vnulyhv nruw vèohghv= i = G �$ F1 Iru hwkyhuw } 5 G
hu eloohghw i +}, dowvè hw nrpsohnvw wdo1
Hnvhpsho :5 Ghq nrpsohnvh hnvsrqhqwldoixqnwlrq h{s/ dowvè i +}, @ h � iru
dooh } 5 F hu di ghqqh w|sh1 Ghw vdpph hu gh nrpsohnvh wuljrqrphwulvnh ixqn0
wlrqhu1 Sro|qrplhu ndq ehwudjwhv vrp nrpsohnvh ixqnwlrqhu di hq nrpsohnv ydul0
deho1

Vrp l divqlwwhw ryhqiru gh�qhuhv ehjuhehw juéqvhyéugl iru ixqnwlrq dqdorjw
phg wlgoljhuh1 Ghu hu grj ìw sureohp= Kyru ixqnwlrqhqv gh�qlwlrqvpéqjgh ryhq0
iru dqwrjhv dw yéuh hw lqwhuydo/ rj olp �

�
� i +{, eohy gh�qhuhw iru sxqnwhu d l

lqwhuydoohw hoohu l hw di ghwv hqghsxqnwhu/ vè hu ixqnwlrqhqv gh�qlwlrqvrpuègh
qx hq ghopéqjgh G di ghq nrpsohnvh sodq1 Ghw ylo yéuh iru uhvwulnwlyw dw lqg0
vnuéqnh gh wloodgwh péqjghu G wlo uhnwdqjohu hoohu flunhovnlyhu +i1hnv1,1 Yl ièu
ghuiru euxj iru ehjuhehw dnnxpxodwlrqvsxqnw1
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Gh�qlwlrq :6 Sxqnwhw d 5 F ndoghv hw dnnxpxodwlrqvsxqnw iru péqjghq G/
kylv hqkyhu flunhovnlyh phg fhqwuxp l d lqghkroghu xhqgholjw pdqjh sxqnwhu iud
G1
Gh�qlwlrq :7 Odg i = G � F �$ F1 Odg d yéuh hw dnnxpxodwlrqvsxqnw iru G1
Vè vljhv i +}, dw kdyh hq juéqvhyéugl iru } $ d/ kylv ghu �qghv hw wdo D 5 F/
vè ghu wlo hwkyhuw +qrn vè olooh, srvlwlyw wdo % hnvlvwhuhu hw srvwlyw wdo �/ vè kylv
eorw } 5 G hu lqghqiru hq divwdqg di � iud d/ vè hu i +}, lqghqiru hq divwdqg di
% iud D1 Phg v|perohu ndq ghwwh vnulyhv

;% A 3 <� A 3 vè 3 ? m} � dm ? � a } 5 G @, mi +},�Dm ? %
Kdu i juéqvhyéuglhq D iru } $ d/ vè vnulyhu pdq

olp� � �
i +}, @ D

Gh�qlwlrq :8 Odg i = G � F �$ F1 Odg d 5 G1 Ixqnwlrqhq i vljhv dw yéuh
nrqwlqxhuw l d/ kylv

olp� � �
i +}, @ i +d,

Gh�qlwlrq :9 Odg i = G � F �$ F1 Odg d 5 G1 Ixqnwlrqhq i vljhv dw yéuh
gl�huhqwldeho l d/ kylv ghu �qghv hw wdo D 5 F/ vè

i +},� i +d,
} � d $ D

iru } $ d1 Wdoohw D ylo eolyh ndogw gl�huhqwldonyrwlhqwhq/ rj yl vnulyhu i � +d, @ D1
Gh�qlwlrq :: Hq ixqnwlrq i = G � F �$ F/ ghu hu gl�huhqwldeho l hwkyhuw
sxqnw di ghq èeqh péqjgh G ndoghv dqdo|wlvn l G1 +Hq dowhuqdwly jorvh hu kror0
prui,1
Hnvhpsho :; Yl qéyqhu xghq ehylv/ dw h{s> vlq> frv rj hwkyhuw sro|qrplxp hu
dqdo|wlvnh ixqnwlrqhu l khoh F1
Ehpéunqlqj :< Dqdo|wlvnh ixqnwlrqhu kdu ryhuudvnhqgh vwéunh hjhqvndehu1
Nudyhw rp gl�huhqwldelolwhw l hwkyhuw sxqnw di hq èehq ghopéqjgh di F hu phjhw
vwéunw1 Ghu hu hq rpidwwhqgh whrul rp dqdo|wlvnh ixqnwlrqhu1 Ghqqh whrul nuéyhu
hq kho erj rj hw khow nxuvxv +�Nrpsohnv Ixqnwlrqvwhrul�,1 Ghu jéoghu eo1d1 ghw
ryhuudvnhqgh uhvxowdw/ dw kylv hq ixqnwlrq hu dqdo|wlvn l khoh F rj hu ehjuéqvhw/
g1y1v1 dw ghu �qghv hw wdo P / vè mi +},m � P iru dooh } 5 F/ vè hu ixqnwlrqhq
idnwlvn nrqvwdqw$ Ghw hu ghqqh véwqlqj/ ghu ndq euxjhv wlo dw jlyh hw vlpshow ehylv
iru dojheudhqv ixqgdphqwdovéwqlqj1
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Ndslwho 5
Ixqnwlrqhu
514 Ixqnwlrqhu jhqhuhow
Gh�qlwlrq ;3 Hq ixqnwlrq hu hq dielogqlqj/ ghu wlo hwkyhuw hohphqw +sxqnw, {
l hq jlyhq péqjgh D +�gh�qlwlrqvpéqjghq�, nq|wwhu qhwrs hw hohphqw +sxqnw,
+�eloohghw�, l hq dqghq jlyhq péqjgh E1 Eloohghw di { yhg i ehwhjqhv phg i +{,1
Péqjghq di eloohghu ndoghv eloohgpéqjghq rj ehwhjqhv phg i +D,1 Yl vnulyhu
i = D $ E iru dw iruwéooh/ dw i hu gh�qhuhw l D rj dw eloohghuqh yhg i oljjhu l
E 1 Judihq di i hu péqjghq i+{> |, 5 D�E m{ 5 D a | @ i +{,j1 +Phg D�E
ehwhjqhv ghw fduwhvlvnh surgxnw phoohp péqjghuqh D rj E1 Ghw hu péqjghq di
sdu +{> |,/ kyru { 5 D rj | 5 E ,1
Gh�qlwlrq ;4 Ixqnwlrqhq i = D $ E vljhv dw yéuh lqmhnwly +hoohu hq0hqw|glj/
404,/ kylv ghw iru dooh { � > { � 5 D jéoghu/ dw

{ � 9@ { � @, i +{ � , 9@ i +{ � ,
Ixqnwlrqhq i ndoghv vxumhnwly/ kylv hwkyhuw hohphqw l E hu eloohgh di hw hoohu
dqghw hohphqw l D/ dowvè kylv i +D, @ E1 Ixqnwlrqhq i ndoghv elmhnwly/ kylv ghq
eègh hu lqmhnwly rj vxumhnwly1
Gh�qlwlrq ;5 Hu hq ixqnwlrq i = D $ E elmhnwly gh�qhuhv ghqv rpyhqgwh ixqn0
wlrq i � � = E $ D yhg énylydohqvhq

i � � +|, @ { +, | @ i +{,
Gh�qlwlrq ;6 Odg i = D $ E rj j= E $ F1 Vè hu ghq vdpphqvdwwh ixqnwlrq
i � j= D $ F gh�qhuhw yhg +i � j, +{, @ i +j +{,, iru dooh { 5 D1
Gh�qlwlrq ;7 Ghq ixqnwlrq lg � = D $ D/ ghu hu gh�qhuhw yhg lg � +{, @ { iru
dooh { 5 D/ ndoghv ghq lghqwlvnh dielogqlqj l D1
Véwqlqj ;8 Odg i = D $ E yéuh elmhnwly1 Vè jéoghu/ dw �i � i � � � +{, @ { iru
dooh { 5 E rj �i � � � i� +{, @ { iru dooh { 5 D1 Phg dqguh rug i � i � � @ lg � rj
i � � � i @ lg � 1

56
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515 Uhho ixqnwlrq di uhho yduldeho
Gh�qlwlrq ;9 Hq ixqnwlrq/ kylv eloohgpéqjgh hu hq ghopéqjgh di gh uhhooh
wdo U/ ndoghv hq uhho ixqnwlrq1 Hq uhho ixqnwlrq di hq uhho yduldeho/ hu hq uhho
ixqnwlrq/ kylv gh�qlwlrqvpéqjgh hu hq ghopéqjgh di U1
Gh�qlwlrq ;: Odg D � U1 Ixqnwlrqhq i = D $ U ndoghv +vwuhqjw, yrnvhqgh/
kylv ghw iru dooh { � > { � 5 D jéoghu/ dw

{ � ? { � , i +{ � , ? i +{ � ,
Ixqnwlrqhq ndoghv +vwuhqjw, diwdjhqgh/ kylv ghw iru dooh { � > { � 5 D jéoghu/ dw

{ � ? { � , i +{ � , A i +{ � ,
Ixqnwlrqhq ndoghv vydjw yrnvhqgh +hoohu lnnh0diwdjhqgh,/ kylv ghw iru dooh { � > { � 5
D jéoghu/ dw

{ � ? { � , i +{ � , � i +{ � ,
Ehjuhehw vydjw diwdjhqgh gh�qhuhv dqdorjw1 Kylv hq ixqnwlrq hu hqwhq yrnvhqgh
hoohu diwdjhqgh/ ndoghv ghq prqrwrq +vwuhqjw hoohu vydjw,1
Ehpéunqlqj ;; Hqkyhu prqrwrq ixqnwlrq hu lqmhnwly1 Ghq rpyhqgwh sèvwdqg
jéoghu lnnh/ vrp yl vhu l iûojhqgh hnvhpsho1
Hnvhpsho ;< Odg i yéuh gh�qhuhw sè lqwhuydoohw ^3> 4` yhg iruvnuliwhq

i +{, @
� { iru 3 � { � ��

�
� � { iru �� ? { � 4

Vè hu i lnnh prqrwrq/ phq ghq hu lqmhnwly1

51514 Juéqvhyéugl

Juéqvhyéuglehjuhehw hu phjhw fhqwudow l ghw rpuègh di pdwhpdwlnnhq/ ghu
ndoghv pdwhpdwlvn dqdo|vh +juriw vdjw olj phg gl�huhqwldo0 rj lqwhjudouhjq0
lqj,1 Oévhuhq iruxgvéwwhv dw kdyh hq jrg lqwxlwly iruvwèhovh di ehjuhehw iud vlq
wlgoljhuh pdwhpdwlnxqghuylvqlqj1 Ghqqh iruvwèhovh nrpphu pdq odqjw phg1 L
phuh dydqfhuhgh vdpphqkéqjh volsshu pdq grj lnnh iru dw suéflvhuh ehjuhehw1

Phg olp �
�

� i +{, @ D/ phqhu pdq oûvw vdjw/ dw i +{, ehj|qghu dw oljqh wdoohw
D/ qèu eorw { hu wéw sè d/ phq grj iruvnhoolj iud d1 Ghqqh vlgvwh wloiûmhovh hu
yljwlj= Yhg juéqvhryhujdqjhq { $ d ehwudjwhv dogulj yéuglhu di i l sxqnwhw d/ rj
ghw xdqvhw rp i hu gh�qhuhw l d hoohu hm1 Dw wdoh rp juéqvhyéuglhq olp �

�
� i +{,

ndq nxq eolyh dnwxhow/ kylv hwkyhuw lqwhuydo phg plgwsxqnw l d lqghkroghu hw
sxqnw { 9@ d iud gh�qlwlrqvpéqjghq iru i 1 Odg rv ndogh hw vègdqw sxqnw d hw
dnnxpxodwlrqvsxqnw iru gh�qlwlrqvpéqjghq1
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Gh�qlwlrq <3 Odg G yéuh hq ghopéqjgh di U1 Wdoohw d 5 U ndoghv hw dnnxpx0
odwlrqvsxqnw iru G/ kylv hwkyhuw lqwhuydo phg plgwsxqnw l d lqghkroghu xhqgholjw
pdqjh sxqnwhu iud G1
Ehpéunqlqj <4 Yl nxqqh oljhvè jrgw kdyh euxjw iûojhqgh irupxohulqj= Wdoohw
d 5 U ndoghv hw dnnxpxodwlrqvsxqnw iru G/ kylv hwkyhuw lqwhuydo phg plgwsxqnw
l d lqghkroghu plqgvw ìw sxqnw iud Gq idj1
Hnvhpsho <5 Odg ixqnwlrqhq i yéuh gh�qhuhw yhg iruvnuliwhq i +{, @ s{ � +{ � � 4,
iru dooh gh uhhooh yéuglhu di {/ iru kylonh ghwwh xgwu|n vhoy hu uhhow1 Ghuphg hu
gh�qlwlrqvrpuèghw olj phg `�4>�4` ^ i3j ^ ^4>4^1 Wdoohw 3 oljjhu l gh�qlwlrq0
vrpuèghw/ phq ghw hu lnnh hw dnnxpxodwlrqvsxqnw iru ghwwh1 Pdq vljhu/ dw sxqnwhw
hu hw lvrohuhw sxqnw l gh�qlwlrqvrpuèghw1

Khu iûojhu hq suéflv gh�qlwlrq di juéqvhyéuglehjuhehw1
Gh�qlwlrq <6 Odg d yéuh hw dnnxpxodwlrqvsxqnw iru gh�qlwlrqvpéqjghq + G
, iru ghq uhhooh ixqnwlrq i 1 Vè vljhv i +{, dw kdyh hq juéqvhyéugl iru { $ d/ kylv
ghu �qghv hw wdo D 5 U/ vè ghu wlo hwkyhuw +qrn vè olooh, srvlwlyw wdo % hnvlvwhuhu
hw srvwlyw wdo �/ vè kylv eorw { 5 G hu lqghqiru hq divwdqg di � iud d/ vè hu i +{,
lqghqiru hq divwdqg di % iud D1 Phg v|perohu ndq ghwwh vnulyhv

;% A 3 <� A 3 vè 3 ? m{� dm ? � a { 5 G @, mi +{,�Dm ? %
V|perohw ; vndo oévhv= �iru hwkyhuw� +hoohu �iru dooh�,1 V|perohw < vndo oévhv
�ghu hnvlvwhuhu�1 Kdu i +{, juéqvhyéuglhq D iru { $ d/ vè vnulyhu pdq

olp
�
�

�
i +{, @ D

Kylv i hu gh�qhuhw sè ehjjh vlghu di d/ phq nxq yéuglhu di { vwûuuh hqg d
ûqvnhv ehwudjwhw/ wdohu pdq rp juéqvhyéugl iud kûmuh rj vnulyhu olp ��� � i +{, @ D1
Dqdorjw wdohv rp juéqvhyéugl iud yhqvwuh1
Gh�qlwlrq <7 Odg d yéuh hw dnnxpxodwlrqvsxqnw iru gh�qlwlrqvpéqjghq + G
, iru ghq uhhooh ixqnwlrq i 1 Vè vljhu yl/ dw i +{, $ 4 iru { $ d/ kylv ghu
wlo hwkyhuw +qrn vè vwruw, srvlwlyw wdo P hnvlvwhuhu hw srvwlyw wdo �/ vè kylv eorw
{ 5 G hu lqghqiru hq divwdqg di � iud d/ vè hu i +{, A P= Phg v|perohu ndq
ghwwh vnulyhv

;P A 3 <� A 3 vè 3 ? m{� dm ? � a { 5 G @, i +{, A P
Ehpéunqlqj <8 Kylv i +{, $ 4 iru { $ d ndq pdq jrgw ehq|wwh vnulyhpè0
ghq

olp
�
�

�
i +{, @ 4

phq yl ylo lnnh vljh dw juéqvhyéuglhq hnvlvwhuhu1 Phg juéqvhyéugl phqhv +qru0
pdow, hw wdo1
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Gh�qlwlrq <9 Kylv i hu gh�qhuhw lkyhuwidog sè hw lqwhuydo di w|shq ^e>4^/ vè
vljhu yl/ dw i +{, kdu hq juéqvhyéugl iru { $ 4/ kylv ghu �qghv hw wdo D/ vè

;% A 3 <P A e vè { A P @, mi +{,�Dm ? %
Yl vnulyhu l ehnuéiwhqgh idog

olp
�
��� i +{, @ D

Ehpéunqlqj <: Ghu pdqjohu iruvnhooljh gh�qlwlrqhu1 Oévhuhq vnxooh grj vhoy
nxqqh odyh glvvh xgiud gh jlyqh pûqvwuh1 Hnvhpshoylv pdqjohu hq gh�qlwlrq di
olp �

�
�
� i +{, @ D rj di xgvdjqhw i +{, $ 4 iru { $ 41

Véwqlqj <; Kylv i +{, rj j +{, kdu juéqvhyéuglhu iru { $ d/ vè kdu i +{, .
j +{, rj i +{, j +{, rjvè juéqvhyéuglhu iru { $ d/ yl kdu

olp
�
�

�
+i +{, . j +{,, @ olp

�
�

�
i +{, . olp

�
�

�
j +{,

olp
�
�

�
+i +{, j +{,, @ olp

�
�

�
i +{, � olp

�
�

�
j +{,

Kylv olp �
�

� j +{, 9@ 3 rj kylv j +{, 9@ 3 l hq rphjq rp d/ vè kdu � � � �
��� � � rjvè hq

juéqvhyéugl iru { $ d rj ghu jéoghu
olp

�
�

�

i +{,
j +{, @ olp �

�
� i +{,

olp �
�

� j +{,
Ehylv1 Uhvxowdwhw iruxgvéwwhv ehnhqgw rj ylo lnnh eolyh ylvw khu1

Ehpéunqlqj << Véwqlqjhq jéoghu rjvè/ kylv d @ 4 hoohu d @ �4= Pdq ndq
ryhuyhmh l kylonhw rpidqj véwqlqjhq jéoghu/ kylv iruxgvéwqlqjhuqh l vwhghw hu/
dw i +{, $ 4 rj j +{, $ D iru { $ d/ kyru D hu hqwhq hw wdo hoohu 	41 Yl
yhqghu wloedjh wlo gh sureohpdwlvnh yhuvlrqhu di glvvh vhqhuh1
51515 Nrqwlqxlwhw
Iûuvw nrpphu ghq khow jhqhuhooh gh�qlwlrq di nrqwlqxlwhw1
Gh�qlwlrq 433 Hq ixqnwlrq i = G � U $ U ndoghv nrqwlqxhuw l sxqnwhw d 5 G/
kylv

;% A 3 <� A 3 vè m{� dm ? � a { 5 G @, mi +{,� i +d,m ? %
Qèu sxqnwhw d hu hw dnnxpxodwlrqvsxqnw iru G/ kylonhw i1hnv1 hu wloiéoghw/

qèu G hu hw lqwhuydo/ vè ièu yl iûojhqgh yhonhqgwh uhvxowdw/ ghu grj riwh euxjhv
vrp gh�qlwlrq1
Véwqlqj 434 Odg d 5 G yéuh hw dnnxpxodwlrqvsxqnw iru G1 Hq ixqnwlrq i =
G � U $ U/ hu gd nrqwlqxhuw l d/ kylv rj nxq kylv

olp
�
�

�
i +{, @ i +d,
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Ehpéunqlqj 435 Phg ghq jlyqh gh�qlwlrq hu hq ixqnwlrq/ kylv gh�qlwlrq0
vrpuègh rpidwwhu lvrohuhgh sxqnwhu/ dxwrpdwlvn nrqwlqxhuw l glvvh1 Hnvhpshoylv
hu iûojhqgh ixqnwlrq nrqwlqxhuw l khoh vlw gh�qlwlrqvrpuègh=

i +{, @
� : iru { @ �6

{ iru 3 � { � 4
Ixqnwlrqhqv gh�qlwlrqvrpuègh hu ^3> 4`^i�6j1 Nrqwlqxlwhwhq l �6 iûojhu yhg wlo
hw jlyhw % A 3 dw yéojh � @ 5 +iru hnvhpsho,1 Vè hu qhpolj m{� dm ? �a{ 5 G nxq
rsi|ogw iru { @ �6/ rj l vè idog kdu yl mr/ dw mi +{,� i +d,m @ mi +�6,� i +�6,m @
3 ? %1 Ehpéun/ dw irugl sxqnwhw �6 lnnh hu hw dnnxpxodwlrqvsxqnw iru gh�ql0
wlrqvrpuèghw/ hu juéqvhyéuglhq olp �

�
�
� i +{, lnnh gh�qhuhw1

Véwqlqj 436 Kylv i> j= G � U $ U ehjjh hu nrqwlqxhuwh l d 5 G/ vè hu rjvè
i . j rj ij nrqwlqxhuwh l d1 Kylv ghvxghq j +d, 9@ 3/ vè hu �

� nrqwlqxhuw l d1
Véwqlqj 437 Odg G � � U rj G � � U/ rj j= G � $ G � / rj i = G � $ U1 Kylv j
hu nrqwlqxhuw l d 5 G � rj i hu nrqwlqxhuw l j +d,/ vè hu i � j nrqwlqxhuw l d1
Gh�qlwlrq 438 Hq ixqnwlrq/ vrp hu nrqwlqxhuw l dooh sxqnwhu di ghqv gh�ql0
wlrqvlqwhuydo/ ndoghv hq nrqwlqxhuw ixqnwlrq1
Hnvhpsho 439 Odg ixqnwlrqhq i yéuh jlyhw yhg iruvnuliwhq i +{, @ �

� iru dooh
{ 5 Uq i3j1 Vè hu i hq nrqwlqxhuw ixqnwlrq/ lghw ghq hu nrqwlqxhuw l dooh vlqh
gh�qlwlrqvsxqnwhu1 Ghulprg hu ixqnwlrqhq j jlyhw yhg iruvnuliwhq

j +{, @
� �

� iru { 9@ 3
: iru { @ 3

lnnh hq nrqwlqxhuw ixqnwlrq/ lghw ghq +noduw, hu glvnrqwlqxhuw l 31 Ehpéun/ dw
xdqvhw kydg j +3, gh�qhuhv wlo/ vè hu j glvnrqwlqxhuw l 31
Véwqlqj 43: Odg L � U yéuh hw lqwhuydo rj odg i = L $ U yéuh nrqwlqxhuw1 Vè
jéoghu=

41 Eloohgpéqjghq i +L, hu hw lqwhuydo/ rj i dqwdjhu dowvè hqkyhu yéugl phoohp
kyhu wr jlyqh ixqnwlrqvyéuglhu1

51 Kylv L hu hw oxnnhw rj ehjuéqvhw lqwhuydo/ vè hu i +L, rjvè hw oxnnhw rj eh0
juéqvhw lqwhuydo/ rj i dqwdjhu dowvè vèyho hq vwûuvwh0 vrp hq plqgvwhyéugl
sè L1

61 i hu lqmhnwly/ kylv rj nxq kylv i hu prqrwrq1
71 Kylv i hu lqmhnwly/ vè hu i � � nrqwlqxhuw1
Ehylv1 Yl xghodghu ehylvhw1
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Ehpéunqlqj 43; L sèvwdqg 4> 6 rj 7 l ryhqvwèhqgh véwqlqj hu ghw dijûuhqgh/
dw L hu hw lqwhuydo1 Sèvwdqg 5 ndq jhqhudolvhuhv vèohghv/ dw rughw lqwhuydo ryhudow
huvwdwwhv di rughw péqjgh1 Pdq pè vè vhoyiûojholj gh�qhuh suéflvw/ kydg hq
oxnnhw rj ehjuéqvhw péqjgh hu1
Hnvhpsho 43< Odg ixqnwlrqhq i yéuh gh�qhuhw sè péqjghq G @ ^3> 4^^ ^5> 6`
yhg

i +{, @ { iru 3 � { ? 4
{� 4 iru 5 � { � 6

Vè hu i nrqwlqxhuw l hwkyhuw sxqnw di vlq gh�qlwlrqvpéqjgh G1 Ghuphg hu i
dowvè hq nrqwlqxhuw ixqnwlrq1 Ghw vhv rjvè/ dw i hu yrnvhqgh rj ghuphg lqmhnwly1
Ghq lqyhuvh ixqnwlrq i � � hu gh�qhuhw sè yéuglpéqjghq iru i / qhpolj lqwhuydoohw
^3> 5`1 Ghq lqyhuvh ixqnwlrq hu jlyhw yhg

i � � +|, @ | iru 3 � | ? 4
| . 4 iru 4 � | � 5

i � � hu èehqeduw lnnh nrqwlqxhuw l 41
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Gl�huhqwldelolwhw
614 Gh�qlwlrqhq di Gl�huhqwldelolwhw rj Gl�hu0

hqwldonyrwlhqw
Yl plqghu rp gh�qlwlrqhq sè ehjuhehw gl�huhqwldelolwhw1

Gh�qlwlrq 443 Hq ixqnwlrq i gh�qhuhw l hw lqwhuydo rpnulqj sxqnwhw +wdoohw,
d ndoghv gl�huhqwldeho l d/ kylv juéqvhyéuglhq

olp
�
�

�

i +{,� i +d,
{� d

hnvlvwhuhu1 Juéqvhyéuglhq ndoghv gl�huhqwldonyrwlhqwhq di i l d rj ehwhjqhv phg
i � +d, hoohu phg �

�

�
�

�

�

�

��� �
= Hq ixqnwlrq i gh�qhuhw l ^d> e` ndoghv gl�huhqwldeho iud

kûmuh l d/ kylv ghq hqvlgljh juéqvhyéugl
olp

� � �

i +{,� i +d,
{� d

hnvlvwhuhu1 Dqdorjw gh�qhuhv gl�huhqwldelolwhw iud yhqvwuh1 Hu ixqnwlrqhq i gl�hu0
hqwldeho l hwkyhuw sxqnw di vlw gh�qlwlrqvrpuègh/ vè ndoghv ghq eorw gl�huhqwldeho1
Ixqnwlrqhq i � jlyhw yhg { :�$ i � +{, ndoghv ghq d hghgh di i=
Ehpéunqlqj 444 Qèu pdq vljhu/ dw hq juéqvhyéugl hnvlvwhuhu/ vè phqhu
pdq/ dw ghq hnvlvwhuhu vrp hw wdo/ dowvè lnnh vrp hw di v|perohuqh 	4= Kylv
dowvè � � ��� �

� � ���
� � � $ 4 iru { $ d/ vè hu i lnnh gl�huhqwldeho l d=

5<
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615 Hjhqvndehu iru gl�huhqwldeoh ixqnwlrqhu
Vrp pdq qrn hulqguhu iud wlgoljhuh xqghuylvqlqj/ hu ghw qrjhw ehvyéuoljw dw
euxjh gh�qlwlrqhq gluhnwh1 Phq yhg euxj di gh�qlwlrqhq xgohghv gh yhonhqgwh
uhvxowdwhu yhguûuhqgh gl�huhqwldwlrq di vxp/ surgxnw/ nyrwlhqw rj vdpphqvdw
ixqnwlrq=

Véwqlqj 445 Dqwdj/ dw i rj j hu gl�huhqwldeoh l d1 Vè hu i . j rj ij ehjjh
gl�huhqwldeoh l d/ rj

+i . j, � +d, @ i � +d, . j � +d,
+ij, � +d, @ i � +d, j +d, . i +d, j � +d,

Kylv ghvxghq j +d, 9@ 3/ vè hu �
� gl�huhqwldeho l d/ rj

�i
j
�
�

+d, @ j +d, i � +d,� i +d, j � +d,
j +d, �

Véwqlqj 446 Kylv j hu gl�huhqwldeho l d rj i hu gl�huhqwldeho l j +d,/ vè hu
ghq vdpphqvdwwh ixqnwlrq i � j gl�huhqwldeho l d/ rj

+i � j, � +d, @ i � +j +d,, j � +d,
Khu iûojhu qrjoh vlpsoh ûyhovhu/ kyru pdq eorw vndo euxjh glvvh �uhjqhuhjohu�1

Ûyhovh 447 Ilqg i � +{,/ qèu
41 i +{, @ 6 vlq{. :frv{
51 i +{, @ 8{ � h �

61 i +{, @ �
�

� �
� � � �

71 i +{, @ s6� vlq +5{,
Véwqlqj 448 Kylv i hu gl�huhqwldeho l d/ vè hu i nrqwlqxhuw l d1

Ehylv1 Yl kdu/ dw i +{,� i +d,
{� d $ i � +d,

iru { $ d1 Ghwwh phgiûuhu vshflhow/ dw
�

�

�

�

i +{,� i +d,
{� d

�

�

�

�

� mi � +d,m. 4
iru dooh { l hw sdvvhqgh olooh lqwhuydo rpnulqj d1 Dqghuohghv vnuhyhw/ rj phg
P @ mi � +d,m. 4 ièv mi +{,� i +d,m � P m{� dm
Phq khudi ièv noduw/ dw olp �

�
� i +{, @ i +d,1 Dowvè hu i nrqwlqxhuw l d1

Iûu qévwh véwqlqj/ Uroohv véwqlqj/ ylvhu yl hq kméoshvéwqlqj 0 hw vèndogw
ohppd1
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Ohppd 449 Kylv i hu gl�huhqwldeho l d phg i � +d, A 3/ vè �qghv ghu hw lqwhuydo
L phg plgwsxqnw l d/ vè iru dooh { 5 L phg { 9@ d/ yl kdu

i +{,� i +d,
{� d A 3

Ehylv1 Hiwhuvrp yl kdu/ dw

olp
�
�

�

i +{,� i +d,
{� d @ i � +d,

rj i � +d, A 3/ pè ghu hnvlvwhuh hw lqwhuydo L phg plgwsxqnw l d/ vè
�

�

�

�

i +{,� i +d,
{� d � i � +d,

�

�

�

�

? 4
5i

� +d,

iru dooh { 5 L phg { 9@ d1 Phq khudi iûojhu vshflhow/ dw
i +{,� i +d,

{� d � i � +d, A �4
5i

� +d,
kyrudi sèvwdqghq iûojhu1
Véwqlqj 44: Uroohv Véwqlqj1 Odg i yéuh nrqwlqxhuw sè ghw oxnnhgh lqwhuydo
^d> e`/ rj gl�huhqwldeho l ghw èeqh lqwhuydo `d> e^1 Dqwdj |ghuoljhuh/ dw i +d, @
i +e, @ 31 Vè hnvlvwhuhu ghu hw wdo � 5 `d> e^/ vè i � +�, @ 31

Ehylv1 Kylv i hu nrqvwdqw olj phg qxo/ vè hu i � +{, @ 3 iru dooh { 5 `d> e^1
Kylv lnnh i hu nrqvwdqw olj phg qxo/ vè kdu i hqwhq hq srvlwly vwûuvwhyéugl
sè lqwhuydoohw ^d> e`/ hoohu ghq kdu hq qhjdwly plqgvwhyéugl +hyw1 ehjjh,1 Ghwwh
iûojhu di/ dw i hu nrqwlqxhuw sè ghw oxnnhgh lqwhuydo1 Dqwdj/ dw i kdu hq srvlwly
vwûuvwhyéugl1 Odg � yéuh ghw sxqnw/ l kylonhq vwûuvwhyéuglhq dqwdjhv= Yl kdu
èehqeduw/ dw � 5 `d> e^1 Yl ylo ylvh/ dw i � +�, @ 31 Dqwdj/ dw i � +�, A 31 Vè kdu yl
liûojh ohppdhw ryhqiru/ dw

i +{,� i +�,
{� � A 3

iru dooh { l hw lqwhuydo phg plgwsxqnw l �1 Phq l ghw lqwhuydo kdu yl vè/ dw
i +{, A i +�, iru { A �/ kylonhw hu hq prgvwulg phg dw i +�, hu vwûuvwhyéuglhq
iru i 1 Kylv l vwhghw i � +�, ? 3/ ylooh yl sè vdpph pègh �qgh/ dw i +{, A i +�,
iru sxqnwhu qéu �/ ghu rsi|oghu { ? �1 Ljhq hq prgvwulg1 Dowvè pè i � +�, @ 31
Kdu i lqjhq srvlwly vwûuvwhyéugl/ phq hq qhjdwly plqgvwhyéugl/ vè kdu �i hq
srvlwly vwûuvwhyéugl/ rj uhvxowdwhw iûojhu khudi1
Véwqlqj 44; Plgghoyéuglvéwqlqjhq1 Odg i yéuh nrqwlqxhuw sè ghw oxnnhgh
lqwhuydo ^d> e`/ rj gl�huhqwldeho l ghw èeqh lqwhuydo `d> e^1 Vè hnvlvwhuhu ghu hw wdo
� 5 `d> e^/ vè

i+e,� i+d,
e� d @ i � +�,
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Ehylv1 Ehwudjw ixqnwlrqhq k gh�qhuhw yhg
k +{, @ +e� d, +i +{,� i +d,,� +{� d, +i +e,� i +d,,

Vè hu k èehqeduw nrqwlqxhuw sè ghw oxnnhgh lqwhuydo ^d> e`/ rj gl�huhqwldeho l ghw
èeqh lqwhuydo `d> e^1 Hqgylghuh kdu yl/ dw k +d, @ k +e, @ 31 Liûojh Uroohv véwqlqj
�qghv ghu ghuiru hw wdo � 5 `d> e^/ vè k � +�, @ 31 Phq k � +{, @ +e� d, i � +{, �
+i +e,� i +d,,/ vè

3 @ k � +�, @ +e� d, i � +�,� +i +e,� i +d,,
kyrudi sèvwdqghq iûojhu1
Véwqlqj 44< Ghq xgylghgh plgghoyéuglvéwqlqj1 Odg i rj j ehjjh yéuh
nrqwlqxhuwh sè ghw oxnnhgh lqwhuydo ^d> e`/ rj gl�huhqwldeoh l ghw èeqh lqwhuydo
`d> e^1 Vè hnvlvwhuhu ghu hw wdo � 5 `d> e^/ vè

+i +e,� i +d,, j � +�, @ +j +e,� j +d,, i � +�,
Ehylv1 Ehylvhw oljqhu ehylvhw iru plgghoyéuglvéwqlqjhq= Ehwudjw ixqnwlrqhq

k gh�qhuhw yhg
k +{, @ +j +e,� j +d,, +i +{,� i +d,,� +j +{,� j +d,, +i +e,� i +d,,

Vè hu k èehqeduw nrqwlqxhuw sè ghw oxnnhgh lqwhuydo ^d> e`/ rj gl�huhqwldeho l ghw
èeqh lqwhuydo `d> e^1 Hqgylghuh kdu yl/ dw k +d, @ k +e, @ 31 Liûojh Uroohv véwqlqj
�qghv ghu ghuiru hw wdo � 5 `d> e^/ vè k � +�, @ 31 Phq k � +{, @ +j +e,� j +d,, i � +{,�
j � +{, +i +e,� i +d,,/ vè

3 @ k � +�, @ +j +e,� j +d,, i � +�,� j � +�, +i +e,� i +d,,
kyrudi sèvwdqghq iûojhu1
Véwqlqj 453 Odg L yéuh hw èehqw lqwhuydo rj odg i = L $ U yéuh gl�huhqwldeho
l L phg i � +{, @ 3 iru dooh { 5 L1 Vè hu i nrqvwdqw1

Ehylv1 Odg { � rj { � yéuh wr sxqnwhu iud L1 Yl ndq dqwdjh/ dw { � ? { � 1 Yl
ylo ylvh/ dw i kdu vdpph yéugl l glvvh sxqnwhu1 Di plgghoyéuglvéwqlqjhq ièv/ dw
ghu hnvlvwhuhu hw wdo � 5 `{ � > { � ^/ vè

i +{ � ,� i +{ � ,
{ � � { � @ i � +�,

phq liûojh dqwdjhovhq hu i � +�, @ 3/ vè i +{ � ,� i +{ � , @ 31
Véwqlqj 454 Odg L yéuh hw èehqw lqwhuydo rj odg i = L $ U yéuh gl�huhqwldeho
l L1 Vè jéoghu/ dw i hu yrnvhqgh l L/ kylv rj nxq kylv i � +{, � 3 iru dooh { 5 L/
rj lnnh olj phg 3 l qrjhw gholqwhuydo di L1
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Ehylv1 Dqwdj iûuvw/ dw i hu yrnvhqgh l L1 Odg { 5 L1 Vè kdu yl iru doo w 5 L
phg w 9@ {/ dw

i +w,� i +{,
w� { A 3

Phq khudi iûojhu xplgghoeduw/ dw

i � +{, @ olp���
�

i +w,� i +{,
w� { � 3

Kylv i � +{, @ 3 iru dooh { l hw gholqwhuydo di L/ vè ylooh i yéuh nrqvwdqw l ghw lq0
whuydo rj ghuphg lnnh yrnvhqgh1 Dowvè hu i � lnnh olj phg qxo l qrjhw gholqwhuydo1
Dqwdj qx rpyhqgw/ dw i � +{, � 3 iru dooh { 5 L/ rj lnnh olj phg 3 l qrjhw gholqwhu0
ydo di L1 Odg { � ? { � 1 Yl vndo ylvh/ dw i +{ � , ? i +{ � ,1 Di plgghoyéuglvéwqlqjhq
ièv/ dw ghu hnvlvwhuhu hw wdo � 5 `{ � > { � ^/ vè

i +{ � ,� i +{ � ,
{ � � { � @ i � +�,

Dowvè kdu yl/ dw i +{ � , � i +{ � ,1 Kylv i +{ � , @ i +{ � , ylooh i yéuh nrqvwdqw l
lqwhuydoohw ^{ � > { � `1 Phq vè ylooh i � yéuh qxo l lqwhuydoohw ^{ � > { � ` l prgvwulg phg
dqwdjhovhq1

616 o*Krvslwdov uhjho
Vrp yl wlgoljhuh kdu vhw jéoghu ghu/ dw kylv olp �

�
� i +{, rj olp �

�
� j +{, ehjjh

hnvlvwhuhu/ rj kylv ghq vlgvwh hu iruvnhoolj iud qxo/ vè hnvlvwhuhu rjvè olp �
�

�

� � � �
��� � �

rj ghq hu olj irukroghw phoohp gh wr juéqvhyéuglhu1 Kydg vwloohu yl vè rs phg
ghw wloiéogh/ kyru olp �

�
� j +{, @ 3 B Rsiûuvohq di � � � �

��� � � iru { $ d hu qrupdow lnnh
hw sureohp/ qèu olp �

�
� i +{, 9@ 3> lghw qéyqhuhqv iruvylqghq/ vè eorw ehw|ghu/

dw
�

�

�

� � ���
� � ���

�

�

� $ 4 iru { $ d1 Qéuphuh ghowdomhu rp iruwhjq ylo dikéqjh di phg
kylonhw iruwhjq j +{, qéuphu vlj qxo1 Ghwwh ylo riwh dikéqjh di rp { & d hoohu
{ % d1 Yl jlyhu hw sdu hnvhpsohu1
Hnvhpsho 455 Yl kdu/ dw ���

�
� $ 4 iru { $ 3 rj ���

� $ 4 iru { & 3> phq
���

� $ �4 iru { % 31
Yl ehwudjwhu qx ghw wloedjhyéuhqgh sureohp/ kyru eègh wéoohu rj qéyqhu jèu

prg qxo1 Yl jlyhu iûuvw hq uénnh vlpsoh hnvhpsohu/ ghu vndo ylvh/ dw pdq lqwhw
xplgghoeduw ndq voxwwh dohqh xg iud ghq nhqgvjhuqlqj/ dw wéoohu rj qéyqhu jèu
prg qxo1
Hnvhpsho 456 Ehwudjw � � �

� iru { $ 31 Eègh wéoohu rj qéyqhu jèu prg qxo1
Juéqvhyéuglhq hu èehqeduw 4:1
Hnvhpsho 457 Ehwudjw � � �

��� iru { $ 31 Eègh wéoohu rj qéyqhu jèu prg qxo1 Yl
kdu � � �

� � @ � �
�

� $ 4 iru { $ 3=
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Hnvhpsho 458 Ehwudjw ����� � + �� ,
� iru { $ 31 Eègh wéoohu rj qéyqhu jèu prg qxo1

Yl kdu ����� � + �� ,
� @ vlq � �

�

�/ ghu lqjhq juéqvhyéugl kdu iru { $ 31
Véwqlqj 459 o*Krvslwdov uhjho1 Odg i rj j yéuh gl�huhqwldeoh l `d> e^/ kyru�4 � d ? e � 4> phg j � +{, 9@ 3/ iru dooh { 5 `d> e^1 Dqwdj/ dw

i � +{,
j � +{, $ D iru { & d

Vè jéoghu/ dw kylv hqwhq
i +{, $ 3 rj j +{, $ 3 iru { & d

hoohu
j +{, $ 4 iru { & d

gd kdu yl/ dw
i +{,
j +{, $ D iru { & d

Véwqlqjhq jéoghu rjvè qèu { & d huvwdwwhv di { % e1 Véwqlqjhq jéoghu xdqvhw
rp D> d rj e hu hw wdo hoohu vwèu iru hw di v|perohuqh 	41

Ehylv1 Ehylv qxpphu 41 Yl ehwudjwhu nxq ghw wloiéogh/ kyru eègh d rj D hu
wdo/ rj kyru j � +{, A 3 iru dooh { 5 `d> e^1 Wloiéoghqh D @ 	4 rj2hoohu d @ �4
ndq noduhv yhg plqguh éqgulqjhu l ehylvhw1 Ghw vdpph jéoghu/ kylv l vwhghw
j � +{, ? 31

Yl ehwudjwhu iûuvw wloiéoghw i +{, $ 3 rj j +{, $ 3 iru { & d1 Odg % A 31 Kylv��� � � �
� � � � � $ D iru { & d vè ylo ghu hnvlvwhuh hw wdo � A 3/ vè

D� % ? i � +{,
j � +{, ? D. %

iru dooh { 5 `d> d. �^1 Khudi ièv/ dw
+D� %, j � +{, ? i � +{, ? +D. %, j � +{,

iru dooh { 5 `d> d. �^1 Yl ndq èehqeduw dqwdjh/ dw i rj j hu gh�qhuhgh l d rj kdu
ixqnwlrqvyéuglhq 3 l ghwwh sxqnw1 Yhg lqwhjudwlrq di xoljkhghq ryhqiru ièv

]
�

�

+D� %, j � +{,g{ ?
]

�

�

i � +{,g{ ?
]

�

�

+D. %, j � +{,g{

iru dooh w 5 `d> d. �^1 Khudi ièv xplgghoeduw
+D� %, j +w, ? i +w, ? +D. %, j +w,

Gd qûgyhqgljylv j +w, A 3 iru w 5 `d> d. �^ iûojhu khudi

D� % ? i +w,
j +w, ? D. %
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iru dooh w 5 `d> d. �^1 Gd yl dowvè wlo hwkyhuw % A 3 ndq ehvwhpph hw � A 3 vè
ryhqvwèhqgh xoljkhg hu rsi|ogw/ kdu yl ylvw/ dw � � � �

��� � � $ D iru w & d1 1
Ehwudjw qx wloiéoghw kyru j +{, $ 4 iru { & d1 Yl kdu qx vrp ryhqiru/ dw ghu

hnvlvwhuhu hw wdo � A 3/ vè
+D� %, j � +{, ? i � +{, ? +D. %, j � +{,

iru dooh { 5 `d> d. �^1 Yhg lqwhjudwlrq di ghqqh xoljkhg iud v wlo w/ kyru d ? v ?
w ? d. � ièv

]
�

�

+D� %, j � +{,g{ ?
]

�

�

i � +{,g{ ?
]

�

�

+D. %, j � +{, g{
Khudi ièv

+D� %, +j +w,� j +v,, ? +i +w,� i +v,, ? +D. %, +j +w,� j +v,,
Ylghuh ièv

D� % ? i +w,� i +v,
j +w,� j +v, ? D. %

Ghwwh ndq rpvnulyhv wlo

D� % ?
� � � �
� � � � � � � � �

��� � �

4� � � � �
� � � �

? D. %

ghu ljhq ndq rpvnulyhv wlo
+D� %,

�

4� j +w,
j +v,

�

. i +w,
j +v, ? i +v,

j +v, ? +D. %,
�

4� j +w,
j +v,

�

. i +w,
j +v,

Gd � � � �
� � � � $ 3 rj ��� � �

��� � � $ 3 iru v & d ièv ghuiru/ dw ghu hnvlvwhuhu hw srvlwlyw wdo
� � ? �/ vè

�

�

�

� � � �
� � � �

�

�

� ? % rj
�

�

�

� � � �
��� � �

�

�

� ? % iru v 5 `d> d. � � ^1 Ghuiru ièv qèu D A 3 rj %
hu ydojw plqguh hqg D/ dw

+D� %, +4� %,� % ? i +v,
j +v, ? +D. %, +4 . %, . %

Khudi iûojhu ljhq sèvwdqghq1 Kylv D � 3 vndo vlgvwh gho éqguhv olgw1
Ehylv qxpphu 51 Iru iûuvw dw jlyh lgìhq l ehylvhw/ odg D yéuh hw wdo1 Odg ghu

yéuh jlyhw hw ylonèuoljw olooh lqwhuydo rpnulqj D1 Odg rv vljh ghw hu `s> t^1 Yl ylo
vè ylvh/ dw ghu �qghv hw lqwhuydo `d> f^/ vè s ? � � � �

��� � � ? t iru dooh { 5 `d> f^ = Ghwwh
ylo qhwrs ehylvh/ dw � � � �

� � ��� $ D iru { $ d1 L ghw iûojhqgh iruxgvéwwhu yl grj lnnh/
dw D hu hw wdo1

Wdj iûuvw wloiéoghw �4 � D ? 4= Odg t yéuh hw ylonèuoljw wdo vwûuuh hqg D1
Yéoj u/ vè D ? u ? t1 Di ghw jlyqh iûojhu/ dw qèu { oljjhu l hw sdvvhqgh ydojw
lqwhuydo `d> f � ^ >vè jéoghu

i � +{,
j � +{, ? u
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Ehwudjw qx wdo { rj |/ ghu rsi|oghu d ? { ? | ? f � 1 Liûojh ghq xgylghgh
plgghoyéuglvéwqlqj hnvlvwhuhu ghu hw wdo � phoohp { rj |/ vè

i +{,� i +|,
j +{,� j +|, @ i � +�,

j � +�, ? u +-,
Kylv qx iruxgvéwqlqjhuqh i +{, $ 3 rj j +{, $ 3 iru { $ d hu rsi|ogw/ vè ièu yl
yhg ryhqiru dw odgh { $ d/ dw

i +|,
j +|, � u ? t

rj ghw jéoghu èehqeduw iru dooh | 5 `d> f � ^1
Kylv l vwhghw iruxgvéwqlqjhq j +{, $ 4 iru { $ d hu rsi|ogw/ yéoj vè iru

ghw jlyqh | wdoohw f � 5 `d> |^/ vè j+{, A j +|, rj j +{, A 3 iru { 5 `d> f � ^1 Jdqj
qx +-, phg ��� � � � ��� � �

��� � � 1 Vè �qghu yl
i +{,� i +|,

j +{, ? uj +{,� j +|,
j +{, @ u � u j +|,j +{,

dowvè i +{,
j +{, ? u � u j +|,j +{, .

i +|,
j +{,

Gd j +{, $ 4 iru { $ d ndq yl ehvwhpph hw wdo f � 5 `d> f � ^/ vè yl iru { 5 `d> f � ^
kdu i +{,

j +{, ? t
Xqghu ehjjh véw iruxgvéwqlqjhu kdu yl ylvw/ dw ghu �qghv hw wdo f A d/ vè � � � �

� � ��� ? t
iru dooh { 5 `d> f^1 Kylv qx idnwlvn D @ �4/ vè hu yl iéugljh/ lghw ghwwh ylvhu/ dw� � ���
� � � � $ �4 iru { $ d1 Kylv �4 ? D � 4 ndq yl sè vdpph pègh ylvh/ dw ghu
wlo hwkyhuw s ? D �qghv hw wdo g A d/ vè � � � �

��� � � A s iru dooh { 5 `d> g^1 Kylv D @ 4
ylvhu ghwwh sèvwdqghq1 Kylv �4 ? D ? 4/ véw k @ plq +f> g,1 Vè kdu yl ylvw/ dw
s ? � � � �

��� � � ? t iru { 5 `d> k^1 Ghwwh ehylvhu/ dw � � � �
��� � � $ D iru { $ d1

Ehpéunqlqj 45: Iûuvwh ehylv xgq|wwhu/ dw ghw iru hq gl�huhqwldeho ixqnwlrq
i jéoghu/ dw i � hu lqwhjudeho rj U

�

� i � +{,g{ @ i +e, � i +d,1 Ghwwh jéoghu lnnh
jhqhuhow iru Ulhpdqq0lqwhjudohw/ phq ghw jéoghu iru ghw jhqhudolvhuhgh Ulhpdqq0
lqwhjudo1
Hnvhpsho 45; Yl vndo iru { $ � xqghuvûjh

vlq � {
4 . frv{

Yl vhu/ dw i +{, @ vlq � { $ 3 rj j +{, @ 4 . frv{ $ 3 iru { $ �1 Yl kdu/ dw
j � +{, @ � vlq{/ vrp hu iruvnhoolj iud qxo iru { 9@ � l hw lqwhuydo rpnulqj �1 Yl
ndq dowvè euxjh o*Krvslwdov uhjho1 Yl �qghu

i � +{,
j � +{, @ 5 vlq{ frv{� vlq{ @ �5 frv{ $ 5
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iru { $ �1 Ghuiru kdu yl rjvè/ dw
olp

�
� �

i +{,
j +{, @ olp

�
� �

vlq � {
4 . frv{ @ 5

Ehpéunqlqj 45< Vrp ghw xqghuwlghq +riwhB, hu wloiéoghw/ ndq juéqvhyéu0
glhq l hnvhpsohw ryhqiru xguhjqhv xghq euxj di o*Krvslwdov uhjho1 L ghwwh wloiéogh
vèohghv=

vlq � {
4 . frv{ @ 4� frv � {

4 . frv{ @ +4� frv{, +4 . frv{,
4 . frv{

@ 4� frv{ $ 5
iru { $ �1
Hnvhpsho 463 Yl ylo iru { $ 3 xqghuvûjh

h � � 4� {
{ �

Phg i +{, @ h � � 4� { rj j +{, @ { � kdu yl i +{, $ 3 rj j +{, $ 3 iru { $ 31
Gd rjvè j � +{, @ 5{ 9@ 3 iru { 9@ 3 ndq yl euxjh o*Krvslwdov uhjho=

i � +{,
j � +{, @ h � � 4

5{
Phq wéoohu rj qéyqhu l ghqqh q|h euûn jèu ehjjh prg qxo1 Yl kdu ghuphg hw q|w
sureohp/ sè kylonhw yl ylo euxjh o*Krvslwdov uhjho1 Qéyqhuhqv gl�huhqwldonyrwlhqw
hu 5/ ghu mr hu iruvnhoolj iud qxo/ vè dqyhqghovhq di o*Krvslwdov uhjho hu lrughq=

h �

5 $ 4
5

iru { $ 31 Ghuiru kdu yl rjvè
olp

�
� �

h � � 4
5{ @ 4

5
rj ghuphg

olp
�
� �

h � � 4� {
{ � @ 4

5
Hnvhpsho 464 Yl ylo iru { & 3 xqghuvûjh { oq{1 Rsiûuvohq hu lnnh lqgo|vhqgh/
gd ghu hu hq wrywuénqlqj phoohp gh wr idnwruhu= Ghq iûuvwh wuénnhu prg 3 ghq
dqghq prg �41 Xgwu|nnhw hu mr lqjhq euûn/ phq ndq rpvnulyhv wlo hq vègdq=

{ oq{ @ oq{
�

�

Gd j +{, @ �
� $ 4 iru { & 3 rj gd j � +{, @ � �

�
� 9@ 3/ ndq yl euxjh o*Krvslwdov

uhjho=
�

�� �
�

�

@ �{ $ 3
iru { & 31 Yl nrqnoxghuhu/ dw { oq{ $ 3 iru { & 31
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Ehpéunqlqj 465 Pdq nxqqh vhoyiûojholj rjvè kdyh rpvnuhyhw surgxnwhw wlo hq
euûn vèohghv=

{ oq{ @ {
�
� � �

o*Krvslwdov uhjho dqyhqgw sè ghqqh euûn kméoshu rv grj lnnh/ lghw yl ièu
4� �

� � � � � � � �
�

@ �{ +oq{, �

kylv rsiûuvho hu hqgqx phuh xnhqgw hqg rsiûuvohq di { oq{1
Hnvhpsho 466 Yl ûqvnhu dw xqghuvûjh

�

4 . {
q
�
�

iru q $ 41 Kydg ghu vnhu hu lnnh lqgo|vhqgh/ gd ghw qrn hu uljwljw/ dw 4 . �

�ehj|qghu dw oljqh 4/ qèu q eolyhu vwru/ phq wlo jhqjéog vndo ghw jdqjhv phg vlj
vhoy q jdqjh/ kylonhw mr hu hw vwruw dqwdo jdqjh/ qèu q hu vwru1 Xgwu|nnhw hu mr
lnnh hq euûn/ phq ghwv orjdulwph ndq vnulyhv vrp hq euûn=

oq
��

4 . {
q
�
�
�

@ q oq
�

4 . {
q
�

@ oq �4 . �

�
�

�
�

Gd eègh wéoohu rj qéyqhu j +q, @ �
� jèu prg qxo/ rj gd j � +q, @ � �

� � 9@ 3/ ndq
yl euxjh o*Krvslwdov uhjho=

�
� � �

�

�� �

� �

�

� �
� �

@ {
4 . �

�
$ {

iru q $ 41 Dowvè kdu yl/ dw rjvè oq ��4 . �

�
�
�
� $ {/ rj ghuphg/ dw

olp� � �
�

4 . {
q
�
�

@ h �

Hnvhpsho 467 Yl ylo iru { & 3 xqghuvûjh rsiûuvohq di xgwu|nnhw
oq{. 4s{

Ghw hu ljhq lnnh lqgo|vhqgh/ kydg ghu vnhu/ lghw gh wr ohg wuénnhu l iruvnhoolj
uhwqlqj1 Yl rpvnulyhu

oq{. 4s{ @ 4s{
�s{ oq{. 4�

Yl ehwudjwhu s{ oq{1 Ghwwh xgwu|n ndq rpvnulyhv= s{ oq{ @ 5s{ oq +s{,1 Phq
gd w oq w $ 3 iru w & 3/ ièu yl/ dw s{ oq +s{, $ 3 iru { & 31 Khuphg nrqnoxghuhu
yl/ dw

oq{. 4s{ @ 4s{
�s{ oq{. 4� $ 4

iru { & 31
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Hnvhpsho 468 Yl ûqvnhu iûuvw dw xqghuvûjh xgwu|nnhw
x +{, @ h � �

�
] �

�
h �

�

gw

iru { $ 41 Yl rpvnulyhu x +{, wlo

x +{, @
U �

� h � � gw
h �

�

Eègh wéoohu rj qéyqhu jèu prg xhqgholj iru { $ 41 o*Krvslwdov uhjho dqyhqghv=
h �

�

5{h �
� @ 4

5{ $ 3

iru { $ 41 Dowvè kdu yl rjvè/ dw x +{, $ 3 iru { $ 41 Ehwudjw ghuqévw
xgwu|nnhw

{x +{, @ {h � �
�
] �

�
h �

�

gw
Yl rpvnulyhu xgwu|nnhw wlo

{x +{, @
U �

� h � � gw
�

� h �
�

Ghw hu noduw/ dw wéoohuhq jèu prg xhqgholj iru { $ 4/ phq ghwwh jéoghu rjvè iru
qéyqhuhq/ kylonhw hq kxuwlj dqyhqghovh di o*Krvslwdov uhjho sè euûnhq � �

�

� ylvhu1
Dqyhqghu yl qx o*Krvslwdov uhjho sè ghw vlgvwh xgwu|n iru {x +{, ièv

h �
�

�5� �
�

�

� h �
� @ 4

5� �
�

�

$ 4
5

iru { $ 41 Dowvè kdu yl rjvè/ dw {x +{, $ �� iru { $ 41 Ehwudjwhu yl ghuqévw
xgwu|nnhw

{ �
�

{x +{,� 4
5
�

@ { U �

� h � � gw� �
� h �

�

{ �
� h �

�

vè vhu yl/ dw qéyqhuhq jèu prg xhqgholj1 Kydg wéoohuhq dqjèu/ hu ghw lnnh vè
noduw/ phq ehpéun/ dw o*Krvslwdov uhjho lnnh iruxgvéwwhu qrjhw rp wéoohuhq/ qèu
eorw qéyqhuhq jèu prg xhqgholj1 o*Krvslwdov uhjho euxjhv rj jlyhu

U �

� h � � gw
+�5{ �

� . 5{ � � , h �
� @ {h � �

�
U �

� h � � gw�5{ �
� . 5 $ 4

7
iru { $ 41 Dowvè kdu yl rjvè/ dw { � �{x +{,� ��

� $ �� iru { $ 41 Yl kdu
khuphg ixqghw/ dw x +{, iru vwruh yéuglhu di { l ghw yévhqwoljh hu jlyhw yhg

x +{, �@ 4
5{ . 4

7{ �
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Pdq wdohu rp hq dv|pswrwlvn xgylnolqj iru x +{,1 Iohuh ohg l hq vègdq dv|ps0
wrwlvn xgylnolqj iru x +{, ièv ohwwhvw yhg jhqwdjhq euxj di ghoylv lqwhjudwlrq1 L
iûojhqgh Pdsoh0nrppdqgr hu glvvh lqwhjudwlrqhu dxwrpdwlvhuhgh=
zlwk+vwxghqw/lqwsduwv,=
Q=@8=
iru n wr Q gr x=@frpelqh+h{sdqg+lqwsduwv+x/42wa+5-n04,,,, hqg gr>
Uhvxowdwhw hu/ dw yl kdu
x +{, @ 4

5{ . 4
7{ � . 6

;{ � . 48
49{ � . = = =. +5Q,$

Q $ � 4
+5{, ��� � � .R

� 4
{ ��� � �

�

@
�

[

� � �

+5q,$
q$

4
+5{, � � � � .R

� 4
{ ��� � �

�

Ghwwh xgvdjq ehw|ghu khu nrqnuhw/ dw ghu wlo ghw jlyqh Q hnvlvwhuhu hq nrqvwdqw
F � / vè

�

�

�

�

�

x +{,�
�

[

� � �

+5q,$
q$

4
+5{, � � � �

�

�

�

�

�

� F �

{ ��� � �

iru dooh { � 41 Ehpéun grj/ dw ghq xhqgholjh uénnh
�

[

� � �

+5q,$
q$

4
+5{, � � � �

hu glyhujhqw iru dooh { 5 U1 Ghwwh ehw|ghu/ dw iru hqkyhu jlyhq yéugl di { ylo
vxpphq �

[

� � �

+5q,$
q$

4
+5{, � � � �

nxqqh jûuhv ylonèuoljw vwru yhg eorw dw yéojh Q vwru qrn1
Hnvhpsho 469

617 Gl�huhqwldelolwhw l hnvfhswlrqqhow sxqnw
Ghw iûojhqgh uhvxowdw ndq riwh yéuh q|wwljw yhg dijûuhovhq di rp hq ixqnwlrq hu
gl�huhqwldeho l hw hnvfhswlrqqhow sxqnw1
Véwqlqj 46: Dqwdj i hu hq uhho ixqnwlrq/ ghu hu nrqwlqxhuw l ^d> e` rj gl�hu0
hqwldeho l `d> e`1

41 Kylv i � +{, $ 4 +hoohu �4, iru { & d/ vè hu i lnnh gl�huhqwldeho l d1
51 Kylv i � +{, $ D iru { & d/ kyru D hu hw wdo/ vè hu i gl�huhqwldeho iud kûmuh

l d phg gl�huhqwldonyrwlhqw D1
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Ehylv1 Plgghoyéuglvéwqlqjhq dqyhqghv sè i sè lqwhuydoohw ^d> {` > { 5`d> e`1
Wlo { ilqghv hw wdo � 5`d> {^/ vè

i+{,� i+d,
{� d @ i � +�,

Ehjjh uhvxowdwhu iûojhu qx xplgghoeduw di gh�qlrqhq sè gl�huhqwldelolwhw1 I1hnv1
ièv l iûuvwh wloiéogh/ dw

i+{,� i+d,
{� d $ 4 iru { & d

kyruiru i lnnh hu gl�huhqwldeho l d1
Hnvhpsho 46; i+{, @ s{= Gd i � +{, @ �

� �
� $ 4 iru { & 3 jéoghu/ dw i lnnh

hu gl�huhqwldeho l 31
Hnvhpsho 46< i+{, @ dufvlq+{,= Gd i � +{, @ �

�
� � �

� $ 4 iru { % 4 rj iru
{ & �4 jéoghu/ dw i lnnh hu gl�huhqwldeho l 4 rj �41
Ehpéunqlqj 473 Dujxphqwhw hu lnnh ghw riwh kûuwh= �Gd pdq lnnh ndq gl0
ylghuh phg qxo/ jlyhu i � +d, lqjhq phqlqj1 Ghuiru hu i lnnh gl�huhqwldeho�1 i � +d,
ndq nxq vnulyhv qhg/ kylv pdq doohuhgh yhg/ dw i hu gl�huhqwldeho l d1 Ghw ndq
ghuiru lnnh euxjhv wlo dw ylvh/ dw i lnnh hu gl�huhqwldeho$

Pdq nxqqh pèvnh wur/ dw iruxgvéwqlqjhq i � +{, $ 4 iru { & d nxqqh hu0
vwdwwhv di iruxgvéwqlqjhq i � xehjuéqvhw l hqkyhu rphjq rp d/ hoohu pèvnh di
ghw hqgqx vydjhuh/ dw olp ��� � i � +{, lnnh hnvlvwhuhgh1 Dw ghwwh lnnh hu wloiéoghw
ylvhu iûojhqgh wr hnvhpsohu1
Hnvhpsho 474 i+{, @ { � vlq+ �� , iru { 9@ 3> i+3, @ 3= Gd olp �

� �
� � ��� �

� � � �
� @

{ vlq+ �� , $ 3 iru { $ 3 hu i gl�huhqwldeho l 3 phg i � +3, @ 3= Phq i � +{, @
5{ vlq �

� � frv �
� kdu lqjhq juéqvhyéugl iru { $ 3=

Hnvhpsho 475 i+{, @ { � vlq+ �
�

� , iru { 9@ 3> i+3, @ 3= Vrp ryhqiru hu i gli0
ihuhqwldeho l 3 phg i � +3, @ 3= Yl �qghu i � +{, @ 5{ vlq �

�
� � �

� frv �
�

� > ghu hu
xehjuéqvhw l hqkyhu rphjq rp 31

Khu hu qrjoh hnvhpsohu dw ûyh vlj sè1
Ûyhovh 476 Ehwudjw ixqnwlrqhq i jlyhw yhg i+{, @ �s{= Xqghuvûj/ rp i hu
gl�huhqwldeho l 31
Ûyhovh 477 Ehwudjw ixqnwlrqhq i+{, @ { � duffrv{= Xqghuvûj gl�huhqwldelolwhw
l 41
Ûyhovh 478 Ylv/ dw ixqnwlrqhq i jlyhw yhg i +{, @ � � � �

� iru { 9@ 3 rj i +3, @ 4/
hu gl�huhqwldeho l 3 phg gl�huhqwldonyrwlhqw 31 Jûu ghw sè wr pèghu=

41 Yhg euxj di gh�qlwlrqhq sè gl�huhqwldelolwhw1
51 Yhg euxj di ryhqvwèhqgh véwqlqj1
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Ndslwho 7
Vshflhooh Ixqnwlrqhu
Phg xgwu|nnhw vshflho ixqnwlrq phqhv l ghqqh iuhpvwloolqj hq ixqnwlrq/ vrp kdu
ièhw hw di dooh dqhunhqgw qdyq1 Hnvhpsohu sè vègdqqh ixqnwlrqhu hu oq> h{s> vlq> frv> wdq
rj frw1 Yl jlyhu l ghw iûojhqgh  huh hnvhpsohu1

714 Hohphqwéuh vshflhooh ixqnwlrqhu
71414 Gh rpyhqgwh wuljrqrphwulvnh ixqnwlrqhu
Divqlwwhw nxqqh eolyh hqgrj phjhw nruw= Gh wuljrqrphwulvnh ixqnwlrqhu hu lnnh
lqmhnwlyh 0 hq xpxolj hjhqvnde iru hq shulrglvn ixqnwlrq 0 ghuiru kdu gh lq0
jhq rpyhqgwh ixqnwlrqhu1 Phq qhwrs s1ju1d1 shulrglflwhwhq/ ndq pdq qûmhv phg
nhqgvnde wlo ghq sèjéoghqgh wuljrqrphwulvnh ixqnwlrq sè hw ylonèuoljw shulrghlq0
whuydo1 Hnvhpshoylv hu vlqxvixqnwlrqhq/ ghu mr hu shulrglvn phg shulrghq 5�/
khow idvwodjw/ kylv ghq nhqghv sè lqwhuydoohw `��> �`1 Ghvxghq kdu vlqxvixqnwlr0
qhq hjhqvndehq vlq +� � {, @ vlq{/ iru dooh { 5 U1 Ghuphg eolyhu ghw qrn dw
nhqgh vlqxvixqnwlrqhq sè lqwhuydoohw �� �

� > �
�
�1 Sè ghwwh lqwhuydo hu vlqxvixqnwlr0

qhq lplgohuwlg yrnvhqgh1 Lqgvnuéqnhu yl ghuiru eolnnhw wlo ghwwh lqwhuydo/ md vè
kdu vlqxvixqnwlrqhq hq rpyhqgw ixqnwlrq1
Gh�qlwlrq 479 Ixqnwlrqhq dufvlq hu ghq rpyhqgwh ixqnwlrq wlo uhvwulnwlrqhq di
vlqxvixqnwlrqhq wlo lqwhuydoohw �� �

� > �
�
� = Ghqv gh�qlwlrqvrpuègh hu dowvè ^�4> 4`/

rj iru dooh { 5 ^�4> 4`/ jéoghu dw
dufvlq{ @ | +, { @ vlq | a | 5 k��

5 >
�
5
l

Gh�qlwlrq 47: Ixqnwlrqhq duffrv hu ghq rpyhqgwh ixqnwlrq wlo uhvwulnwlrqhq di
frvlqxvixqnwlrqhq wlo lqwhuydoohw ^3> �` = Ghqv gh�qlwlrqvrpuègh hu dowvè ^�4> 4`/
rj iru dooh { 5 ^�4> 4`/ jéoghu dw

duffrv{ @ | +, { @ frv | a | 5 ^3> �`

76
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Gh�qlwlrq 47; Ixqnwlrqhq dufwdq hu ghq rpyhqgwh ixqnwlrq wlo uhvwulnwlrqhq
di wdqjhqvixqnwlrqhq wlo lqwhuydoohw �� �

� > �
�
� = Ghqv gh�qlwlrqvrpuègh hu dowvè U/

rj iru dooh { 5 U/ jéoghu dw
dufwdq{ @ | +, { @ wdq | a | 5 l��

5 >
�
5
k

Ehpéunqlqj 47< L pdqjh iuhpvwloolqjhu vwdyhv qdyqhqh phg vwruw D1 Dowhu0
qdwlyh vnulyhpèghu hu +vshflhow l dphulndqvn olwwhudwxu, vlq � � { iru dufvlq{> frv � � {
iru duffrv{ rj wdq � � { iru dufwdq{1 Ghw pè nudiwljw xqghuvwuhjhv/ dw vlq � � { lnnh
ehw|ghu ghq uhflsurnnh wlo vlq{/ dowvè lnnh �

� � � � 1
Véwqlqj 483 Ixqnwlrqhuqh dufvlq> duffrv rj dufwdq kdu iûojhqgh hjhqvndehu=

41 Dooh 6 hu nrqwlqxhuwh ixqnwlrqhu1
51 Dooh 6 hu gl�huhqwldeoh +iru dufvlq rj duffrv xqgwdjhq l 	4,1 Gl�huhq0

wldonyrwlhqwhuqh hu
g
g{ dufvlq{ @ 4s4� { �
g
g{ duffrv{ @ � 4s4� { �
g
g{ dufwdq{ @ 4

4 . { �

61 dufvlq rj dufwdq hu xoljh rj yrnvhqgh1 duffrv hu diwdjhqgh +rj kyhunhq oljh
hoohu xoljh,1

Ehylv1 Iûuvwh sèvwdqg iûojhu di/ dw ghq rpyhqgwh ixqnwlrq wlo hq nrqwlqxhuw
ixqnwlrq +gh�qhuhw sè hw lqwhuydo, hu nrqwlqxhuw1 Dqghq sèvwdqg iûojhu di/ dw
ghq rpyhqgwh ixqnwlrq i � � wlo hq ixqnwlrq i / ghu hu gl�huhqwldeho l { phg
i � +{, 9@ 3/ vhoy hu gl�huhqwldeho l | @ i +{, phg gl�huhqwldonyrwlhqw

�i � � �
� +|, @ 4

i � +{,
Khuphg ièv phg i @ vlq rj { 5 �� �

� > �
�
� > | @ vlq{/ dw

dufvlq � +|, @ 4
frv{ @ 4

	s4� vlq � { @ 4	s4� | �

phq gd { 5 �� �
� > �

�
� hu frv{ A 3/ vè yl vndo yéojh iruwhjqhw .= Ghuiru ièv

dufvlq � +|, @ 4
s4� | �

kylonhw yl vnxooh ylvh1 Gl�huhqwldonyrwlhqwhuqh iru duffrv rj dufwdq �qghv sè
jdqvnh dqdorj pègh1
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Ghw jéoghu jhqhuhow/ dw ghq rpyhqgwh ixqnwlrq wlo hq yrnvhqgh ixqnwlrq hu
yrnvhqgh/ rj dw ghq rpyhqgwh ixqnwlrq wlo hq diwdjhqgh ixqnwlrq hu diwdjhqgh1
Ghudi iûojhu hq gho di wuhglh sèvwdqg1 Uhvwhq iûojhu di/ dw ghw rjvè jéoghu jhqhuhow/
dw ghq rpyhqgwh ixqnwlrq i � � wlo hq xoljh ixqnwlrq i hu xoljh1 Ghwwh ndq ylvhv
vèohghv=

| @ i � � +�{, +, �{ @ i +|, +, { @ �i +|, @ i +�|,+, �| @ i � � +{, +, | @ �i � � +{,
Dowvè vhu yl/ dw i � � +�{, @ �i � � +{, iru dooh {1
Ehpéunqlqj 484 Vxpphq di gh d hghgh di dufvlq rj duffrv hu èehqeduw 31
Dowvè g

g{ +dufvlq{. duffrv{, @ 3
iru dooh { 5 `�4> 4^1 Ghuphg hu dufvlq.duffrv hq nrqvwdqw l `�4> 4^1 Phq gd
ixqnwlrqhq hu nrqwlqxhuw sè lqwhuydoohw ^�4> 4` hu ghq nrqvwdqw rjvè sè ghwwh
lqwhuydo1 Gd dufvlq 3 . duffrv 3 @ �

� / kdu yl dowvè/ dw
dufvlq{. duffrv{ @ �

5
iru dooh { 5 ^�4> 4`1 Ghwwh uhvxowdw vljhu hjhqwolj lnnh dqghw hqg dw vxpphq di
gh wr vslgvh ylqnohu l hq uhwylqnohw wuhndqw hu �

� 1
Ûyhovh 485 Ylv/ dw iru dooh { 9@ 3 jéoghu

dufwdq{. dufwdq 4
{ @ �

5 vljqxp +{,
kyru vljqxp +{, hu 4 iru { A 3 rj �4 iru { ? 31
71415 Gh k|shuerovnh ixqnwlrqhu rj ghuhv rpyhqgwh ixqn0

wlrqhu
Ghq yhonhqgwh gh�qlwlrq sè gh wuljrqrphwulvnh ixqnwlrqhu vlq rj frv hu mr iûo0
jhqgh= Odg S yéuh ghw sxqnw sè hqkhgvflunohq/ ghu oljjhu l hq ylqnhodivwdqg iud
{0dnvhq sè y +uhjqhw phg iruwhjq rj pèow l udgldqhu,1 Ghwwh sxqnw kdu hw véw
nrruglqdwhu/ ghu kyhu iru vlj pè yéuh hq ixqnwlrq di y1 Sxqnwhw S *v {0nrruglqdw
ndoghv frv y rj ghw |0nrruglqdw ndoghv vlq y1

Yl vndo qx lqgiûuh wr ixqnwlrqhu/ kylv qdyqh plqghu rp vlq rj frv1 Gh
ndoghv khqkrogvylv vlqk rj frvk1 Glvvh ehwhjqhovhu hu irunruwhovhu iru vlqxv k|0
shuerovn rj frvlqxv k|shuerovn1 Gh hu l hq ylv iruvwdqg phjhw phuh edqdoh hqg
gh wuljrqrphwulvnh ixqnwlrqhu vlq rj frv/ lghw gh eorw gh�qhuhv xg iud hnvsrqhq0
wldoixqnwlrqhq/ vrp iûojhu1
Gh�qlwlrq 486 Iru dooh { 5 U véwwhv

vlqk{ @ 4
5
�h � � h � � �

frvk{ @ 4
5
�h � . h � � �
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Pdq gh�qhuhu ixqnwlrqhuqh wdqk rj frwk dqdorjw phg gh wuljrqrphwulvnh/
qhpolj vèohghv=
Gh�qlwlrq 487 Iru dooh { 5 U véwwhv

wdqk{ @ vlqk{
frvk{

rj iru { 9@ 3 véwwhv
frwk{ @ frvk{

vlqk{
Ehpéunqlqj 488 Lghw hnvsrqhqwldoixqnwlrqhqv gh�qlwlrqvrpuègh ndq xgylghv
wlo gh nrpsohnvh wdo +xghq wde di ghq ixqgdphqwdoh h{s0uhjho, nxqqh yl oljhvè jrgw
phg ghw vdpph kdyh gh�qhuhw gh k|shuerovnh ixqnwlrqhu l F1 Yl vndo grj qévwhq
xghoxnnhqgh jûuh euxj di ghp vrp uhhooh ixqnwlrqhu di hq uhho yduldeho1
Véwqlqj 489 Gh k|shuerovnh ixqnwlrqhu vlqk rj frvk kdu iûojhqgh hjhqvndehu=

41 Ehjjh hu gl�huhqwldeoh ryhudow rj �
�

� vlqk{ @ frvk{ rj �
�

� frvk{ @ vlqk{
iru dooh { 5 U1

51 vlqk hu yrnvhqgh rj xoljh1 frvk hu oljh1
61 Ghu jéoghu iru dooh { 5 U/ dw frvk � { � vlqk � { @ 4 +�Ghq k|shuerovnh

lglrwirupho�,1
71 Ghu jéoghu iru dooh { 5 U/ dw frvk � {. vlqk � { @ frvk 5{ +�Greehowdujx0

phqwirupho iru frvk�,1
81 Ghu jéoghu iru dooh { 5 U/ dw vlqk 5{ @ 5 vlqk{ frvk{ +�Greehowdujxphqw0

irupho iru vlqk�,1
Ehylv1 Ehylvhw iru 4 rj 5 ryhuodghv wlo oévhuhq1 Sèvwdqg 6 rj 7 ylvhv vèohghv=

frvk � {	 vlqk � { @
�4
5
�h � . h � � �

�

�

	�4
5
�h � � h � � �

�

�

@ 4
7
�h � � . 5 . h �

�
� �	 4

7
�h � � � 5 . h �

�
� �

@
� �

�
�h � � . h �

�
� � @ frvk 5{ phg .
4 phg �

Sèvwdqg 8 ylvhv sè oljqhqgh ylv1
Gh�qlwlrq 48: Ghq rpyhqgwh ixqnwlrq wlo vlqk ndoghv duvlqk +�duhd vlqxv k|0
shuerovn�,1 Ghq hu dowvè ehvwhpw yhg énylydohqvhq

| @ du vlqk{ +, { @ vlqk |
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Gh�qlwlrq 48; Ghq rpyhqgwh ixqnwlrq wlo uhvwulnwlrqhq di frvk wlo lqwhuydoohw
^3>4^ ndoghv dufrvk +�duhd frvlqxv k|shuerovn,1 Ghq hu dowvè ehvwhpw yhg ényl0
ydohqvhq

| @ du frvk{ +, { @ frvk | a | � 3

Ehpéunqlqj 48< L pdqjh iuhpvwloolqjhu vwdyhv qdyqhqh phg vwruw D1 Dowhu0
qdwlyh vnulyhpèghu hu +vshflhow l dphulndqvn olwwhudwxu, vlqk � � { iru duvlqk{ rj
frvk � � { iru dufrvk{1 L Pdsoh vndo vwdyhpèghq +péunyéugljylv, yéuh dufvlqk
rj duffrvk1

Gd vlqk rj frvk ndq xgwu|nnhv yhg hnvsrqhqwldoixqnwlrqhq/ nrpphu ghw qrn
lnnh vrp qrjhq vwru ryhuudvnhovh/ dw gh rpyhqgwh ixqnwlrqhu duvlqk rj dufrvk
ndq xgwu|nnhv yhg ghq rpyhqgwh ixqnwlrq wlo hnvsrqhqwldoixqnwlrqhq/ qhpolj
orjdulwphixqnwlrqhq1
Véwqlqj 493 duvlqk ndq xgwu|nnhv yhg orjdulwphixqnwlrqhq vèohghv

du vlqk{ @ oq
�

{.s4 . { �
�

iru dooh { 5 U1 Ixqnwlrqhq dufrvk ndq xgwu|nnhv yhg orjdulwphixqnwlrqhq vèohghv
du frvk{ @ oq

�

{.s{ � � 4
�

iru dooh { � 41
Ehylv1 Yl kdu iru { 5 U
| @ du vlqk{ +, { @ vlqk | @ 4

5
�h � � h � � �

+, h � � � 5{h � � 4 @ 3 +, h � @ 5{	s7{ � . 7
5 @ {	s{ � . 4

Gd {�s{ � . 4 ? 3 iru dooh { 5 U/ rj gd h � ? 3 iru dooh | 5 U/ kdu yl dowvè
| @ du vlqk{ +, h � @ {.s{ � . 4

kyrudi ièv/ dw duvlqk { @ oq �{.s{ � . 4�1
Iru dufrvk iruoûehu dujxphqwhw vèohghv1 Iru { � 4 kdu yl

| @ du frvk{ +, { @ frvk | @ 4
5
�h � . h � � � a | � 3

+, h � � � 5{h � . 4 @ 3 a | � 3 +, h � @ 5{	s7{ � � 7
5 @ {	s{ � � 4 a | � 3

Gd {�s{ � � 4 ? 4 +, {� 4 ? s{ � � 4 +, +{� 4, � ? { � � 4 +, {� 4 ?
{. 4 +, �4 ? 4/ rj gd h � � 4 iru | � 3 ièv

| @ du frvk{ +, h � @ {.s{ � � 4
kyrudi ièv/ dw dufrvk | @ oq �{.s{ � � 4�1
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715 Dqguh vshflhooh ixqnwlrqhu
Eruwvhw iud wr hnvhpsohu/ jdppdixqnwlrqhq rj Odpehuwv Z0ixqnwlrq/ jûu yl
khu nxq oljh qhwrs rspéunvrp sè hnvlvwhqvhq di hw yéog di vshflhooh ixqnwlrqhu1
Pdsoh nhqghu véughohv pdqjh di ghp/ rj pdqjh hu rpwdow l Vfkdxpv kèqgerj1

71514 Jdppdixqnwlrqhq
Jdppdixqnwlrqhq gh�qhuhv vèohghv

� +{, @
]
�

�
h �

� w � � � gw

iru { A 31 Gh�qlwlrqhq ndq xgvwuénnhv wlo ghq nrpsohnvh sodq/ lghw pdq l iûuvwh
rpjdqj iruodqjhu/ dw Uh{ A 31 Yl ylo nxq ehwudjwh � +{, iru uhhooh {1 Lqwhjudohw/
ghu gh�qhuhu ixqnwlrqhq hu mr xhjhqwoljw/ vè ghw iûuvwh ghu pè dinoduhv hu/ rp
lqwhjudohw ryhukryhghw hu nrqyhujhqw1

Véwqlqj 494 Iru { A 3 hu ghw xhjhqwoljh lqwhjudo
� +{, @

]
�

�
h �

� w � � � gw

nrqyhujhqw1 Iru { � 3 hu lqwhjudohw glyhujhqw1
Ehylv1 Kylv 3 ? { ? 4 hu lqwhjudohw xhjhqwoljw di wr juxqgh= Iruxghq dw

yéuh hw lqwhjudo ryhu ^3>4^/ kdu lqwhjudqghq hq vlqjxodulwhw l 31 Yl ghohu ghuiru
lqwhjudohw rs +xdqvhw rp { ? 4 hoohu { � 4,=

] �

�
h �

� w � � � gw.
]
�

�
h �

� w � � � gw @ L � . L �

Yl ylo euxjh vdpphqoljqlqjvvéwqlqjhq iru xhjhqwoljh lqwhjudohu sè ehjjh lqwh0
judohu/ phq sè iruvnhoolj ylv1 Sè lqwhjudohw L � yxughuhv lqwhjudqghq vèohghv

3 � h �
� w � � � � w � � �

jéoghqgh iru dooh w A 3 rj { A 31 Phq lqwhjudohw U �
� w � � � gw hu hqwhq hw hjhqwoljw

+qhpolj iru { � 4, hoohu hw nrqyhujhqw xhjhqwoljw lqwhjudo +qhpolj iru 3 ? { ? 4,1
Ghuiru hu ghw vdpph wloiéoghw iru L � = Sè lqwhjudohw L � yxughuhv lqwhjudqghq
ghulprg vèohghv= Iru w � 4 rj { A 3 kdu yl

3 � h �
� w � � � � h �

� w �

Ixqnwlrqhq w :$ h �
� w � kdu vwûuvwhyéugl iru w @ {> rj ghq hu P � @ h � � { � = Dowvè

kdu yl iru dooh w � 3/ dw h �
� w � � P � / phq vè jéoghu rjvè/ dw

� w
5
�

�

h ����
� � P �
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iru dooh w � 31 Ghwwh ndq rpvnulyhv wlo
w � h �

� � P � 5 � h ����
� @ P � h ����

�

qèu P � @ P � 5 � 1 Dowvè kdu yl
3 � h �

� w � � � � P � h ����
�

Phq lqwhjudohw U
�

� h ����
� gw hu nrqyhujhqw1 Ghuiru hu rjvè L � nrqyhujhqw1 Gd eègh

L � rj L � hu nrqyhujhqwh/ hu U
�

� h �
� w � � � gw nrqyhujhqw1

Qèu { � 3 jéoghu iru w � 4
3 � h � � w � � � � h �

� w � � �

Phq ghw xhjhqwoljh lqwhjudo U �
� w � � � gw hu glyhujhqw iru { � 3/ vè ghw vdpph hu

L � > rj ghuphg U
�

� h �
� w � � � gw1

Véwqlqj 495 Jdppdixqnwlrqhq rsi|oghu iûojhqgh oljqlqj iru { A 3
� +{. 4, @ {� +{,

Ehylv1 Yhg ghoylv lqwhjudwlrq ièv iru f A 3 rj { A 3
] �

�
h �

� w � gw @ � �h �
� w � �

�

� . {
] �

�
h �

� w � � � gw

@ �h � � f � . {
] �

�
h �

� w � � � gw

Phq l ehylvhw ryhqiru/ vè yl/ dw ghu idqgwhv hq nrqvwdqw P � / vè w � h �
� � P � h � ��

� /
iru w � 31 G1y1v1 dw f � h � � $ 3 iru f $ 41 Yhg ghqqh juéqvhryhujdqj ièv ghuiru
di oljqlqjhq ryhqiru/ dw

� +{. 4, @
]
�

�
h �

� w � gw @ olp� ���

] �

�
h �

� w � gw

@ olp� ���

��h � � f � . {
] �

�
h �

� w � � � gw
�

@ olp� ���
��h � � f � �. olp� ���

�

{
] �

�
h �

� w � � � gw
�

@ {
]
�

�
h �

� w � � � gw @ {� +{,

Nruroodu 496 Iru q 5 Q ^ i3j jéoghu
� +q. 4, @ q$
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Ehylv1 Yl kdu
�+4, @

]
�

�
h �

� gw @ 4
Di véwqlqjhq ryhqiru ièv ghuiru/ dw

� +5, @ � +4 . 4, @ 4 � � +4, @ 4
� +6, @ � +5 . 4, @ 5 � � +5, @ 5
� +7, @ � +6 . 4, @ 6 � � +6, @ 6 � 5 @ 6$
� +8, @ � +7 . 4, @ 7 � � +7, @ 7 � 6$ @ 7$

r1v1y1 +dowhuqdwly wlo �r1v1y1� hu hw lqgxnwlrqvehylv,1
Yl ndq dowvè rsidwwh jdppdixqnwlrqhq vrp hq xgylghovh di idnxowhwvixqnwlr0

qhq/ ghu mr nxq hu gh�qhuhw sè lnnh0qhjdwlyh khoh wdo1
Gh�qlwlrq 497 Iru { ? 3 gh�qhuhv � +{, vxffhvlyw vèohghv= Iûuvw véwwhv iru�4 ? { ? 3

� +{, @ � +{. 4,
{

Khuphg hu � +{, ldow gh�qhuhw iru { 5 `�4>4^ q i3j1 Ghuqévw véwwhv iru �5 ?
{ ? �4

� +{, @ � +{. 4,
{

Khuphg hu � +{, ldow gh�qhuhw iru { 5 `�5>4^ q i3>�4j1 Vèohghv iruwvéwwhv1 Sè
ghqqh pègh hu � +{, idvwvdw iru dooh { 5 U eruwvhw iud lnnh0srvlwlyh khoh wdo +
3>�4>�5>�6>�7> = = = ,1
Ehpéunqlqj 498 L Pdsoh ehwhjqhv jdppdixqnwlrqhq phg JDPPD1 Iru dw
vh judihq iru jdppdixqnwlrqhq ndq pdq suûyh nrppdqgrhq sorw+JDPPD/0
8118/08118/glvfrqw@wuxh,>
71515 Odpehuwv Z0ixqnwlrq
Ixqnwlrqhq z :�$ zh � hu yrnvhqgh iru z � �4 rj diwdjhqgh iru z � �41 Ghq
rpyhqgwh ixqnwlrq wlo z :�$ zh � > z 5 ^�4>4^ hu Odpehuwv Z0ixqnwlrq1 Ghq
ehwhjqhv l Pdsoh phg OdpehuwZ hoohu OdpehuwZ+4/111,1 Ghq hu gh�qhuhw iru
{ � �h � � yhg

| @ OdpehuwZ +{, +, { @ |h � a | 5 ^�4>4^
Ghq rpyhqgwh ixqnwlrq wlo z :�$ zh � > z 5 `�4>�4` hu hq dqghq juhq di
Odpehuwv Z0ixqnwlrq1 Ghq ehwhjqhv l Pdsoh phg OdpehuwZ+�4> ===,1 Ghq hu
gh�qhuhw iru { � �h � � yhg

| @ OdpehuwZ +�4> {, +, { @ |h � a | 5 `�4>�4`
Ylo pdq vh hw sorw di gh wr rpwdowh juhqh di Odpehuwv Z0ixqnwlrq ndq pdq

suûyh nrppdqgrhq sorw+ ^OdpehuwZ+{,/OdpehuwZ+04/{,`/ {@018117/qxpsrlqwv@533,>
Lqghqiru gh nrpsohnvh wdo hu ghu xhqgholjw pdqjh juhqh di Odpehuwv Z0

ixqnwlrq1



Ndslwho 8
Lqwhjudelolwhw
814 Xehjuéqvhgh Ixqnwlrqhu1 Vlqjxodulwhwhu
Gh�qlwlrq 499 Hq ixqnwlrq i ndoghv rsdgwlo ehjuéqvhw l lqwhuydoohw L> kylv ghqv
judi oljjhu xqghu hq ydqguhw olqlh/ dowvè kylv i rsi|oghu hq xoljkhg di iruphq
i+{, � P iru dooh { 5 L> rj kyru P hu hw wdo1 Ghq ndoghv qhgdgwlo ehjuéqvhw
l L> kylv ghqv judi oljjhu ryhu hq ydqguhw olqlh/ dowvè kylv i rsi|oghu hq xoljkhg
di iruphq i+{, � p iru dooh { 5 L> rj kyru p hu hw wdo1 Ixqnwlrqhq ndoghv
ehjuéqvhw/ kylv ghq hu vèyho rsdgwlo vrp qhgdgwlo ehjuéqvhw1
Hnvhpsho 49: Ixqnwlrqhq i jlyhw yhg i +{, @ :� { � hu rsdgwlo ehjuéqvhw/ gd
judihq kroghu vlj xqghu olqlhq | @ := Ixqnwlrqhq j jlyhw yhg j +{, @ 5 +{� 6, � �
46 hu qhgdgwlo ehjuéqvhw/ gd ghqv judi kroghu vlj ryhu | @ �46=

Ghw ndq yéuh sudnwlvn dw kdyh hw qdyq iru ghw vwhg +2gh vwhghu, �kyru ghw
jèu jdow� hoohu �kyru ixqnwlrqhq hnvsorghuhu�1 Ghuiru ghq qévwh gh�qlwlrq1
Gh�qlwlrq 49; Odg L yéuh hw lqwhuydo/ rj odg { � oljjh l L hoohu yéuh hw di
L*v hqghsxqnwhu1 Hq ixqnwlrq i vljhv dw kdyh hq vlqjxodulwhw l lqwhuydoohw L eh0
oljjhqgh l sxqnwhw { � +nruw= dw yéuh vlqjxoéu l { � ,> kylv ghu �qghv hq iûojh
{ � > { � > { � > = = = > { � > = = = di wdo iud L> phg { � $ { � > vè i +{ � , $ 4 +hoohu �4, iru
q $ 4=
Ehpéunqlqj 49< Ghw iûojhu xplgghoeduw di gh�qlwlrqhq/ dw kylv i kdu hq vlq0
jxodulwhw l L/ vè pè i yéuh xehjuéqvhw l L1 Iru ghq rpyhqgwh sèvwdqg vh vhqhuh1
Hnvhpsho 4:3 Ixqnwlrqhuqh vlq> frv> dufwdq hu ehjuéqvhgh sè khoh U1 Ixqnwlr0
qhq wdq hu xehjuéqvhw sè lqwhuydoohw �� �

� > �
�
� > rj kdu vlqjxodulwhwhu l � �

� rj �
� =

Ixqnwlrqhq { :$ { vlq{ hu xehjuéqvhw sè U> rj ixqnwlrqhq { :$ �
� vlq � �

�

� hu
xehjuéqvhw sè lqwhuydoohw `3> 4^ > phg hq vlqjxodulwhw l 31 Ixqnwlrqhq { :�$ h � hu
sè U qhgdgwlo ehjuéqvhw/ phq lnnh rsdgwlo ehjuéqvhw1

84
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Hnvhpsho 4:4 Ixqnwlrqhq { :�$ h ��� � gh�qhuhw iru { 9@ 3 kdu sè lqwhuydoohuqh
U rj `3>4^ hq vlqjxodulwhw l 3/ gd mr h ��� � $ 4 iru { $ 3 � = Ghulprg kdu ghq
lnnh hq vlqjxodulwhw sè lqwhuydoohw `�4> 3^ > gd h ��� � $ 3 iru { $ 3 � =
Ûyhovh 4:5 Kylonh di iûojhqgh ixqnwlrqhu hu ehjuéqvhgh sè U= vlqk> frvk> wdqk> { :�$

�

� � �
� B

Ûyhovh 4:6 Hu ixqnwlrqhq { :�$ � � ���
� + { 9@ 3 , ehjuéqvhwB Kdu ghq hq vlqjx0

odulwhw l 3B
Kydg kdu ehjuhehuqh vlqjxodulwhw rj xehjuéqvhwkhg phg klqdqghq dw jûuhB

Ghu jéoghu=
Véwqlqj 4:7 Odg L yéuh hw ehjuéqvhw lqwhuydo +dowvè hw lqwhuydo/ kyru lqjhq
di hqghuqh hu 	4,1 Vè jéoghu/ dw hq ixqnwlrq i hu xehjuéqvhw sè L/ kylv rj
nxq kylv i kdu plqgvw ìq vlqjxodulwhw l L eholjjhqgh l vhoyh L hoohu l hw di ghwv
hqghsxqnwhu1

Ehylv1 Vrp ehpéunhw xqghu gh�qlwlrqhq sè ehjuhehw vlqjxodulwhw/ hu hq
ixqnwlrq phg hq vlqjxodulwhw xehjuéqvhw1 Dqwdj rpyhqgw/ dw i hu xehjuéqvhw
rsdgwlo +qhgdgwlo kèqgwhuhv dqdorjw, sè lqwhuydoohw L1 Ghuiru �qghv ghu hw wdo
{ � 5 L> vè i +{ � , A 4= Ixqnwlrqhq i hu hqwhq rjvè xehjuéqvhw sè ghq iûuvwh
kdoygho di L hoohu sè ghq dqghq kdoygho di L +hyw1 sè ehjjh,1 Ghuiru �qghv
ghu hw wdo { � l ghw sèjéoghqgh lqwhuydo/ vè i +{ � , A 5= Ghwwh lqwhuydo di kdoy
oéqjgh ghohv ljhq l wr1 Ixqnwlrqhq hu qx hqwhq rjvè xehjuéqvhw sè ghq iûuvwh
kdoygho di ghwwh hoohu sè ghq dqghq kdoygho +hyw1 sè ehjjh,1 Ghuphg �qghv ghu
hw wdo { � l ghwwh lqwhuydo/ vè i +{ � , A 6= Sè ghq pègh iruwvéwwhv1 Yhg ghqqh
lqwhuydolqgvqéyulqj ehvwhpphv hw wdo { � > vè { � $ { � > rj i +{ � , A q iru dooh
q � 41 Dowvè kdu yl/ dw i +{ � , $ 4 iru q $ 4= Ixqnwlrqhq kdu ghuiru hq
vlqjxodulwhw l lqwhuydoohw L eholjjhqgh l sxqnwhw { � 1

815 Gh�qlwlrqhq sè Lqwhjudelolwhw rj Lqwhjudo
Lgìhq phg gh�qlwlrqhq di lqwhjudohw U

�

� i +{,g{ hu/ dw ghwwh phg ulpholjkhg vndo
nxqqh wronhv vrp duhdohw xqghu judihq iru i rj ryhu {0dnvhq +qèu lûyuljw judihq
oljjhu ryhu {0dnvhq,1

Gh�qlwlrq 4:8 Yhg hq lqggholqj di hw lqwhuydo ^d> e` iruvwèv hq hqgholj iûojh
di wdo [ @ +{ � , �� � � phg d @ { � ? { � ? { � ? = = = ? { � � � ? { � @ e1 Yhg hq
péunhw lqgholqj +[>W , iruvwèv hq lqggholqj [ @ +{ � , �� � � rj hw wdovéw di péunhu
W @ +w � , �� � � / kyru w � 5 ^{ �

� � > { � ` iru dooh l @ 4> 5> = = = > q1
Yhg Ulhpdqq0vxpphq iru ixqnwlrqhq i gh�qhuhw sè ^d> e` vyduhqgh wlo ghq péunhgh
lqggholqj +[>W , iruvwèv vxpphq

U +[>W , @
�

[

�
� �

i +w � , +{ � � { �
� � ,
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Yl vndo qhghqiru lqgiûuh ghw jhqhudolvhuhgh Ulhpdqq0lqwhjudo/ phq hulqguhu
iûuvw rp gh�qlwlrqhq di ghw végydqoljh ehvwhpwh lqwhjudo/ Ulhpdqq0lqwhjudohw1
Gh�qlwlrq 4:9 Odg i yéuh hq ixqnwlrq gh�qhuhw sè lqwhuydoohw ^d> e` > kyru d
rj e hu wdo +dowvè lnnh kyhunhq 	4,1 Ixqnwlrqhq i ndoghv Ulhpdqq0lqwhjudeho
sè ^d> e` > kylv ghu �qghv hw wdo D> vè ghu wlo hwkyhuw % A 3> hnvlvwhuhu hw wdo
� A 3/ vè ghu iru hqkyhu péunhw lqggholqj +[>W , > [ @ +{ � , �� � � > W @ +w � , �� � �phg pd{ ��� � � � +{ � � { �

� � , ? � jéoghu
D� % ? U +[>W , ? D. %

Wdoohw D ndoghv gd lqwhjudohw rj ehwhjqhv phg U

�

� i +{,g{=

Ulhpdqq0lqwhjudohw kdu vlw qdyq hiwhu ghq w|vnh pdwhpdwlnhu Ehuqkdug Ulh0
pdqq/ 4;5904;991

Ulhpdqq0lqwhjudohw olghu di  huh vndydqnhu1 Wr di glvvh hu/ dw lqjhq xeh0
juéqvhw ixqnwlrq hu lqwhjudeho/ rj dw lqwhjudwlrqvlqwhuydoohw vndo yéuh hqgholjw1
Ghuiru ylo yl l ghqqh iuhpvwloolqj lqgiûuh ghw jhqhudolvhuhgh Ulhpdqq0lqwhjudo1
Yl ylo dowvè gh�qhuh U

�

� i +{,g{ rjvè l gh wloiéogh kyru d @ �4> e @ 4 hoohu
i hu xehjuéqvhw1 L ghw iûojhqgh dqwdjhv ghw ghuiru lnnh +phg plqguh ghw vljhv
hnvsolflw,/ dw d rj e hu wdo1
Gh�qlwlrq 4:: Yhg gh xgylghgh uhhooh wdo U iruvwèv gh uhhooh wdo rj gh wr v|p0
erohu �4 rj 41 Dowvè U @ U ^ i	4j1
Ehpéunqlqj 4:; Lqwhuydoohw ^�4> e` ylo eolyh ehwudjwhw vrp oxnnhw/ phghqv
ehjjh lqwhuydoohuqh ^�4> e^ rj `�4> e^ ylo eolyh ehwudjwhw vrp èeqh1 Lqwhuydoohw U
hu eègh èehqw rj oxnnhw1
Gh�qlwlrq 4:< Yhg hw qèohûmh � sè hw lqwhuydo ^d> e` � U iruvwèv hq ixqnwlrq
gh�qhuhw sè ^d> e` phg èeqh gholqwhuydoohu di U vrp yéuglhu1 Iru hwkyhuw w 5 U
iruodqjhv/ dw w 5 � +w,1
Gh�qlwlrq 4;3 Hq péunhw lqggholqj +[>W , > [ @ +{ � , �� � � > W @ +w � , �� � � di lq0whuydoohw ^d> e` vljhv dw nxqqh volssh jhqqhp qèohûmhw �/ kylv ^{ �

� � > { � ` � � +w � ,
iru dooh l @ 4> 5> = = = > q1
Gh�qlwlrq 4;4 Odg i yéuh gh�qhuhw sè ^d> e` � U phg yéuglhu l U1 Ixqnwlrqhq
vljhv dw yéuh jhqhudolvhuhw Ulhpdqq0lqwhjudeho sè ^d> e`/ kylv ghu �qghv hw wdo +$,
D/ vè ghu wlo hwkyhuw % A 3> hnvlvwhuhu hw qèohûmh �/ vè ghu iru hqkyhu péunhw
lqggholqj [ @ +{ � , �� � � > W @ +w � , �� � � / ghu ndq volssh jhqqhp qèohûmhw jéoghu

D� % ? U +[>W , ? D. %
Kylv d @ �4 xghodghv iûuvwh ohg l vxpphq1 Kylv e @ 4 xghodghv vlgvwh ohg l
vxpphq1 Wdoohw D ndoghv gd lqwhjudohw rj ehwhjqhv phg U

�

� i +{,g{=



87 NDSLWHO 81 LQWHJUDELOLWHW

Ehpéunqlqj 4;5 Sè juxqg di ehpéunqlqjhuqh rp xghodghovhu/ qèu d @ �4
hoohu e @ 4/ hu ghw +khogljylv, lnnh qrjhqvlqgh qûgyhqgljw dw gh�qhuh i l kyhunhq	41
Ehpéunqlqj 4;6 Yl vndo l ghw iûojhqgh +phg hq hqnhow xqgwdjhovh, xghoxnnhqgh
ehq|wwh ghw jhqhudolvhuhgh Ulhpdqq0lqwhjudo rj ylo ghuiru xghodgh rughqh *jhqhu0
dolvhuhw* rj *Ulhpdqq*1

Véw qx/ dw ghu idqgwhv hw qèohûmh sè ^d> e`/ kyruljhqqhp lqjhq péunhw lqg0
gholqj nxqqh volssh1 Vè ylooh l j1 gh�qlwlrqhq sè lqwhjudelolwhw hqkyhu ixqnwlrq
yéuh llqwhjudeho sè ^d> e`/ xdqvhw kyrugdq ghq lûyuljw ydu ehvnd�hq1 Hw vègdq
qèohûmh �qghv grj lnnh=
Véwqlqj 4;7 Iru hwkyhuw qèohûmh � sè ^d> e` hnvlvwhuhu ghu hq péunhw lqggholqj/
ghu ndq volssh jhqqhp �1
Véwqlqj 4;8 Kylv i hu Ulhpdqq0lqwhjudeho l végydqolj iruvwdqg +hiwhu ghq
iûuvwh gh�qlwlrq, sè ghw ehjuéqvhgh lqwhuydo ^d> e` phg lqwhjudo D/ vè hu i rjvè
lqwhjudeho hiwhu ghq xgylghgh gh�qlwlrq phg lqwhjudo D1

Ehylv1 Dqwdj/ dw i hu Ulhpdqq0lqwhjudeho l végydqolj iruvwdqg sè ghw eh0
juéqvhgh lqwhuydo ^d> e` phg lqwhjudo D1Yl vndo ylvh/dw i hu lqwhjudeho hiwhu ghq
xgylghgh gh�qlwlrq phg lqwhjudo D1 Odg ghuiru % A 3 yéuh jlyhw1 Ehvwhp � A 3/
vè ghu iru hqkyhu péunhw lqggholqj +[>W , > [ @ +{ � , �� � � > W @ +w � , �� � � phg
pd{ � � � � � +{ � � { �

� � , ? � jéoghu
D� % ? U +[>W , ? D. %

Gh�qìu qèohûmhw � yhg � +v, @ �v� �

� > v. �

�
� iru dooh v 5 ^d> e`1 Odg +[>W , yéuh

hq péunhw lqggholqj/ ghu ndq volssh jhqqhp qèohûmhw �1 Gd yl iru doo l kdu
^{ �

� � > { � ` � � +w � , @ �w � � �

� > w � . �

�
�/ iûojhu/ dw { � � { �

� � ? � iru dooh l/ rj ghuiru/
dw D� % ? U +[>W , ? D. %1 Khudi iûojhu sèvwdqghq1
Ehpéunqlqj 4;9 Ghqqh véwqlqj vljhu dowvè eo1d1/ dw dooh gh ixqnwlrqhu/ vrp
yl klgwlo kdu dqvhw iru lqwhjudeoh/ vwdglj hu lqwhjudeoh hiwhu ghq q|h gh�qlwlrq1
Ghuphg jéoghu ghq q|wwljh véwqlqj/ dw hq ixqnwlrq/ ghu hu nrqwlqxhuw sè hw
oxnnhw rj ehjuéqvhw lqwhuydo ^d> e`/ hu lqwhjudeho1
Hnvhpsho 4;: Yhg Pdsoh*v kméos ndq yl ohw looxvwuhuh Ulhpdqq0vxpphq

U +[>W , @
�

[

�
� �

i +w � , +{ � � { �
� � ,

qèu w � *huqh hqwhq yéojhv l plgwhq di gholqwhuydoohuqh hoohu l ghuhv yhqvwuh hoohu
kûmuh hqghsxqnwhu1 Yl ylo xqghuvûjh U �

� vlq{ g{1 Iûuvw yéojhv w � *huqh l plgw0
sxqnwhuqh=

zlwk+vwxghqw,=
plggoher{+vlq+{,/ {@311Sl/ ;,>
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P=@plggohvxp+vlq+{,/ {@311Sl/ ;,>
ydoxh+P,>
hydoi+P,>
Ghuqévw suûyhu yl kûmuh hqghsxqnwhu=
uljkwer{+vlq+{,/ {@311Sl/ ;,>
U=@uljkwvxp+vlq+{,/ {@311Sl/ ;,>
ydoxh+U,>
hydoi+U,>
Suûy dw xgvnliwh uljkw phg ohiw1 Suûy rjvè dw éqguh dqwdo gholqwhuydoohu +vlgvwh

dujxphqw l nrppdqgrhuqh/ ; l hnvhpsohw, wlo i1hnv1 491

816 Hjhqvndehu yhg lqwhjudohw
Ghw ehvwhpwh lqwhjudo hu hq olqhéu rshudwru1 Khuphg phqhv=
Véwqlqj 4;; Odg i rj j yéuh lqwhjudeoh sè ^d> e`/ vè hu i . j lqwhjudeho phg

]
�

�

+i +{, . j +{,,g{ @
]

�

�

i +{,g{.
]

�

�

j +{,g{

rj kylv n hu hq nrqvwdqw/ vè hu ni lqwhjudeho rj
]

�

�

ni +{,g{ @ n
]

�

�

i +{,g{

Véwqlqj 4;< Lqgvnxgvvéwqlqjhq1 Odg d ? f ? e1 Vè hu i lqwhjudeho sè
^d> e`/ kylv rj nxq kylv i hu lqwhjudeho sè eègh ^d> f` rj ^f> e` = L ehnuéiwhqgh idog
jéoghu

]
�

�

i +{,g{ @
] �

�

i +{,g{.
]

�

�
i +{, g{

Véwqlqj 4<3 Kylv i hu lqwhjudeho sè lqwhuydoohw ^d> e`/ vè hu ixqnwlrqhq I jlyhw
yhg I +{, @ U �

� i +w,gw +iru dooh { 5 ^d> e`, nrqwlqxhuw sè ^d> e`1
Véwqlqj 4<4 Kylv i hu lqwhjudeho sè ^d> f^ iru hwkyhuw f 5 `d> e^/ vè hu i lqwh0
judeho sè ^d> e`/ kylv rj nxq kylv U �

� i +w,gw kdu hq juéqvhyéugl iru f % e1
Gh�qlwlrq 4<5 Hq péqjgh di wdo ndoghv wéooholj +hoohu qxphudeho,/ kylv ghq
ndq rsvnulyhv vrp hq iûojh= { � > { � > { � > = = = > { � > = = =1 Dqghuohghv vdjw péqjghq P
hu wéooholj/ kylv ghu �qghv hq elmhnwlrq i = Q w P / kyru Q hu gh qdwxuoljh wdo1
Hnvhpsho 4<6 Q hu wéooholj1Péqjghq � �

� mq 5 Q � hu wéooholj1 ] +péqjghq
di khoh wdo, hu wéooholj1 Péqjghq di oljh khoh wdo hu wéooholj1 T +péqjghq di
udwlrqdoh wdo, hu wéooholj/ phq ghw hu lnnh lqgo|vhqgh1 U hu lnnh wéooholj/ kylonhw
khoohu lnnh hu lqgo|vhqgh1
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Véwqlqj 4<7 Kylv wr ixqnwlrqhu diyljhu iud klqdqghq l hqgholjw hoohu wéooholjw
pdqjh sxqnwhu/ rj kylv ghq hqh hu lqwhjudeho sè hw lqwhuydo ^d> e`/ vè hu ghq dqghq
rjvè/ rj ghuhv lqwhjudohu hu oljh vwruh1
Ehpéunqlqj 4<8 Ghuiru ylo ghw lnnh jhqhuh rv/ kylv hq lqwhjudqg lnnh hu gh0
�qhuhw l hw hoohu dqghw sxqnw di lqwhjudwlrqvlqwhuydoohw1 Yl ndq mr wéqnh rv ghq
gh�qhuhw wlo hq hoohu dqghq yéugl l ghw sxqnw1 Ylvhu ghw vlj/ dw ghq rpgh�qhuhgh
ixqnwlrq hu lqwhjudeho phg lqwhjudo D/ vè ylo yl vljh/ dw ghq rsulqgholjh ixqnwlrq
hu lqwhjudeho phg lqwhjudo D1
Hnvhpsho 4<9 Ixqnwlrqhq i gh�qhuhw yhg i +{, @ � � � �

� iru { 9@ 3 rj i +3, @
4 hu nrqwlqxhuw/ gd � � � �

� $ 4 iru { $ 31 Ghuiru hu i lqwhjudeho sè +i1hnv1,
lqwhuydoohw ^��> �`1 Phq vè hu/ liûojh ryhqvwèhqgh véwqlqj/ rjvè ixqnwlrqhq j
jlyhw yhg j +{, @ � � � �

� iru { 9@ 3 rj j +3, @ 9: lqwhjudeho sè ^��> �` rj gh wr
ixqnwlrqhu kdu vdpph lqwhjudo1 Ghuiru ylo ghwwh lqwhjudo eorw eolyh vnuhyhw vèohghv

] �

� �

vlq{
{ g{

Hq vnulyhpègh/ ghu lnnh divoûuhu/ kydg lqwhjudqghqv yéugl hu iru { @ 3/ md idnwlvn
kdu lqwhjudqghq mr lqjhq yéugl iru { @ 31
Gh�qlwlrq 4<: Yhg hq vwdpixqnwlrq +xehvwhpw lqwhjudo, wlo hq jlyhq ixqnwlrq i
gh�qhuhw sè G � � U/ iruvwèv hq gl�huhqwldeho ixqnwlrq I gh�qhuhw sè G � � G � /
kylv d hghgh hu i / g1y1v1 I � +{, @ i +{, iru dooh { 5 G � 1
Véwqlqj 4<; +4, Kylv I rj J hu vwdpixqnwlrqhu wlo i sè lqwhuydoohw L/ vè hu
I �J nrqvwdqw sè L1 +5, Kylv I hu hq vwdpixqnwlrq wlo i rj F hu hq nrqvwdqw/
vè hu rjvè I . F hq vwdpixqnwlrq wlo i 1

Ehylv1 +4, Odg K @ I � J/ vè kdu yl/ dw K � @ I � � J � @ i � i @ 31 Sè
lqwhuydoohw L hu K ghuiru nrqvwdqw1 +5, +I . F, � @ I � @ i 1
Ehpéunqlqj 4<< Phg v|perohw U i +{, g{ ylo yl qrupdow iruvwè hq hoohu dq0
ghq xvshfl�fhuhw vwdpixqnwlrq wlo i 1 Yl vnulyhu i1hnv1 U { � g{ @ �� { � / phq hu
vhoyiûojholj nodu ryhu/ dw yl rjvè nxqqh vnulyh U { � g{ @ �� { � . 871
Gh�qlwlrq 533 Hq ixqnwlrq I +phg yéuglhu l U, ndoghv nrqwlqxhuw l �4/ kylv
olp �

�
�
� I +{, hnvlvwhuhu +vrp hw wdo$,1 Wlovyduhqgh ndoghv I nrqwlqxhuw l 4/

kylv olp �
��� I +{, hnvlvwhuhu +vrp hw wdo$,1 Yl ylo xqghuwlghq +olgw prgylooljw,

ehq|wwh vnulyhpèghq I +�4, rj I +4, iru glvvh wr juéqvhyéuglhu1
Gh�qlwlrq 534 Yhg hq sulplwly wlo ixqnwlrqhq i sè lqwhuydoohw L � U iruvwèv
hq sè L nrqwlqxhuw ixqnwlrq I / ghu hu gl�huhqwldeho l L phg I � +{, @ i +{, sèqéu
l hqgholjw hoohu wéoooholjw pdqjh sxqnwhu1
Ehpéunqlqj 535 Hq sulplwly I ndq lnnh yéuh gl�huhqwldeho l qrjhw vlqjxodu0
lwhwvsxqnw { � iru i 1 Ghwwh ndq ylvhv jhqhuhow/ phq kylv idnwlvn i +{, $ 4 iru
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{ $ { � / vè ièv ghw di plgghoyéuglvéwqlqjhq/ dw ghu wlo hwkyhuw { 9@ { � �qghv hw
wdo � phoohp { rj { � / vè

I +{,� I +{ � ,
{� { � @ i +�,

Phq kûmuh vlgh ylo nxqqh jûuhv vwûuuh hqg hw ylonèuoljw wdo yhg eorw dw yéojh { wéw
qrn sè { � 1 Phq vè ndq � � ��� � � � �

�
�

� � �

�
lnnh kdyh qrjhq juéqvhyéugl iru { $ { � 1

Véwqlqj 536 Gl�huhqwldo0 rj lqwhjudouhjqlqjhqv ixqgdphqwdovéwqlqj1
Kylv i kdu hq sulplwly I sè lqwhuydoohw ^d> e`/ vè hu i lqwhjudeho sè ^d> e` phg
lqwhjudo

]

�

�

i +{,g{ @ I +e,� I +d,

Véwqlqj 537 Odg i yéuh nrqwlqxhuw sè ghw oxnnhgh rj ehjuéqvhgh lqwhuydo
^d> e` = Vè kdu=i hq vwdpixqnwlrq sè lqwhuydoohw ^d> e` =
Nruroodu 538 Kylv ixqnwlrqhq i hu nrqwlqxhuw sè lqwhuydoohw L rj f 5 L _U/ vè
hu ixqnwlrqhq I jlyhw yhg I +{, @ U �

� i +w,gw +iru dooh { 5 L, hq vwdpixqnwlrq
wlo i sè L=
Nruroodu 539 Kylv I hu hq sulplwly iru i sè lqwhuydoohw ^d> e^/ vè hu i lqwhjudeho
sè ^d> e`/ kylv rj nxq kylv olp ��� � I +{, hnvlvwhuhu1

Xguhjqlqj di hw lqwhjudo hoohu dijûuhovhq di rp ghw ryhukryhghw hnvlvwhuhu hu
lqjhqoxqgh dowlg hq vlpsho vdj1 Riwh hu ghoylv lqwhjudwlrq hq kméos=
Véwqlqj 53: Odg I rj J yéuh sulplwlyhu iru i rj j sè ^d> e`1 Vè jéoghu/ dw
iJ hu lqwhjudeho/ kylv rj nxq kylv jI hu lqwhjudeho/ rj yl kdu

]
�

�

i +{,J +{,g{ @ ^I +{,J +{,` �

� � ]
�

�

I +{, j +{, g{

Ehylv1 Yhg gl�huhqwldwlrq di surgxnwhw IJ ièv sè qéu hyw1 l wéooholjw pdqjh
sxqnwhu

+IJ, � @ iJ. Ij
Phq l j1 ghq ixqgdphqwdoh véwqlqj hu +IJ, � lqwhjudeho1 Kylv ghuiru jI hu
lqwhjudeho/ vè pè rjvè iJ @ +IJ, � � jI yéuh lqwhjudeho1 Gd lqwhjudohw di
+IJ, � hu ^I +{,J +{,` �

� iûojhu uhvxowdwhw=
Hq dqghq q|wwlj whnqln hu lqwhjudwlrq yhg vxevwlwxwlrq1 Yl jlyhu wr yhuvlrqhu1

Ghq iûuvwh e|jjhu sè sulplwlyhu rj xgq|wwhu ixqgdphqwdovéwqlqjhq=
Véwqlqj 53; Dqwdj/ dw i kdu ghq sulplwlyh I sè lqwhuydoohw ^f> g` = Dqwdj/ dw
j hu nrqwlqxhuw sè ^d> e` phg eloohgpéqjgh ^f> g` rj gl�huhqwldeho sè qéu hyw1 l
wéooholjw pdqjh sxqnwhu1 Dqwdj |ghuoljhuh hqwhq/ dw I � @ i ryhudow l ^f> g` hoohu/
dw oljqlqjhq j +{, @ w kûmvw kdu wéooholjw pdqjh oûvqlqjhu iru { 5 ^d> e` xdqvhw



8; NDSLWHO 81 LQWHJUDELOLWHW

w 5 ^f> g`1 Vè jéoghu/ dw ixqnwlrqhq { :$ i +j +{,, j � +{, hu lqwhjudeho sè ^d> e` phg
lqwhjudo

]
�

�

i +j +{,, j � +{, g{ @
] ��� � �

� � ���
i +w,gw

Khu wloodghv ghw/ dw j kdu 	4 vrp pxoljh yéuglhu1 Ehpéun/ dw irupohq ndq
oévhv iud kûmuh wlo yhqvwuh hoohu rpyhqgw1

Ehylv1 Odg I yéuh hq sulplwly wlo i / vè jéoghu dowvè/ dw I � +w, @ i +w, sèqéu
hyw1 wéooholjw pdqjh yéuglhu di w1 Ghq vdpphqvdwwh ixqnwlrq I � j hu xqghu gh
l véwqlqjhq qéyqwh iruxgvéwqlqjhu gl�huhqwldeho sèqéu l hyw1 wéooholjw pdqjh
sxqnwhu1 Ghvxghq hu ghq nrqwlqxhuw1 Ghuphg hu ghq hq sulplwly wlo +i � j, j � sè
^d> e`/ vè yl kdu

]

�

�

i +j +{,, j � +{,g{ @ ^+I � j, +{,` �

� @ ^I ` ��� � �
��� ��� @

] ��� � �

��� ���
i +w,gw

Ghq dqghq vxevwlwxwlrqvvéwqlqj ehylvhv gluhnwh xg iud lqwhjudohwv gh�qlwlrq=

Véwqlqj 53< Dqwdj/ dw j hu prqrwrq rj nrqwlqxhuw sè ^d> e` phg eloohgpéqjgh
^f> g` rj gl�huhqwldeho phg j � +{, 9@ 3 ehjjh ghoh sè qéu hyw1 l wéooholjw pdqjh
sxqnwhu1 Vè jéoghu/ dw ixqnwlrqhq { :$ i +j +{,, j � +{, hu lqwhjudeho sè ^d> e`/ kylv
rj nxq kylv i hu lqwhjudeho sè ^f> g`1 L ehnuéiwhqgh idog jéoghu

]
�

�

i +j +{,, j � +{, g{ @
] ��� � �

� � ���
i +w,gw

Khu wloodghv ghw/ dw j kdu 	4 vrp pxoljh yéuglhu1 Ehpéun/ dw irupohq ndq
oévhv iud kûmuh wlo yhqvwuh hoohu rpyhqgw1
Ûyhovh 543 Xguhjq iûojhqgh lqwhjudohu1

41 U
�

�
�
�

� � ��� g{
51 U

� �
� { frv{ g{

61 U ��
�

�
�
� � �
� g{ Ylqn= Vxevwlwxìu hyw1 { @ vlq w1

Vhoy rp gh ixqnwlrqhu yl vndo lqwhjuhuh phjhw wlw hu nrqwlqxhuwh l khoh ghw
oxnnhgh lqwhjudwlrqvlqwhuydo/ pè pdq lnnh iruohghv wlo dw wur/ dw glvnrqwlqxhuwh
ixqnwlrqhu lnnh ndq yéuh lqwhjudeoh1 Yl jlyhu hw phjhw vlpshow hnvhpsho1
Hnvhpsho 544 Odg i yéuh jlyhw yhg

i +{, @
� 3 iru { ? 3

4 iru � � 3
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Ghqqh ixqnwlrq hu glvnrqwlqxhuw l 3/ phq ylvhv ohw gluhnwh xg iud gh�qlwlrqhq
di lqwhjudelolwhw dw yéuh lqwhjudeho sè lqwhuydoohw ^�4> 4` phg lqwhjudo 41 Yl ndq
lplgohuwlg rjvè ehq|wwh ghq ixqgdphqwdoh véwqlqj1 Ixqnwlrqhq

I +{, @
� 3 iru { ? 3

{ iru { � 3
hu qhpolj hq sulplwly wlo i / lghw I hu nrqwlqxhuw ryhudow rj gl�huhqwldeho dooh
vwhghu sèqéu l 3/ phg I � +{, @ i +{, iru { 9@ 31 Dowvè hu i lqwhjudeho sè ^�4> 4`
phg lqwhjudo

] �

� �
i +{,g{ @ I +4,� I +�4, @ 4

Hnvhpsho 545 Ehwudjw lqwhjudohw U �
�

�
�

� g{= Ixqnwlrqhq i +{, @ �
�

� kdu hq vlq0
jxodulwhw l 31 Lnnh ghvwr plqguh hu ghq lqwhjudeho sè ^3> 4`1 Ghq kdu qhpolj hq
sulplwly/ I +{, @ 5s{1 Yl kdu mr/ dw I � +{, @ �

�
� @ i +{, iru { A 3/ rj dw I hu

nrqwlqxhuw l ^3> 4`1 Yéuglhq di lqwhjudohw hu
] �

�

4s{g{ @ ^I +{,` �� @ �5s{� �� @ 5

Hnvhpsho 546 Ehwudjw lqwhjudohw U �
� oq{ g{= Lqwhjudqghq hu vlqjxoéu l 31 Hq

vwdpixqnwlrq wlo lqwhjudqghq hu I +{, @ { oq{ � {1 Ghqqh hu lnnh gh�qhuhw
iru { @ 31 Yl xqghuvûjhu/ rp olp ��� � I +{, hnvlvwhuhu1 Hq xqghuvûjhovh/ yld
o*Krvslwdov uhjho sè { oq{ @ � � �

��
ylvhu/ dw { oq{ $ 3 iru { & 31 Ghuiru kdu

yl/ dw olp ��� � I +{, hnvlvwhuhu rj hu olj phg 31 Kylv yl gh�qhuhu I +3, @ 3 hu I
ghuphg hq sulplwly wlo oq sè ^3> 4`1 Dowvè hu oq lqwhjudeho sè ghwwh lqwhuydo rj

] �

�
oq{ g{ @ I +4,� I +3, @ I +4,� olp

��� �
I +{, @ 4

Hnvhpsho 547 Ehwudjw lqwhjudohw U �
�
� � �

� g{= Lqwhjudqghq hu ljhq vlqjxoéu l 31
Hq vwdpixqnwlrq iru { A 3 hu I +{, @ �� +oq{, � 1 Gd I +{, @ �� +oq{, � $ 4 iru
{ & 3 hu � � �

� lnnh lqwhjudeho sè ^3> 4`1
Ûyhovh 548 Xqghuvûj/ rp U �

�
�

� g{ hu nrqyhujhqw1
Hnvhpsho 549 Ehwudjw lqwhjudohw U �� �

�
� g{= Hq vwdpixqnwlrq hu I +{, @ 5s{1

Phq gd I +{, @ 5s{ $ 4 iru { $ 4/ hu �
�

� lnnh lqwhjudeho sè ^4>4` =

Hnvhpsho 54: Ehwudjw lqwhjudohw U �� �
��� g{= Iru s 9@ 4 kdu yl vwdpixqnwlrqhq

] 4
{ � g{ @

]

{ � � g{ @ 4�s. 4{
� � � �
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Iru s A 4 jéoghu/ dw { � � � � $ 3 iru { $ 4> rj iru s ? 4 jéoghu/ dw { � � � � $ 4
iru { $ 4= Dowvè hu �

� � lqwhjudeho sè ^4>4` iru s A 4/ phq lnnh iru s ? 4=
Yéuglhq iru s A 4 hu

]
�

�

4
{ � g{ @ olp

� � � I +{,� I +4, @ 3� 4�s. 4 @ 4
s� 4

Yl pdqjohu dw wdjh vwloolqj wlo wloiéoghw s @ 4= Khu ièu yl vwdpixqnwlrqhq I +{, @
oq{/ ghu lqjhq juéqvhyéugl kdu iru { $ 41 Ixqnwlrqhq { :$ �

� hu dowvè lnnh
lqwhjudeho sè ^4>4`1
Ûyhovh 54; Xqghuvûj wlovyduhqgh llqwhjudohw U �

�
�

��� g{ iru s A 3= Dqjly iru
kylonh yéuglhu di s lqwhjudohw hnvlvwhuhu1
Hnvhpsho 54< Ehwudjw lqwhjudohw U �

� �
�
�� � g{= Lqwhjudqghq kdu hq vlqjxodulwhw l

ghw lqguh di lqwhjudwlrqvlqwhuydoohw/ qhpolj l 31 Hq vwdpixqnwlrq iru { 9@ 3 hu
I +{, @

] 4
�s{g{ @

]

{ � �
� g{ @ 6

5{
�
�

Phq ghqqh hu nrqwlqxhuw l khoh ghw oxnnhgh lqwhjudwlrqvlqwhuydo ^�4> 4`/ rj hu
ghuiru hq sulplwly wlo �

�� � sè ghwwh lqwhuydo1 Ghuiru hu �
�� � lqwhjudeho phg lqwhjudo

] �

� �

4
�s{g{ @

�6
5{
�
�

� �

� �
@ 6

5 � 6
5 @ 3

Khu vè yl ghw iûuvwh hnvhpsho sè/ dw hq vlqjxodulwhw l ghw lqguh nxqqh ljqruhuhv1
Ghw pè nudiwljw xqghuvwuhjhv/ dw ghw vndo ylvhv/ dw vwdpixqnwlrqhq hu nrqwlqxhuw
l ghq sèjéoghqgh vlqjxodulwhw1 Ghw qévwh hnvhpsho looxvwuhuhu qûgyhqgljkhghq
khudi1
Hnvhpsho 553 Ehwudjw lqwhjudohw U �

� �
�

� g{= Ghu hu hq vlqjxodulwhw l 31 Hq vwdp0ixqnwlrq iru { 9@ 3 hu I +{, @ oq m{m1 Ghqqh kdu kyhunhq juéqvhyéugl iud yhqvwuh
hoohu kûmuh l 3/ gd oq m{m $ �4 iru { $ 31 Dowvè hu �

� lnnh lqwhjudeho/ kyhunhq sè
^�4> 3` hoohu sè ^3> 4`1 Phq vè hu ixqnwlrqhq khoohu lnnh lqwhjudeho sè ^�4> 4`1 Kylv
yl/ xghq dw wéqnh rv rp/ ljqruhuhu vlqjxodulwhwhq vrp l voxwqlqjhq di iruuljh
hnvhpsho/ vè ièu yl=

] �

� �

4
{g{ @ ^oq m{m` �� � @ oq4� oq 4 @ 3

kylonhw vhoyiûojholj hu udeohqgh jdow1 L ylvvh dqyhqghovhu xgylghu pdq grj lqwhjud0
elolwhwvehjuhehw/ vèohghv dw lqwhjudohw U �

� �
�

� g{ ylunholj ièu wloodjw hq yéugl +qhpolj
3,1 Ghwwh jûuhv yhg lqgiûuhovh di Fdxfk|*v kryhgyéugl iru lqwhjudohw1 Ghqqh kry0
hgyéugl hu di lqwhuhvvh/ kylv ghu hu qhwrs ìq vlqjxodulwhw +{ � , rj ghqqh oljjhu
lqgh l lqwhuydoohw1 Fdxfk|*v kryhgyéugl gh�qhuhv gd vrp

Y S
]

�

�

i +{,g{ @ olp
� � � �

#

] ��� � �

�

i+{,g{.
]

�

��� � �
i+{,g{

$
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qèu hoohuv ghqqh juéqvhyéugl hnvlvwhuhu1 Y S vwèu iru Ydohxu Sulqflsdoh +sè hq0
jhovn sulqflsdo ydoxh= SY,1 Iru ghw iruholjjhqgh hnvhpsho �qghu yl

Y S
] �

� �

4
{g{ @ olp

� � � �

�] � �

� �

4
{g{.

] �

�

4
{g{

�

@ olp
� � � �

�

^oq m{m` � �

� � . ^oq m{m` �� � @ olp
� � � �

+oq %� oq %, @ 3

Yl vndo lûyuljw lnnh ehvnéiwljh rv phg Fdxfk|*v kryhgyéugl1
Hnvhpsho 554 Ehwudjw lqwhjudohw U

�

�
�

�
� � �
� g{= Hq vwdpixqnwlrq hu I +{, @

dufwdq{/ ghu mr eègh kdu juéqvhyéugl iru { $ �4 rj iru { $ 41 Ghuiru hu
ixqnwlrqhq { :$ �

� � �
� lqwhjudeho sè ^�4>4`1 Yéuglhq hu=

]
�

�
�

4
4 . { � g{ @ olp

��� � dufwdq{� olp
��� �
�
dufwdq{ @ �

5 � ���
5
�

@ �

Hnvhpsho 555 Ehwudjw lqwhjudohw U �� �
�
� g{= Lqwhjudqghq kdu hq vlqjxodulwhw l

31 Hq vwdpixqnwlrq iru { A 3 hu I +{, @ � �
� 1 Phq ghqqh kdu lqjhq juéqvhyéugl

iru { & 31 Dowvè hu ixqnwlrqhq { :$ �
�
� lnnh lqwhjudeho sè ^3>4`1

Hnvhpsho 556 Ehwudjw lqwhjudohw
]

�

�
�

{
�s{ � � 7g{

Lqwhjudqghq kdu vlqjxodulwhwhu l 	51 Hq vwdpixqnwlrq iru { 9@ 	5 �qghv yhg
vxevwlwxwlrqhq w @ { � � 7/ kyruyhg gw @ 5{g{/ wlo

I +{, @
] {

�s{ � � 7g{ @ 4
5
] gw

w �� @ 4
5
]

w ���
� gw

@ 6
7 w
�
� @ 6

7
�{ � � 7�

�
�

Ghqqh ixqnwlrq hu nrqwlqxhuw ryhudow rj hu vèohghv hq sulplwly1 Phq gd I +{, $4 iru { $ �4 hu ixqnwlrqhq { :$ �

�� �
�

�
� lnnh lqwhjudeho sè ^�4> 8`1 Ghulprg

hu ixqnwlrqhq èehqeduw lqwhjudeho sè hwkyhuw ehjuéqvhw lqwhuydo1
Hnvhpsho 557 U

�

�

�

�
� � �

� � �

�

g{1 Ghw hu iulvwhqgh dw vnulyh lqwhjudohw vrp hq
gl�huhqv phoohp gh wr ohg U

�

�
�

� g{ rj U
�

�
�

� � � g{1 Lqjhq di glvvh wr lqwhjudohu
hnvlvwhuhu lplgohuwlg/ vè ghq jèu lnnh1 Yl �qghu iûuvw hq vwdpixqnwlrq1 Iru { A 3
kdu yl

I +{, @
] �4

{ � 4
{. 4

�

g{ @
] 4

{g{� ] 4
{. 4g{

@ oq{� oq +{. 4, @ oq {
{. 4
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Ghqqh kdu juéqvhyéuglhq 3 iru { $ 41 Dowvè kdu yl/ dw lqwhjudohw U ��
�

�
� � �

� � �

�

g{
hnvlvwhuhu rj kdu yéuglhq

]
�

�

�4
{ � 4

{. 4
�

g{ @ olp
��� � I +{,� I +4, @ 3� oq 4

5 @ oq5

81614 Vdpphqoljqlqjvvéwqlqjhu
L gh hnvhpsohu/ yl klgwlo kdu ehwudjwhw/ kdu ghw yéuhw pxoljw +rj qrjhqoxqgh ohw,
dw ehvwhpph hq vwdpixqnwlrq1 Wlw hu ghw lnnh pxoljw/ rj phjhw riwh hu ghw whp0
pholjw duehmgvnuéyhqgh1 L vègdqqh wloiéogh ndq hnvlvwhqvhq di hw lqwhjudo riwh
dijûuhv yhg vdpphqoljqlqj phg hw dqghw lqwhjudo phg gh vdpph vlqjxodulwhwhu1
Iruxgvéwqlqjhq iru vxffhv hu/ dw iru ghwwh dqghw lqwhjudo ndq hq vwdpixqnwlrq
ohwwhuh ehvwhpphv1 Ghu jéoghu khurp iûojhqgh véughohv q|wwljh véwqlqjhu/ kylv
ehylvhu xghodghv1

Véwqlqj 558 +Xoljkhgvyhuvlrq,1 Odg �4 � d ? e � 41 Odg i rj j
yéuh nrqwlqxhuwh l ^d> e` +hyw1 eruwvhw iud wéooholjw pdqjh sxqnwhu, rj rsi|oghmi+{,m � j+{, iru dooh { 5` ^d> e` +hyw1 eruwvhw iud wéooholjw pdqjh sxqnwhu,1 Dq0
wdj/ dw U �

� j+{,g{ hnvlvwhuhu1 Vè hnvlvwhuhu rjvè U

�

� i+{,g{1
Véwqlqj 559 +Juéqvhyéuglyhuvlrq,1 Odg �4 � d ? e � 41 Odg i rj j
yéuh nrqwlqxhuwh l ^d> e` +eruwvhw iud hq kûmvw wéooholj péqjgh sxqnwhu N= �Gh
nulwlvnh vwhghu�,1 Dqwdj/ dw

olp
�
�

�
i +{,
j +{,

hnvlvwhuhu rj hu iruvnhoolj iud qxo iru dooh n 5 N1 Vè hnvlvwhuhu U
�

� i+{,g{/ kylv
rj nxq kylv U

�

� j+{,g{ hnvlvwhuhu1 Ehpéun/ dw kylv d @ �4 hoohu e @ 4/ vè
lqghkroghu N v|perohuqh �4 rj 4/ khqkrogvylv1
Ehpéunqlqj 55: Ghw eûu ljhq xqghuvwuhjhv/ dw qèu yl vljhu/ dw hq juéq0
vhyéugl hnvlvwhuhu/ vè phqhu yl/ dw ghq hnvlvwhuhu vrp hw wdo/ lnnh vrp kyhunhq	41
Ehpéunqlqj 55; Yhg dqyhqghovhuqh di véwqlqjhuqh hu ghw qévwhq dowlg hq
jrg lgì dw rsghoh lqwhjudohw/ vè kyhu gho nxq lqghkroghu ìw nulwlvn vwhg1 Ghuyhg
eolyhu ghw phjhw ohwwhuh dw ehvwhpph hw sdvvhqgh j dw vdpphqoljqh phg1
Hnvhpsho 55< Ehwudjw ghw xhjhqwoljh lqwhjudo

]
�

�

oq{s7� {g{

kyru lqwhjudqghq kdu hq vlqjxodulwhw l 71 Hq vwdpixqnwlrq hu lnnh vè ohw dw �qgh/
vhoy rp ghw ndq odgh vlj jûuh1 Ylo yl nxq dijûuh rp lqwhjudohw hnvlvwhuhu/ ndq yl
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vdpphqoljqh lqwhjudqghq phg � � �
� �

� � = Yl suûyhu iûuvw vdpphqoljqlqj yhg xoljkhg1
Yl kdu mr èehqeduw iru { 5 ^4> 7^

3 � oq{s7� { � oq 7s7� {
Lqwhjudohw U �

�
� � �

� �
� � g{ @ oq7 U

�

�
�

� �
� � g{ hnvlvwhuhu/ gd hq vwdpixqnwlrq wlo �

� �
� �hu ] 4s7� {g{ @ �5s7� {

rj gd ghqqh kdu hq juéqvhyéugl iru { % 7= Yl nrqnoxghuhu/ dw U �

�
� � �

� �
� � g{ rjvè

hnvlvwhuhu1
Ghq dqghq vdpphqoljqlqjvvéwqlqj hu qrn olgw ohwwhuh dw euxjh1 Phg i +{, @
� � �

� �
� � rj j +{, @ �

� �
� � kdu yl iru { A 4

i +{,
j +{, @ oq{

ghu kdu juéqvhyéuglhq oq 7 iru { $ 71 Ghqqh juéqvhyéugl hu iruvnhoolj iud
qxo/ rj vrp ylvw l iûuvwh rpjdqj hnvlvwhuhu U

�

�
�

� �
� � g{ 1 Dowvè hnvlvwhuhu rjvè

U
�

�
� � �

� �
� � g{1

Liûojh Pdsoh jéoghu/ dw
]

�

�

oq{s7� {g{ @ �7s6 . ; oq
�

5 .s6
� �@ 6= 93: 8

Hnvhpsho 563 Ehwudjw lqwhjudohw
] �

�

oq{s7� {g{

ghu nxq diyljhu iud hnvhpsohw ryhqiru yhg dw kdyh dqguh juéqvhu1 Lqwhjudqghq
kdu hq vlqjxodulwhw l 31 Yl ylo dijûuh/ rp lqwhjudohw hnvlvwhuhu yhg dw vdpphqoljqh
lqwhjudqghq i +{, @ � � �

� �
� � phg j +{, @ oq{= Yl kdu iru { 5 `3> 4`

j +{,
i +{, @ s7� {

ghu kdu juéqvhyéuglhq 5 iru { $ 31 Orjdulwphixqnwlrqhq oq hu wlgoljhuh ylvw dw
yéuh lqwhjudeho sè ^3> 4`1 Yl nrqnoxghuhu +gd èehqeduw 5 9@ 3,/ dw rjvè { :$ � � �

� �
� �

hu lqwhjudeho sè ^3> 4`1
Gd liûojh ghw iruhjèhqgh hnvhpsho rjvè U

�

�
� � �

� �
� � g{ hnvlvwhuhu/ hnvlvwhuhu lqwh0

judohw
]

�

�

oq{s7� {g{
dowvè rjvè1 Liûojh Pdsoh hu yéuglhq �; . 49 oq 51
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Hnvhpsho 564 Ehwudjw lqwhjudohw
]
�

�

vlq{
{ � �

g{

ghu kdu gh wr nulwlvnh vwhghu 3 rj 41 Hq vwdpixqnwlrq hu lnnh wlo dw �qgh/
phg plqguh pdq hu ehnhqgw phg gh vèndogwh Iuhvqho0lqwhjudohu1 Yl rsghohu l
U �
�

� � � �

�
� � g{. U

�

�
��� � �

�
� � g{= Ehwudjw iûuvw U �

�
� � � �

�
� � g{= Yl vdpphqoljqlhu lqwhjudqghq

i +{, @ � � � �

�
� � phg j +{, @ �

� �� 1 Yl �qghu iru { A 3

i +{,
j +{, @ vlq{

{
ghu kdu juéqvhyéuglhq 4 iru { $ 31 Gd lqwhjudohw U �

� j +{,g{ @ U �
�

�
� �� g{ hnvlv0

whuhu/ jûu U �
�

��� � �

�
� � g{ ghw rjvè1

Ehwudjw qx U
�

�
� � � �

�
� � g{= Gd

3 � �

�

�

�

vlq{
{ � �

�

�

�

�

� 4
{ � �

rj gd U
�

�
�

�
� � g{ hnvlvwhuhu/ jûu U

�

�
��� � �

�
� � g{ ghw rjvè1 Ehpéun/ dw yl khu lnnh nxqqh

euxjh juéqvhyéuglyhuvlrqhq di vdpphqoljqlqjvvéwqlqjhq1
Gd eègh U �

�
� � � �

�
� � g{ rj U

�

�
� � � �

�
� � g{ hnvlvwhuhu/ hnvlvwhuhu rjvè ghw rsulqgholjh lq0

whjudo U �� � � � �

�
� � g{1 Liûojh Pdsoh hu yéuglhq s5�1

Hnvhpsho 565 Ehwudjw lqwhjudohw
]

�

�
�

4
�s{ � � 49g{

Ghwv nulwlvnh vwhghu hu 	5 rj �41 Hq vwdpixqnwlrq wlo i +{, @ �
�� ��� � � � ndq lnnh

xgwu|nnhv yhg hohphqwéuh ixqnwlrqhu1 Yl rsghohu lqwhjudohw=
]

�

�
�

i +{,g{ @
] �

�

�
�

i +{,g{.
] �

�
� i +{,g{.

]
�

�
i +{,g{

L ghw iûuvwh lqwhjudo vdpphqoljqhu yl i +{, phg j +{, @ �
��

� � @ { �
�
� 1 Yl �qghu

i +{,
j +{, @

�s{ �

�s{ � � 49 @ 4
�s4� 49{ �

� $ 4

iru { $ �41 Phq U �
�

�
� j +{,g{ @ U �

�

�
� { �

�
� g{ hnvlvwhuhu/ ghuiru hnvlvwhuhu rjvè

U �
�

�
� i +{,g{1
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L ghw dqghw lqwhjudo vdpphqoljqhu yl i +{, phg j +{, @ �
�� � � � 1 Yl �qghu

i +{,
j +{, @

�s{. 5
�s{ � � 49 @

�s{. 5
�
s+{� 5, +{. 5, +{ � . 7,

@ 4
�
s+{� 5, +{ � . 7, $ � 4

�s65
iru { $ �51 Phq U �

�
� j +{,g{ @ U �

�

�
�

�
�� � � � g{ hnvlvwhuhu/ ghuiru hnvlvwhuhu rjvè

U �
�
� i +{,g{1

L ghw vlgvwh lqwhjudo vdpphqoljqhv i +{, phg j +{, @ �
�� � �

� 1 Uhjqlqjhuqh hu
jdqvnh dqdorjh/ rj nrqnoxvlrqhq ghq vdpph1 Dow l dow nrqnoxghuhu yl/ dw

]
�

�
�

4
�s{ � � 49g{

hnvlvwhuhu1 Yéuglhq ndq qx ehvwhpphv qxphulvn phg hq ylonèuolj ûqvnhw qû0
mdjwljkhg1 Phg 43 ehw|ghqgh fliuh ièv l j1 Pdsoh 4=774795<991
81615 Glvnrqwlqxhuw vwdpixqnwlrq
Xqghuwlghq vnhu ghw/ dw ghq vwdpixqnwlrq/ vrp pdq kdu ixqghw/ lnnh hu nrqwlq0
xhuw l ^d> e`/ phq grj vw|nnhylvw nrqwlqxhuw/ g1y1v1 dw gh hqhvwh glvnrqwlqxlwhwhu hu
vsulqjglvnrqwlqxlwhwhu phg hqgholjh vsulqj1 L vè idog ndq pdq xgiud vwdpixqn0
wlrqhq ehvwhpph hq sulplwly/ dowvè hnvlvwhuhu lqwhjudohw rjvè l vègdqqh wloiéogh1
Yl jlyhu hw hnvhpsho/ ghu ylvhu/ dw vhoy iru lqwhjudohu xghq vlqjxodulwhwhu vndo
pdq sdvvh sè/ dw pdq kdu ylunholj kdu hq sulplwly/ dowvè hq nrqwlqxhuw ixqnwlrq/
ghu vw|nnhylvw hu vwdpixqnwlrq l lqwhjudwlrqvlqwhuydoohw1
Hnvhpsho 566 Yl ylo ehuhjqh lqwhjudohw

]
� �

�

g{
frv{� �

�

Lqwhjudqghq �
��� � � �

�

�
kdu lnnh vlqjxodulwhwhu qrjhw vwhg/ lghw mr

frv{� 8
6 � 4� 8

6 @ �5
6

iru dooh { 5 U1 Hq vwdpixqnwlrq ndq ehvwhpphv yhg vxevwlwxwlrqhq w @ wdq � �

�
�1

Khuyhg ièv gw @ ��
�4 . wdq � � �

�
�� g{ @ ��

�4 . w � � g{1 Dowvè g{ @ �
�
�

� � � � 1 Ylghuhkdu yl
frv{ @ 5frv � {5 � 4 @ 5

4 . wdq � �

�
� 4

@ 5
4 . w � � 4
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Ghuphg �qghu yl
I +{, @

] g{
frv{� �

�
@

] 5gw
+4 . w � ,

� �

� � � � � 4� �

�
�

@
] 5gw� �

� � �

� w � @ �6
] gw

4 . 7w �

@ �6
5 dufwdq 5w @ �6

5 dufwdq
�

5 wdq
�{
5
��

Ghqqh hu grj nxq vwdpixqnwlrq sè kyhuw di lqwhuydoohuqh ^3> �^ rj `�> 5�` > lghw ghq
lnnh hqjdqj hu gh�qhuhw l �1 Kydg yéuuh hu/ ghq kdu lnnh vdpph juéqvhyéugl
iud kûmuh rj yhqvwuh l �/ vè yl ndq lnnh hqjdqj jûuh ghq nrqwlqxhuw +rj ghuphg
khoohu lnnh gl�huhqwldeho, yhg eorw dw gh�qhuh ghqv yéugl l �1 Phq yl �qghu/ dw

olp
��� � I +{, @ �6�

7
olp

��� � I +{, @ 6�
7

Vè ixqnwlrqhq
I � +{, @

;

?

=

I +{, iru { ? �� � �
� iru { @ �

I +{,� � �
� iru { A �

hu nrqwlqxhuw sè khoh lqwhuydoohw ^3> 5�`1 Gd ghq oljhvrp I hu vwdpixqnwlrq sè
kyhuw di lqwhuydoohuqh ^3> �^ rj `�> 5�`/ rj gd ghq nrqwlqxhuwh ixqnwlrq i mr kdu
hq vwdpixqnwlrq sè khoh lqwhuydoohw ^3> 5�`/ pè I � rjvè yéuh hq vwdpixqnwlrq sè
^3> 5�`1 Lqwhjudohw �qghv ghuiru wlo
]

� �

�

g{
frv{� �

�
@ ^I � +{,` � �� @ I � +5�,� I � +3,

@ �6
5 dufwdq +5 wdq +�,,� 6�

5 ���6
5 dufwdq

�

5 wdq
�3
5
���

@ 3� 6�
5 . 3 @ �6�

5
Lqwhjudohw xguhjqhv ohwwhuh yhg euxj di lqgvnxgvvéwqlqjhq=

]
� �

�

g{
frv{� �

�
@

] �

�

g{
frv{� �

�
.
]

� �

�

g{
frv{� �

�

Sè kyhuw di glvvh lqwhjudohu ndq vwdpixqnwlrqhq I ehq|wwhv=
]

� �

�

g{
frv{� �

�
@ ^I +{,` �� . ^I +{,` � ��

Yl pè eorw wronh I +�, vrp olp � � � I +{, l iûuvwh ohg rj vrp olp ��� � I +{, l dqghw
ohg1 Khuphg ièv

]
� �

�

g{
frv{� �

�
@

��6�
7 � 3

�

.
�

3� 6�
7
�

@ �6�
5
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Ûyhovh 567 Ilqg lqwhjudohw
] �

�

5g{
4 . 6 vlq � {

lghw ghw rso|vhv/ dw I +{, @ dufwdq +5 wdq{, hu vwdpixqnwlrq sè kyhuw di lqwhu0
ydoohuqh �3> �

�
� rj � �

� > ��1

817 Qxphulvn lqwhjudwlrq
Riwh xguhjqhv ehvwhpwh lqwhjudohu mr yhg/ dw hq vwdpixqnwlrq +hoohu hq sulplwly,
wlo lqwhjudqghq ehvwhpphv/ kyruhiwhu ûyuh rj qhguh juéqvh lqgvéwwhv rj gh wr
uhvxowdwhu wuénnhv iud klqdqghq=

]

�

�

i +{,g{ @ ^I +{,` �

� @ I +e,� I +d,
Pdq nrpphu lplgohuwlg wlw xg iru lqwhjudohu/ kyru vwdpixqnwlrqvehvwhpphovhq
hu xpxolj/ lnnh irugl hq vwdpixqnwlrq lnnh hnvlvwhuhu/ phq irugl ghq lnnh ndq
xgwu|nnhv yhg kméos di ghw uhshuwrluh di ixqnwlrqhu/ yl kdu wlo uègljkhg1 Ghw ndq
hnvhpshoylv ylvhv/ dw ghw xehvwhpwh lqwhjudo

] h � �

{ g{
lnnh ndq xgwu|nnhv yhg euxj di hqgholjw pdqjh di v|perohuqh {>.>�> �> @> �

s> vlq> frv> h{s> oq
vdpw gh qdwxuoljh wdo1 Vndo yl dowvè ehvwhpph hnvhpshoylv U

�

�
��� �

� g{ q|wwhu ghw
lnnh phjhw dw vljh/ dw gd ixqnwlrqhq { :�$ � � �

� hu nrqwlqxhuw sè lqwhuydoohw
^4> 5`/ vè kdu ghq rjvè hq vwdpixqnwlrq I sè ghw lqwhuydo/ rj lqwhjudohw hu eorw
I +5,� I +4,1 Yl ndq mr lnnh dqjlyh qrjhq irupho iru I / lkyhuwidog lnnh hq/ ghu
nxq euxjhu gh ryhqdqiûuwh v|perohu1

L vègdqqh wloiéogh ndq pdq juleh wlo qxphulvn lqwhjudwlrq1 Ghu hu khu pdqjh
phwrghu1 Pdqjh di glvvh hu �eorw� phuh hoohu plqguh h�hnwlyh yduldqwhu di gh�0
qlwlrqhq di ghw ehvwhpwh lqwhjudo vrp hq juéqvhyéugl iru Ulhpdqqvxpphu1 Yl
vndo khu ehwudjwh 6 iruvnhooljh phwrghu= Plgwsxqnwvphwrghq/ wudsh}phwrghq rj
Vlpsvrqv phwrgh1 Ghq vlgvwh hu jhqhuhow ghq ehgvwh di gh wuh1

Glvvh phwrghu jhqqhpjèv khu sulpéuw iru dw jlyh hq iruvwèhovh di/ kydg hq
qxphulvn lqwhjudwlrqvphwrgh hu1 Kdu pdq xghq iru ghwwh nxuvxv hw ehvwhpw
lqwhjudo/ vrp pdq ûqvnhu xguhjqhw qxphulvn/ eûu pdq euxjh hw jrgw frpsxw0
husurjudp/ vrp i1hnv1 Pdsoh1 Iru hw lqwhjudo vrp ghw ryhqqéyqwh hu hq jrg
orpphuhjqhu rjvè xgpéunhw1

81714 Plgwsxqnwvphwrghq
Ylo yl xguhjqh lqwhjudohw U

�

� i +{,g{ ndq yl dssurnvlphuh yhg hq Ulhpdqqvxp
�

[

�
� �

i +w � , +{ � � { �
� � ,
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kyru d @ { � ? { � ? { � ? = = = ? { � � � ? { � @ e/ rj kyru w � wdjhv l plgwhq di
lqwhuydoohw ^{ �

� � > { � `/ dowvè w � @ �
� +{ �

� � . { � ,1 Ghvxghq odghu yl lqggholqjhq yéuh
énylglvwdqw/ g1y1v1 dw dooh gholqwhuydoohuqh ^{ �

� � > { � ` hu oljh odqjh1 Oéqjghq di
ghw hqnhowh gholqwhuydo ndoghu yl k/ dowvè k @ �

� �

� 1 Khuphg hu { � @ d . lk/ rj
w � @ d. �l� ��

�k1 Yl dssurnvlphuhu doowvè lqwhjudohw yhg

P � @
�

[

�
� �

i +w � ,k

Yl pè iruyhqwh/ dw dssurnvlpdwlrqhq eolyhu ghvwr ehguh mr vwûuuh q hu/ dowvè mr
plqguh k hu1 Ghw hu gd rjvè uljwljw/ lghw ghw ndq ylvhv/ dw

]
�

�

i +{,g{�P � @ e� d
57 i � � +�,k �

iru hw hoohu dqghw � 5 `d> e^1 Gd hnvsrqhqwhq wlo k ryhqiru hu 5/ ndoghv phwrghq
iru hq dqghqrughqv phwrgh1

Euxjhu pdq kûmuh hqghsxqnw l vwhghw iru plgwsxqnwhw l kyhuw gholqwhuydo/ ièu
pdq kûmuh0hqghsxqnwvphwrghq1 Wlovyduhqgh gh�qhuhv yhqvwuh0hqghsxqnwvphwrghq1

81715 Wudsh}phwrghq
Yl ylo ljhq �qgh hq dssurnvlpdwlrq wlo lqwhjudohw U

�

� i +{, g{> rj euxjhu dwwhu hq
énylglvwdqw lqggholqj1 Yhg wudsh}0dssurnvlpdwlrqhq W � iruvwèv jhqqhpvqlwwhw
di uhvxowdwhuqh di kûmuh0 rj yhqvwuh0hqghsxqnwvphwrghuqh1 Qèu i +{, � 3 ndq W �
ndq rjvè ehvnulyhv vrp ghw vdpohgh duhdo di hq uénnh wudsh}hu/ ghudi qdyqhw1
Irupohq o|ghu

W � @ k
5 +i +{ � , . 5i +{ � , . 5i +{ � , . = = =. 5i +{ � � � , . i +{ � ,,

Khu hu oéqjghq di ghw hqnhowh gholqwhuydo k/ dowvè k @ �
� �

� 1 Yl pè iruyhqwh/ dw
dssurnvlpdwlrqhq eolyhu ghvwr ehguh mr plqguh k hu1 Ghw hu gd rjvè uljwljw/ lghw
ghw ndq ylvhv/ dw

]
�

�

i +{,g{� W � @ �e� d
45 i � � +�,k �

iru hw hoohu dqghw � 5 `d> e^1 Gd hnvsrqhqwhq wlo k ryhqiru hu 5/ ndoghv phwrghq
iru hq dqghqrughqv phwrgh1
Ehpéunqlqj 568 Gd ghq ihmo/ ghu ehjèv yhg dw dffhswhuh P � hoohu W � vrp
huvwdwqlqj iru U

�

� i +{,g{/ l ehjjh wloiéogh hu olj phg ni � � +�,k � / kyru n hu hq
nrqvwdqw/ hu ehjjh phwrghu hnvdnwh sè iûuvwhjudgvsro|qrplhu1
81716 Plgwsxqnwvphwrghq rj wudsh}phwrghq l Pdsoh
Ehuhjqlqjhuqh iruhjèu yhg kméos di nrppdqgrhuqh plggohvxp rj wudsh}rlg/
ghu ehjjh +vdpphq phg uljkwvxp rj ohiwvxp, oljjhu l vwxghqwsdnnhq1 L vwxghqw0
sdnnhq oljjhu rjvè looxvwudwlrqvnrppdqgrhuqh plggoher{/ uljkwer{ rj ohiwer{1
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Ghu hu lqjhq �wudsh}er{�1 Ghq hu phjhw qhp dw odyh xgiud +i1hnv1, plggoher{1
Ghw kdu mhj jmruw/ rj mhj kdu dqeudjw surfhgxuhq sè nxuvxvkmhpphvlghq xqghu
Qrwhu1 Khu ylvhu yl euxjhq di nrppdqgrhuqh sè lqwhjudohw U

�

�
� � �

� g{=1
i=@ { � A h{s+0{,2{>
zlwk+vwxghqw,>
plggoher{+ i+{,/ {@4115/ 7,> & Vlgvwh dujxphqw hu dqwdo gholqwhuydoohu q
plggohvxp+ i+{,/ {@4115/ 7,> &Jlyhu hq �wuéj� vxp/ ehpéun ghw vruwh

vxpphwhjq
ydoxh+(,>
hydoi+(,>

Nrppdqgrhuqh uljkwvxp/ ohiwvxp rj wudsh}rlg ylunhu jdqvnh vrp plggoh0
vxp1 Nrppdqgrhuqh uljkwer{/ ohiwer{ rj wudsh}er{ +iud kmhpphvlghq, ylunhu
jdqvnh vrp plggoher{1

81717 Vlpsvrqv phwrgh
Yl ylo �qgh hq dssurnvlpdwlrq wlo lqwhjudohw U

�

� i +{,g{> rj euxjhu hq énylglvwdqw
lqggholqj d @ { � ? { � ? { � ? = = = ? { � � � ? { � @ e1 Dw lqggholqjhq hu
énylglvwdqw ehw|ghu vrp qéyqw/ dw divwdqghq phoohp wr sè klqdqghq iûojhqgh
{ � *hu hu nrqvwdqw rj ghuiru olj phg k @ �

� �

� = Phwrghq qûgyhqgljjûu/ dw q wdjhv
vrp hw oljh srvlwlyw khow wdo1

Lgìhq l phwrghq hu/ dw dssurnvlphuh lqwhjudqghq yhg hq Wxeruj0ixqnwlrq
ehvwèhqgh di sro|qrplhu di kûmvw dqghq judg= Sè lqwhuydoohw ^{ � > { � ` ehvwhpphv
hw sro|qrplxp s di kûmvw dqghq judg/ ghu kdu vdpph ixqnwlrqvyéuglhu vrp i
l gh 6 sxqnwhu { � > { � rj { � 1 Ghwwh sro|qrplxp euxjhv vè vrp huvwdwqlqj iru
i sè ^{ � > { � `1 Sè vdpph pègh �qghv hw +dqghw, sro|qrplxp di kûmvw dqghq
judg/ ghu kdu vdpph ixqnwlrqvyéuglhu vrp i l gh 6 sxqnwhu { � > { � rj { � 1 Ghwwh
sro|qrplxp euxjhv vè vrp huvwdwqlqj iru i sè ^{ � > { � `1 Vèohghv iruwvéwwhv wlo
pdq wlovlgvw kdu ehvwhpw hw sro|qrplxp di kûmvw dqghq judg/ ghu kdu vdpph
ixqnwlrqvyéuglhu vrp i l gh 6 sxqnwhu { � �

� > { � � � rj { � 1 Ghwwh sro|qrplxp
euxjhv vè vrp huvwdwqlqj iru i sè ^{ � �

� > { � `1 Pdq vhu/ kyruiru q vndo yéuh oljh1
Ghq ryhqiru ehvwhpwh Wxeruj0ixqnwlrq lqwhjuhuhv ghuhiwhu sè ^d> e`1 Xg di hq

vègdq ehuhjqlqj nrpphu Vlpsvrqv irupho/ vrp yl qx vndo xgohgh1
Ghw hu qrn dw ehwudjwh lqwhuydoohw ^{ � > { � `/ lghw gh ixqgqh irupohu xghq ylghuh

ndq euxjhv sè gh dqguh lqwhuydoohu1 Yl kdu/ dw { � @ d> { � @ d.k rj { � @ d.5k1
Yhg dw sdudoohoiruvn|gh judihq iru i odqjv {0dnvhq ndq yl 0 xghq dw éqguh sè
lqwhjudohwv yéugl 0 rsqè/ dw { � @ �k> { � @ 3 rj { � @ k1 Ghw jûu ehuhjqlqjhuqh
phjhw vlpsohuh1

Yl vndo qx ehvwhpph sro|qrplhw s +{, @ D{ � .E{. F/ vè
s +�k, @ i +�k,
s +3, @ i +3,
s +k, @ i +k,
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Phg ehwhjqhovhuqh | � � @ i +�k, > | � @ i +3, rj | � @ i +k,/ vndo yl dowvè
ehvwhpph nrh!flhqwhuqh D>E rj F/ vè

D +�k, � .E +�k, . F @ | � �

D � 3 � .E � 3 . F @ | �
Dk � .Ek. F @ | �

g1y1v1 dw F @ | � rj
Dk � �Ek @ | � � � | �
Dk � .Ek @ | � � | �

Yhg dgglwlrq di gh wr oljqlqjhu ièv
5Dk � @ | � � � 5| � . | �

kyruphg D hu ehvwhpw1 E ehvwhpphv rjvè ohw/ phq ghw vndo ylvh vlj/ dw yl
lqjhq euxj kdu iru E1 Xguhjqhu yl qhpolj lqwhjudohw/ vhu yl/ dw E lnnh lqgjèu l
uhvxowdwhw=

] �

� �
s +{,g{ @

] �

� �

�D{ � .E{. F� g{

@
�4
6D{

� . 4
5E{ � . F{

� �

� �

@ 5
6Dk

� . 5Fk
Phg gh ixqgqh yéuglhu iru D rj F ièv

] �

� �
s +{,g{ @ 5

6Dk
� . 5Fk @ k

6
�5Dk � �. 5Fk

@ k
6 +| � � � 5| � . | � , . 5| � k

@ k
6 +| � � . 7| � . | � ,

@ k
6 +i +�k, . 7i +3, . i +k,,

Khuphg eolyhu Vlpsvrqv dssurnvlpdwlrq V � wlo lqwhjudohw U
�

� i +{,g{ vrp iûojhu

V � @ k
6 +i +{ � , . 7i +{ � , . i +{ � ,, . k

6 +i +{ � , . 7i +{ � , . i +{ � ,, . = = =
= = =. k

6 +i +{ � �
� , . 7i +{ � � � , . i +{ � ,,

ghu ndq rpvnulyhv wlo
V � @@ k

6 +i +{ � , . 7i +{ � , . 5i +{ � , . 7i +{ � , . 5i +{ � , . = = =. 5i +{ � �
� , . 7i +{ � � � , . i +{ � ,,
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Ghw ndq ylvhv/ dw
]

�

�

i +{,g{� V � @ �e� d
4;3 i � � � +�,k �

iru hw hoohu dqghw � 5 `d> e^1 Gd hnvsrqhqwhq wlo k ryhqiru hu 7/ ndoghv phwrghq
iru hq imhughrughqv phwrgh1
Ehpéunqlqj 569 Gd ghq ihmo/ ghu ehjèv yhg dw dffhswhuh V � vrp huvwdwqlqj iru
U

�

� i +{,g{ hu olj phg � �
� �

� � � i � � � +�,k � / hu Vlpsvrqv phwrgh hnvdnw sè wuhglhjudg0
vsro|qrplhu/ kylonhw hu ryhuudvnhqgh/ gd i eohy dssurnvlphuhw yhg hq Wxeruj0
ixqnwlrq di sro|qrplhu di kûmvw dqghq judg1
Hnvhpsho 56: Yl ylo �qgh hq qxphulvn dssurnvlpdwlrq wlo lqwhjudohw U �

�
�

� g{1Yéuglhq di ghwwh lqwhjudo hu oq 5/ ghu phg 43 ehw|ghqgh fliuh hu 3=9<647:4;391
Yl suûyhu Vlpsvrqv phwrgh phg q @ 5 rj q @ 71 Lqwhjudqghq hu i +{, @ �

� 1 Yl�qghu/ qèu q @ 5

V � @
��

6
�

i +4, . 7i
�6
5
�

. i +5,
�

@ 4
9
�

4 . ;
6 . 4

5
�

@ 58
69 �@ 3= 9<77

rj qèu q @ 7

V � @
��

6
�

i +4, . 7i
�8
7
�

. 5i
�6
5
�

. 7i
�:
7
�

. i +5,
�

@ 4
45

�

4 . 49
8 . 7

6 . 49
: . 4

5
�

@ 4:7:
5853 �@ 3= 9<66

Doohuhgh qx v|qhv ghw lnnh xulpholjw dw sèvwè/ dw lqwhjudohwv yéugl phg 6 eh|ghqgh
fliuh hu 3=9<61 Uhjqhu pdq ylghuh �qghu pdq iru q @ ;/ dw V � @ 3=9<6487863:
rj iru q @ 49/ dw V � � @ 3=9<647:985:1 L ghw vlgvwh uhvxowdw hu ghq idnwlvnh ihmo

oq 5� V � � @ 3=9<647:4;39� 3=9<647:985: @ �7= :54� 43 �
�

Ghw hu vméoghqw/ dw pdq euxjhu ghw whruhwlvnh xgwu|n � �
� �

� � � i � � � +�,k � wlo hq yxu0
ghulqj di ihmohq1 Ghw hu iru ghw iûuvwh wlw ehvyéuoljw dw yxughuh sè ghq 71 d hghgh/
rj iru ghw dqghw eolyhu yxughulqjhq riwh dowiru shvvlplvwlvn1 L ghw iruholjjhqgh
wloiéogh �qghu yl/ gd i � � � +{, @ 57{ �

� / dw
]

�

�

4
{g{� V � @ �e� d

4;3 i � � � +�,k � @ � 5
48

4
� � k �

kyru � 5 ^4> 5`1 Khudi ièv/ gd ghw yéuvw wéqnholjh � hu � @ 4/ dw
�

�

�

�

]
�

�

4
{g{� V �

�

�

�

�

@ 5
48

4
� � k � � 5

48k
�
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Iru q @ 49 hu k @ �
� � / vè yruhv yxughulqj eolyhu

�

�

�

�

]
�

�

4
{g{� V � �

�

�

�

�

� 5
48

� 4
49

�

� �@ 5= 367 8� 43 �
�

Ghqqh ûyuh juéqvh iru ihmohq hu dowvè fd1 7 jdqjh vè vwru vrp ghq idnwlvnh ihmo1
Ehwudjwhv l vwhghw lqwhjudohw U �

��
�

� g{/ ghu rjvè kdu yéuglhq oq 5/ rj xgiûuhv gh
vdpph uhjqlqjhu/ �qghu pdq +ljhq phg q @ 49,/ dw ghq yxughuhgh ûyuh juéqvh
iru ihmohq yhg V � � hu fd1 :3 jdqjh vwûuuh hqg ghq idnwlvnh ihmo1
Vlpsvrqv phwrgh l Pdsoh
Ehuhjqlqjhuqh iruhjèu yhg kméos di nrppdqgrhq vlpsvrq/ ghu oljjhu l vwxghqw0
sdnnhq1 Yl disuûyhu nrppdqgrhq sè U

�

�
� � �

� g{1
i=@ { � A h{s+0{,2{>
zlwk+vwxghqw,>
vlpsvrq+ i+{,/ {@4115/ 7,> &Jlyhu hq �wuéj� vxp/ ehpéun ghw vruwh vxp0

phwhjq
ydoxh+(,>
hydoi+(,>
Ghw vlgvwh rxwsxw hu 3=4:38;;<3;51 Ghq hnvdnwh yéugl ndq Pdsoh xgwu|nnh

yhg euxj di hq ixqnwlrq Hl/ ghu ndoghv hnvsrqhqwldolqwhjudohw1 Ehghu pdq ghuhiwhu
rp hq ghflpdoeuûnvwloqéuphovh wlo ghqqh hnvdnwh yéugl +yhg kméos di hydoi,/ ièu
pdq 3=4:37;6756:1 Suûyhu pdqphg irugreolqjhu di q/ ièv V � @ 3=4:37<39<53> V � � @
3=4:37;6;<3; rj V � � @ 3=4:37;678651 Jèu pdq ylghuh/ eûu pdq qrn ehgh Pdsoh
rp dw uhjqh phg  huh ehw|ghqgh fliuh hqg vrp kìu 431
Ehpéunqlqj 56; Pdsoh ndq �qgh hq vwdpixqnwlrq wlo � � �

� / phq nljjhu pdq
l kméoshq wlo hnvsrqhqwldolqwhjudohw Hl +hoohu nljjhu pdq l hq pdwhpdwlvn irupho0
vdpolqj/ vrp i1hnv1 Vfkdxp,/ vè �qghu pdq xg di/ dw Hl vhoy hu gh�qhuhw yhg hw
lqwhjudo/ ghu plqghu hq kho gho rp ghw jlyqh1

Vlwxdwlrqhq hu qrjhw qéu iûojhqgh1 Yl ndq lnnh ehvwhpph hq vwdpixqnwlrq
wlo ghq nrqwlqxhuwh ixqnwlrq i= Lnnh ghvwr plqguh kdu ghq mr hq vègdq1 Idnwlvn
hu

I +{, @
] �

�

i +w,gw
hq vwdpixqnwlrq wlo i xdqvhw yéuglhq di nrqvwdqwhq d +vèoéqjh i hu nrqwlqxhuw
sè ghw lqwhuydo/ ghu lqwhjuhuhv ryhu,1 Odg rv vljh/ dw yl wlw ièu euxj iru I 1 Vè
jlyhu yl ghq hw yhonolqjhqgh qdyq rj vwxghuhu ghq= Ilqghu hjhqvndehu yhg ghq/
wdehooéjjhu ghq +i1hnv1 y1km1d1 Vlpsvrqv phwrgh,1 Qèu vè I hu rswdjhw l ghw jrgh
vhovnde vdpphq phg vlq> frv> oq> h{s>Hl r1v1y1 ndq yl phg jrg uhw vljh dw yl nhqghu
hq vwdpixqnwlrq wlo i 1 Hw hnvhpsho hu ghw vèndogwh vlqxvlqwhjudo1 Ghqqh ixqnwlrq
gh�qhuhv yhg

Vl +{, @
] �

�

vlq w
w gw

iru dooh { 5 U1
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81718 Qxphulvn xguhjqlqj di lqwhjudo phg vlqjxodulwhw hoohu
phg 	4 vrp juéqvhu

Qèu ghu l divqlwwhw rp qxphulvn lqwhjudwlrq eohy dqiûuw/ dw ihmohq yhg plgwsxqn0
wvphwrghq/ wudsh}phwrghq rj Vlpsvrqv phwrgh ydu khqkrogvylv +phg k @ �

� �

� ,
]

�

�

i +{,g{�P � @ �e� d
57 i � � +�,k �

]

�

�

i +{,g{� W � @ e� d
45 i � � +�,k �

]
�

�

i +{,g{� V � @ �e� d
4;3 i � � � +�,k �

vè ydu iruxgvéwqlqjhq iru ghw iûuvwh/ dw lqwhjudwlrqvlqwhuydoohw ^d> e` ydu eh0
juéqvhw1Ghvxghq hu ghw iru gh iûuvwh wr phwrghuv yhgnrpphqgh xqghu iruxgvéw0
qlqj di/ dw i hu ìq jdqj gl�huhqwldeho rj i � nrqwlqxhuw sè ghw oxnnhgh lqwhuydo
^d> e`/ rj dw i � � hnvlvwhuhu sè `d> e^1 Iru Vlpsvrqv phwrghv yhgnrpphqgh ehkûyhv
ghw/ dw i hu wuh jdqjh gl�huhqwldeho rj i � � � nrqwlqxhuw sè ghw oxnnhgh lqwhuydo
^d> e`/ rj dw i � � � hnvlvwhuhu sè `d> e^1 Iru lqwhjudohu phg vlqjxodulwhwhu hoohu ryhu hw
xehjuéqvhw lqwhjudwlrqvlqwhuydo jéoghu glvvh iruxgvéwqlqjhu lnnh doohvdpphq1
Qèu ^d> e` hu ehjuéqvhw iruklqguhu ghwwh grj lnnh/ dw yl vwdglj kdu/ dw P � > W � rj
V � $ U

�

� i +{, g{ iru q $ 4/ phq yl kdu eorw lnnh vw|u sè ihmohq1 Ghq uhodwlyh
ihmo ndq yéuh ehw|gholjw vwûuuh hqg ghq hu iru lqwhjudohu/ ghu rsi|oghu gh qéyqwh
iruxgvéwqlqjhu1

Hnvhpsho 56< Ehwudjw lqwhjudohuqh U �
�

�
�

� g{ rj U �
� � vlq +�{,g{1 Ehjjh kdu

yéugl 51 Gh idnwlvnh ihmo yhg plgwsxqnwvphwrghq hu iru q @ 49> 65> 97> 45;> 589> 845> 4357
iru iûuvwh lqwhjudo khkrogvylv

3=484> 3=43:> 3=3:89> 3=3868> 3=36:;> 3=359:> 3=34;<
Iru ghw dqghw lqwhjudo hu gh wlovyduhqgh ihmo
�3=33655>�=333;36>�5=34�43 �

� >�8=35�43 �
� >�4=59�43 �

� >�6=47�43 �
� >�3=:;7�43 �

�

Wudsh}phwrghq rj Vlpsvrqv phwrgh hu vohw lnnh hjqhgh wlo lqwhjudohw U �
�

�
�

� g{
lghw ehjjh phwrghu euxjhu lqwhuydohqghsxqnwhuqh1

Pdq ndq lplgohuwlg yhg vxevwlwxwlrq volssh di phg hq vlqjxodulwhw hoohu éqguh
hw xehjuéqvhw lqwhjudwlrqvlqwhuydo wlo hw ehjuéqvhw1 Yl jlyhu hw sdu hnvhpsohu1
Hnvhpsho 573 Ehwudjw lqwhjudohw

] �

�

vlq{
{ � �

g{
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vrp yl wlgoljhuh +yhg vdpphqoljqlqj, kdu ylvw hnvlvwhuhu1 Vxevwlwxwlrqhq { @
w � > w � 3> iûuhu wlo

] �

�

vlq{
{ � �

g{ @ 5
]

� �

�

vlq �w � �
w � gw

Lqwhjudohw sè kûmuh vlgh kdu lqjhq vlqjxodulwhw/ lghw
olp��� �

vlq �w � �
w � @ 4

Véwwhv i +w, @ � � � + � � ,
� � iru w 9@ 3 rj i +3, @ 4 hu i ghuphg nrqwlqxhuw l khoh U1

Idnwlvn hu i hqgrj ylonèuoljw riwh gl�huhqwldeho l U1 Vlpsvrqv phwrgh eûu ghuiru
nxqqh dqyhqghv sè 5 U

� �
� i +w,gw phg jrgw uhvxowdw1 Phg q @ 5> 7> ;> 49> 65> 97

ièv
5=:4;843445> 5=98:543:88> 5=984:8;58;> 5=9847;9476> 5=9847:35<6> 5=98479<64;
Ghw hnvdnwh uhvxowdw hu liûojh Pdsoh 5s5�IuhvqhoF �s5�/ ghu phg 43 ehw|ghqgh
fliuh hu 5=98479<5871 Vlpsvrqv phwrgh phg q @ 97 jdy dowvè hq idnwlvn ihmo sè�9=7� 43 �

� 1
Hnvhpsho 574 Lqwhjudohw

]
�

�
h � �

�

g{

ndq yhg hw vqlogw wulfn xguhjqhv wlo � �
� 1 Yl ylo yhg hq vxevwlwxwlrq rpvnulyh

lqwhjudohw wlo hw lqwhjudo ryhu hw ehjuéqvhw lqwhuydo1 Yl ehq|wwhu vxevwlwxwlrqhq
w @ dufwdq{/ dowvè { @ wdq w/ kyruyhg g{ @ �4 . wdq � w� gw/ vè yl kdu

]
�

�
h � �

�

g{ @
] � �

�
h ����� � � � �4 . wdq � w� gw

Yl kdu lnnh ièhw hw vlpsohuh xgvhhqgh lqwhjudo/ phq lqwhjudwlrqvlqwhuydoohw hu eh0
juéqvhw/ rj ehpéun/ dw gd h � �

�
�4 . { � � $ 3 iru { $ 4/ kdu yl/ dw h ����� � � � �4 . wdq � w� $

3 iru w % �
� 1 Dowvè kdu lqwhjudqghq lqjhq vlqjxodulwhw l lqwhuydoohw �3> �

�
�1 Ghw

ndq ylvhv/ dw kylv lqwhjudqghqv yéugl véwwhv wlo 3 iru w @ �
� / vè hu lqwhjudqghq

ylonèuoljw riwh gl�huhqwldeho l �3> �
�
�1 Vlpsvrqv phwrgh phg q @ ;> 49> 65> 97 jlyhu

+lghw uhjqlqjhuqh xgiûuhv l Pdsoh phg 45 ehw|ghqgh fliuh,=
3=;;::<9<<5<65> 3=;;95<79<639;> 3=;;9559:84:77> 3=;;9559<587<6

phghqv � �
� �@ 3=;;9559<587881 Vlpsvrqv phwrgh phg q @ 97 jdy dowvè hq idnwlvn

ihmo sè �6=;� 43 � � � 1



Ndslwho 9

Hnvhpsohu sè Dqyhqghovhu
di Gl�huhqwldooljqlqjhu
Ghwwh ndslwho lqghkroghu nxq hq uénnh hnvhpsohu sè gl�huhqwldooljqlqjhu1 Ghu hu
lqjhq oûvqlqjhu1 Hqnhowh hu grj euxjw vrp hnvhpsohu l gh iûojhqgh ndslwohu1 Gh
ûyuljh ndq euxjhv vrp rsjdyhu1

Hnvhpsho 575 Hnvsrqhqwlho yénvw1 Yénvw di hq srsxodwlrq/ ednwhulhu hn0
vhpshoylv1 Odg | +w, ehwhjqh dqwdoohw di ednwhulhu l hq ednwhulhnxowxu wlo wlghq w1
Hq vlpsho prgho vljhu/ dw wloyénvwhq l dqwdo ednwhulhu su1 wlgvhqkhg wlo wlghq w hu
sursruwlrqdo phg ghw dqwdo pdq kdu wlo wlghq w/ dowvè

| � +w, @ n| +w,
kyru n hu hq srvlwly nrqvwdqw1
Hnvhpsho 576 Orjlvwlvn yénvw1 Yénvw di hq srsxodwlrq/ ednwhulhu hnvhp0
shoylv1 Odg | +w, ehwhjqh dqwdoohw di ednwhulhu l hq ednwhulhnxowxu wlo wlghq w1 Hq
olgw iruehguhw prgho vljhu/ dw wloyénvwhq l dqwdo ednwhulhu su1 wlgvhqkhg wlo wlghq w
hu jlyhw yhg

| � +w, @ n| +w, +O� | +w,,
kyru n rj O hu srvlwlyh nrqvwdqwhu1 Prghoohq iruvûjhu dw wdjh khqv|q wlo/ dw
hq nxowxu xqghu ylvvh irukrog nxq wloodghu/ dw hq ylv péqjgh O di ednwhulhu
ryhuohyhu1 Ehpéun/ dw | � +w, ? 3 iru | +w, A O1 Qèu | +w, hu ehw|gholjw plqguh
hqg O hu yénvwhq qévwhq vrp iru ghq vlpsoh prgho ryhqiru1 Nlogh= M1G1 Pxuud|/
Pdwkhpdwlfdo Elrorj|/ Vsulqjhu 4<;</ ss1 40 71
Hnvhpsho 577 Hq vlpsho dxwrndwdo|wlvn nhplvn uhdnwlrq1 Yl ehwudjwhu
uhdnwlrqhq

D.U $ U.U

:8
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41 Iûuvwh wéqnhv uhdnwlrqhq dw iruhjè l hq rpuûuw wdqn xghq jhqqhpvwuûpq0
lqj1 Lghw d +w, rj u +w, ehwhjqhu nrqfhqwudwlrqhuqh +l pro2yroxphqhqkhg,/
kdu yl gd

gw @ �ndu
kyru n hu hq srvlwly nrqvwdqw +kylv whpshudwxuhq kroghv nrqvwdqw,1 Ghw
vdpohgh dqwdo pro D rj U hu èehqeduw nrqvwdqw xqghu surfhvvhq1 Dowvè
kdu yl/ dw d +w, . u +w, @ f/ kyru f hu hq srvlwly nrqvwdqw1 Ghuphg ndq
gl�huhqwldooljqlqjhq vnulyhv

gd
gw @ �nd +f� d,

51 Ghuqévw wéqnhv uhdnwlrqhq dw iruhjè l hq rpuûuw wdqn phg jhqqhpvwuûpq0
lqj1 Wdqnhq kdu uxpidqj Y rj jhqqhpvwuûqlqjhq iruhjèu phg yroxphq0
kdvwljkhg I 1 Ghw lqgnrpphqgh lqghkroghu D rj U l nrqfhqwudwlrqhu sè d �
rj u � / khqkrogvylv1 Vè jéoghu

g
gw +Y d, @ Id � � Id� Y ndu
g
gw +Y u, @ Iu � � Iu . Y ndu

Nlogh= R1 Ohyhqvslho/ Fkhplfdo Uhdfwlrq Hqjlqhhulqj/ Mrkq Zloh|/ 5qg
hg1/ ss189 rj 4861

Hnvhpsho 578 Udglrdnwlyw khqidog1 Dqwdj dw vwr�hw D hu udglrdnwly rj khq0
idoghu wlo vwr�hw E/ ghu ljhq hu udglrdnwly rj khqidoghu wlo vwr�hw F/ vrp hu vwdelow=

D $ E $ F
Odg d +w, > e +w, rj f +w, ehwhjqh dqwdoohw di dwrphu di vwr�huqh D>E rj F wlo wlghq
w/ khqkrogvylv1 Lghw yl vwduwhu phg uhqw D wlo wlghq 3/ jéoghu iûojhqgh gl�huhq0
wldooljqlqjhu

gd
gw @ �n � d
ge
gw @ n � d� n � e
gf
gw @ n � e

phg ehj|qghovhvehwlqjhovhuqh d +3, @ d � / e +3, @ 3 rj f +3, @ 31 Khu hu n � rj
n � khqidogvnrqvwdqwhuqh iru vwr�huqh D rj E1 Rsjdyhq ehvwèu l dw ehvwhpph
d +w, > e +w, rj f +w, iru w � 3= L vwhghw iru dw wéqnh sè udglrdnwlyw khqidog nxqqh
yl odgh vnhpdhw uhsuévhqwhuh wr luuhyhuvleoh iûuvwhrughqv nhplvnh uhdnwlrqhu1
Hnvhpsho 579 Hohphqwéu uhyhuvleho uhdnwlrq1 L hq rpuûuw rj oxnnhw wdqn
iruhjèu uhdnwlrqhq

D.E  U. V



::

Lghw d +w, > e +w, > u +w, rj v +w, ehwhjqhu nrqfhqwudwlrqhuqh +l pro2yroxphqhqkhg,
di D>E>U rj V khqkrogvylv/ kdu yl

gd
gw @ �n � de. n � uv

kyru n � rj n � hu srvlwlyh nrqvwdqwhu +kylv whpshudwxuhq kroghv nrqvwdqw,1 Yl
xgq|wwhu qx/ dw iruvnhoohq phoohp dqwdo pro di D rj E hu nrqvwdqw/ dowvè kdu yl/
dw d +w,� e +w, @ f � 1 Ghw vdpph jéoghu iru U rj V/ phq yl ylo khoohuh xgq|wwh/
dw vxpphq di dqwdo pro di D rj U rj vxpphq di dqwdo pro di D rj V ehjjh
hu nrqvwdqwh/ dowvè d +w, . u +w, @ f � rj d +w, . v +w, @ f � 1 Ghuphg ndq e> u rj v
holplqhuhv iud ghq rsulqgholjh gl�huhqwldooljqlqj/ rj yl �qghu

gd
gw @ �n � d +d� f � , . n � +f � � d, +f � � d,

Èehqeduw hu f � rj f � srvlwlyh nrqvwdqwhu/ phqv nrqvwdqwhq f � xgpéunhw ndq yéuh
qhjdwly1 Nlogh= R1 Ohyhqvslho/ Fkhplfdo Uhdfwlrq Hqjlqhhulqj/ Mrkq Zloh|/ 5qg
hg1/ s1431
Hnvhpsho 57: Oduyhprgho1 Hq prgho iru yénvwhq di hq ylv oduyh l Qhz
Euxqvzlfn*v vnryh +Vsuxfh Exgzrup/ Iruhvw Ohslgrswhud, hu vrp iûojhu/ lghw
x +w, hu hw pèo iru dqwdo oduyhu su1 duhdohqkhg wlo wlghq w=

gx
gw @ ux

�

4� x
t
�� x �

4 . x �

Khu hu u rj t srvlwlyh nrqvwdqwhu1 Nlogh= M1G1 Pxuud|/ Pdwkhpdwlfdo Elrorj|/
Vsulqjhu 4<;</ ss1 70;1
Hnvhpsho 57; Elrorjlvn vsloghydqgvuhqvqlqj1 L hq rpuûuw wdqn phg jhq0
qhpvwuûpqlqj eh�qghu vlj hq w|sh plnurrujdqlvphu/ [/ rj hw qéulqjvvxevwudw
V1 Wdqnhq kdu uxpidqj Y rj jhqqhpvwuûqlqjhq iruhjèu phg yroxphqkdvwljkhg
I 1 Ghw lqgnrpphqgh lqghkroghu [ rj V l nrqfhqwudwlrqhu sè { � rj v � / khq0
krogvylv1 Vè jéoghu l hq hqnho prgho

g
gw +Y {, @ I{ � � I{. Y

� � � {v
N . v � n{

�

g
gw +Y v, @ Iv � � Iv� Y � � {v

N . v
Nlogh= Phwfdoi ) Hgg|/ Zdvwhzdwhu Hqjlqhhulqj/ PfJudz0Kloo/ 4<:</ s1 74<1
Hnvhpsho 57< Irugholqj di rujdqlvn pdwhuldoh l hq  rg1 Yl ehwudjwhu
hq  rg/ ghu eh�qghu vlj l hq vwdwlrqéu wlovwdqg1 Nrqfhqwudwlrqhq di rujdqlvn
pdwhuldoh l divwdqghq { iud hw jlyhw vwhg yhg  rghq ehwhjqhv phg f +{,1 Ghqqh
vwûuuhovh dqwdjhv dowvè xghoxnnhqgh dw dikéqjh di {1 L hq prgho iru ghqqh vwd0
wlrqéuh vwuûpqlqj jéoghu

H g
g{

�

D +{, gfg{
�� I gf

g{ � nD +{, f @ 3
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kyru D +{, ehwhjqhu  rghqv wyéuvqlwvduhdo sè vwhghw {/ I hu yroxphqkdvwljkhghq1
H rj n hu srvlwlyh nrqvwdqwhu1 Nlogh= D1 Mdphv +Hglwru,/ Pdwkhpdwlfdo Prghov
lq Zdwhu Srooxwlrq Frqwuro/ Mrkq Zloh|/ 4<:;/ ss1770831
Hnvhpsho 583 Ghw pdwhpdwlvnh shqgxo1 Hq sduwlnho phg pdvvhp hu rskéqjw
l hq vwly pdvvhoûv vwdqj di oéqjgh o1 Sdulnohq vylqjhu iuhp rj wloedjh vrp hw
shqgxo1 Sduwlnohq ehyéjhu vlj l hq rulhqwhuhw orguhw sodq1 Ylqnohq iud orgolqlhq
+uhjqhw phg iruwhjq, wlo wlghq w ehwhjqhv phg � +w,1 W|qjghdffhohudwlrqhq ehwhj0
qhv vrp végydqoljw phg j= Lghw ghu lnnh hu oxiwprgvwdqg rj hm khoohu jqlgqlqj l
rpguhmqlqjvsxqnwhw/ jéoghu liûojh Qhzwrqv 51ory

pog
� �
gw � @ �pj vlq �

Hnvhpsho 584 Phglflqv h�hnw l hq rujdqlvph1 Ghw dqwdjhv/ dw hq phglflq
[ iruèuvdjhu hq h�hnw di vwûuuhovh } +w, wlo wlghq w> rj dw yl kdu

g}
gw @ D{� d}

kyru { +w, ehwhjqhu phglflqnrqfhqwudwlrqhq wlo wlghq w1 D rj d hu srvlwlyh nrq0
vwdqwhu1 Ghw dqwdjhv/ dw [ irueuéqghv hq}|pdwlvn1 Khudi iûojhu/ dw hq ulpholj
prgho iru ghqqh irueuéqglqj hu

g{
gw @ � e{

4 . �

�

kyru e rj N hu srvlwlyh nrqvwdqwhu1 Nlogh= Q1 Udvkhyvn| +Hglwru,/ Sk|vlfrpdwk0
hpdwlfdo Dvshfwv ri Elrorj|/ Dfdghplf Suhvv/ 4<95/ s1 6561
Hnvhpsho 585 Eûmqlqj di eméonhu1 Hq eméonh hu sodfhuhw ydqguhw rj xq0
ghuvwûwwhw l hqghuqh1 Eméonhq xgvéwwhv iru hq ydqguhw nudiw iud kyhu hqgh di
vwûuuhovhq S 1 Ghvxghq hu ghq xqghu sèylunqlqj di hq odvw irughow odqjv eméonhq
rj di lqwhqvlwhw t +{,/ kyru { hu divwdqghq iud eméonhqv hqh hqgh1 Eméonhq diyljhu
iud ydqguhw l srvlwlrqhq { phg vwûuuhovhq | +{,1 Ghqqh vwûuuhovh rsi|oghu gl�hu0
hqwldooljqlqjhq

HL g
� |

g{ � . S g � |
g{ � @ t +{,

kyru HL hu hq srvlwly nrqvwdqw/ ghu hu hw pèo iru vwlykhghq di eméonhq p1k1w ghq
sodq vrp/ eméonhq eûmhu l1 Eméonhq dqwdjhv dw yéuh v|pphwulvn p1k1w1 ghqqh
sodq1 Nlogh= V1S1 Wlprvkhqnr/ Wkhru| ri Hodvwlf Vwdelolw|/ PfJudz0Kloo/ 4<94/
s151
Hnvhpsho 586 Hw kéqjhqgh hodvwlvn ndeho1 Jlyhw hw ndeho phg nrqvwdqw
wyéuvqlwvduhdo rj di krprjhqw pdwhuldoh1 Ghw hu rskéqjw l hqghuqh/ rj glvvh
hu l vdpph kûmgh1 Hw nrruglqdwv|vwhp hu lqgodjw/ vè {0dnvhq hu sdudooho phg
iruelqghovhvolqlhq phoohp gh wr rskéqjvsxqnwhu rj |0dnvhq hu orguhw phg ghq



:<

srvlwlyh hqgh rsdg1 Ndehowuénnhw W l sxqnwhw +{> | +{,, rj | +{, ndq ylvhv dw
rsi|ogh

�

4 . W
�
� gW

g{ @ z �

u W �

K � � 4
g|
g{ @

u W �

K � � 4
kyru K hu ghq krulvrqwdoh wuénnudiw l ndeohw +vrp hu nrqvwdqw,/ rj kyru � hu
hw pèo iru ndeohwv hodvwlflwhw= Mr vwûuuh �/ ghvwr vhmjhuh hu ndeohw1 z � hu ghq0
vlwhwhq +pdvvh2uxpidqj, iûu vwuénqlqj1 Nlogh= Z1G1PdfPloodq/ Vwdwlfv dqg wkh
G|qdplfv ri d Sduwlfoh/ Gryhu/ 4<8;/ s149;1
Hnvhpsho 587 Hohnulvn nuhgvoûe1 Ehwudjw hw hohnwulvn nuhgvoûe ehvwèhqgh di
hq prgvwdqg sè U / hq vsroh phg vhoylqgxnwlrq O rj hq nrqghqvdwru phg nd0
sdflwhw F1 Nuhgvhq sèwu|nnhv hq vséqglqj sè H +w,1 Vè jéoghu/ qèu L +w, hu vwuûp0
vw|unhq wlo wlghq w

Og � L
gw � .UgL

gw . 4
F L @ gH

gw
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Ndslwho :
Gl�huhqwldooljqlqjhu di 41
rughq
:14 Hnvlvwhqv rj hqw|gljkhg
Odg G yéuh hq èehq ghopéqjgh di U � 1 L péqjghq G ehwudjwhv gl�huhqwldo0
oljqlqjhq

g|
gw @ i +w> |, +-,

rjvè riwh vnuhyhw | � @ i +w> |, hoohu vméogqhuh | � +w, @ i +w> | +w,,1 Khu hu i hq uhho
ixqnwlrq di 5 yduldeoh gh�qhuhw l péqjghq G1

Hnvhpsho 588 Kylv gl�huhqwldooljqlqjhq hu
g|
gw @ w � . | �

vè hu i +w> |, @ w � . | � 1
Gh�qlwlrq 589 Yhg hq oûvqlqj wlo gl�huhqwldooljqlqjhq +-, iruvwèv hq gl�huhq0
wldeho ixqnwlrq ! gh�qhuhw sè hw lqwhuydo L/ vè

! � +w, @ i +w> ! +w,,
iru dooh w 5 L=

Kxvn sè/ dw ! � +w, hu kéogqlqjhq iru wdqjhqwhq wlo judihq iru ! l sxqnwhw
+w> ! +w,,1 Xgvdjqhw ! � +w, @ i +w> ! +w,, vljhu ghuiru/ dw kéogqlqjhq iru wdqjhqwhq
wlo oûvqlqjhq ndq ehuhjqhv xgiud nhqgvnde wlo ghq ûmheolnnholjh srvlwlrq +w> ! +w,, =
Dw kdyh jlyhw hq gl�huhqwldooljqlqj � �

�
� @ | � @ i +w> |, l hw rpuègh G � U � hu

dowvè dw kdyh jlyhw hw kéogqlqjvihow =
;4
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Gh�qlwlrq 58: Kylv ghu l hwkyhuw sxqnw +w> |, 5 G hu jlyhw hq kéogqlqj i +w> |,
vljhu pdq/ dw ghu l G iruholjjhu hw kéogqlqjvihow +l qrjoh vdpphqkéqjh rjvè
ndoghw hw uhwqlqjvihow,1

Dw kdyh jlyhw hq gl�huhqwldooljqlqj di iûuvwh rughq hu dowvè dw kdyh jlyhw hw
kéogqlqjvihow1 Oûvqlqj di gl�huhqwldooljqlqjhq | � @ i +w> |, ehvwèu qx l ehvwhp0
phovh di nxuyhu/ ghu l hwkyhuw sxqnw +w> |, kdu ghq uljwljh kéogqlqj i +w> |,1

±1

±0.5

0

0.5

1

y(t)

±1 ±0.5 0.5 1
t

Kéogqlqjvihowhw iru | � @ w � . | � phg ghq oûvqlqj/ ghu rsi|oghu | +3, @ �3=7
Gh�qlwlrq 58; Hq oûvqlqj ! phg gh�qlwlrqvlqwhuydo L ndoghv pdnvlpdo/ kylv
ghu lnnh �qghv qrjhq oûvqlqj # phg gh�qlwlrqvlqwhuydo M � L> M 9@ L/ vè # +w, @
! +w, iru dooh w 5 L1

Iru hq pdnvlpdo oûvqlqj ndq gh�qlwlrqvlqwhuydoohw dowvè lnnh xgylghv1 Ghw
ndq ylvhv +phq ghw hu yho qéuphvw lqgo|vhqgh,/ dw hqkyhu oûvqlqj ndq xgylghv
wlo hq pdnvlpdo oûvqlqj1Yl vndo l ghw iûojhqgh phg rughw oûvqlqj qrupdow phqh
pdnvlpdo oûvqlqj1 Nxq qèu ghw di iruvwèhovhvpévvljh juxqgh hu yljwljw/ ylo yl
hnvsolflw qéyqh/ rp ghq ehwudjwhgh oûvqlqj hu pdnvlpdo1
Gh�qlwlrq 58< Yhg ehj|qghovhvyéuglsureohphw iru gl�huhqwldooljqlqjhq +-,
iruvwèv ehvwhpphovhq di ghq hoohu gh pdnvlpdoh oûvqlqjhu wlo +-,/ ghu rjvè rs0
i|oghu hq ehj|qghovhvehwlqjhovh di iruphq | +w � , @ | � / kyru +w � > | � , 5 G=

Hiwhu vèohghv dw kdyh ryhuvwèhw gh phvw juxqgoéjjhqgh gh�qlwlrqhu/ hu ghw
phvw suhvvhuhqgh vsûujvpèo/ rp ehj|qghovhvyéuglsureohphw iru gl�huhqwldooljqlq0
jhq +-, ryhukryhghw kdu qrjhq oûvqlqj/ rj l jlyhw idog kyru pdqjh iruvnhooljh
pdnvlpdoh oûvqlqjhu1 Yl qéyqhu iûuvw xghq ehylv hq uhq hnvlvwhqvvéwqlqj1
Véwqlqj 593 Shdqr*v hnvlvwhqvvéwqlqj1 Odg G yéuh hq èehq ghopéqjgh di
U � rj odg +w � > | � , 5 G1 Dqwdj/ dw i hu hq nrqwlqxhuw ixqnwlrq gh�qhuhw sè G1 Vè
kdu ehj|qghovhvyéuglsureohphw | +w � , @ | � iru gl�huhqwldooljqlqjhq � �

�
� @ i +w> |,

plqgvw ìq pdnvlpdo oûvqlqj1
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Ehpéunqlqj 594 Yl ehnodjhu/ dw ghu rswuéghu ehjuhehw nrqwlqxlwhw di ixqnwlrq
di 5 yduldeoh/ hw ehjuhe/ vrp oévhuhq lnnh iruprghv dw kdyh nhqgvnde wlo1 Gd
oévhuhq grj kdu nhqgvnde wlo nrqwlqxlwhwvehjuhehw iru ixqnwlrq di ìq yduldeho/ ndq
pdq kèeh/ dw ghw lqgwu|n hiwhuodghv/ dw qévwhq dooh ehj|qghovhvyéuglsureohphu
iru gl�huhqwldooljqlqjhu di iûuvwh rughq kdu plqgvw ìq oûvqlqj1

L divqlwwhw rp vhsdudeoh gl�huhqwldooljqlqjhu jlyhv hw hnvhpsho sè hq gl�hu0
hqwldooljqlqj/ ghu rsi|oghu ehwlqjhovhuqh l Shdqrv hnvlvwhqvvéwqlqj/ phq vrp kdu
phuh hqg ìq pdnvlpdo oûvqlqj jèhqgh jhqqhp hw jlyhw sxqnw +idnwlvn xhqgholjw
pdqjh,1

Kryhguhvxowdwhw l ghwwh ndslwho hu Slfdug0Olqghoùi* v véwqlqj +Hploh Slfdug/
4;8904<74/ rj Huqvw Olqghoùi/ 4;:304<79,/ phq iûuvw hq gh�qlwlrq1
Gh�qlwlrq 595 Odg i yéuh hq ixqnwlrq gh�qhuhw sè hq ghopéqjgh G di U � 1
Yl ylo vljh/ dw i rsi|oghu hq Olsvfklw}0ehwlqjhovh l G p1k1w1 |/ kylv ghu �qghv hq
nrqvwdqw O/ vè mi +w> | � ,� i +w> | � ,m � O m| � � | � m
iru kyhu wr sxqnwhu +w> | � ,/ +w> | � , 5 G1 O ylo yl ndogh hq Olsvfklw}0nrqvwdqw iru
i sè G1 Kylv G hu èehq rj kylv i rsi|oghu hq Olsvfklw}0ehwlqjhovh sè hqkyhu
ehjuéqvhw rj oxnnhw ghopéqjgh N di G/ vè ylo yl vljh/ dw i orndow l G rsi|oghu
hq Olsvfklw}0ehwlqjhovh p1k1w1 |1 Olsvfklw}0nrqvwdqwhq ndq dikéqjh di N1
Véwqlqj 596 Slfdug0Olqghoùi*v véwqlqj1 Odg G yéuh hq èehq ghopéqjgh
di U � 1 Odg i yéuh hq nrqwlqxhuw ixqnwlrq gh�qhuhw sè G/ rj dqwdj/ dw i orndow
l G rsi|oghu hq Olsvfklw}0ehwlqjhovh p1k1w1 |1 Odg +w � > | � , 5 G1 Vè kdu ehj|q0
ghovhvyéuglsureohphw | +w � , @ | � iru gl�huhqwldooljqlqjhq � �

�
� @ i +w> |, qhwrs ìq

pdnvlpdo oûvqlqj1
Nruroodu 597 Odg G yéuh hq èehq ghopéqjgh di U � 1 Odg i yéuh hq nrqwlqxhuw
ixqnwlrq gh�qhuhw sè G/ rj dqwdj/ dw i kdu hq nrqwlqxhuw sduwlho d hghw p1k1w1 |
l G1 Odg +w � > | � , 5 G1 Vè kdu ehj|qghovhvyéuglsureohphw | +w � , @ | � iru gl�huhq0
wldooljqlqjhq � �

�
� @ i +w> |, qhwrs ìq pdnvlpdo oûvqlqj1

Ehylv1 +iru Slfdug Olqghoùiv véwqlqj,1 Yl jlyhu nxq lgìhq l ehylvhw1 Dooh gh
ehvyéuoljh whnqlvnh ghwdomhu pè yl xghodgh1 Ehpéun/ dw hq gl�huhqwldeho ixqnwlrq
! gh�qhuhw sè hw lqwhuydo L hu oûvqlqj wlo ehj|qghovhvyéuglsureohphw

g|
gw @ i +w> |, > | +w � , @ | �

kyru +w � > | � , 5 G> kylv rj nxq kylv ! hu oûvqlqj wlo lqwhjudooljqlqjhq

| +w, @ | � .
]

�

���
i +v> | +v,,gv +--,

Ehpéun lûyuljw/ dw hqkyhu nrqwlqxhuw oûvqlqj wlo +--, dxwrpdwlvn hu gl�huhqwld0
eho1 Pdq vndo vè ylvh/ dw +--, kdu qhwrs ìq pdnvlpdo oûvqlqj1Pdq vndo ghov ylvh/
dw lqwhjudooljqlqjhq +--, kdu plqgvw ìq oûvqlqj +hnvlvwhqvghohq di ehylvhw,/ ghov
ylvh/ dw +--, kdu kûmvw ìq oûvqlqj +hqw|gljkhgvghohq,1



;7 NDSLWHO :1 GLIIHUHQWLDOOLJQLQJHU DI 41 RUGHQ

41 Hnvlvwhqvghohq1 Yl véwwhu ! � +w, @ | � iru dooh w1 Khuhiwhu gh�qhuhv ! � yhg

! � +w, @ | � .
]

�

� �
i +v> ! � +v,,gv

Ghuqévw gh�qhuhv ! � yhg

! � +w, @ | � .
]

�

� �
i +v> ! � +v,,gv

Vèohghv iruwvéwwhv1 Jhqhuhow gh�qhuhv ! � � � xgiud ! � yhg

! � � � +w, @ | � .
]

�

� �
i +v> ! � +v,,gv

Pdq vndo qx ylvh/ dw ixqnwlrqviûojhq +! � , �� � � nrqyhujhuhu prg hq nrqwlq0
xhuw ixqnwlrq !/ rj dw ! rsi|oghu lqwhjudooljqlqjhq +--,1 Khuphg ylo ehylvhw
iru hnvlvwhqvghohq yéuh iûuw1

51 Hqw|gljkhgvghohq1 Dqwdj/ dw ! rj #ehjjh hu oûvqlqjhu wlo lqwhjudooljqlq0
jhq +--, sè ghw oxnnhgh lqwhuydo L1 Vè iruoûehu ehjjh judihu lqghqiru hq
oxnnhw rj ehjuéqvhw ghopéqjghN diG1 Odg O @ O +N, yéuh hq Olsvfklw}0
nrqvwdqw iru i sè N1 Iru ryhuvnxholjkhghqv vn|og dqwdjhu yl/ dw w � w � 1
Dujxphqwhw hu dqdorjw iru w � w � 1 Vè ièv di +--, phg | olj khqkrogvylv !
rj #=

m! +w,� # +w,m � ]
�

� �
O m! +v,� # +v,m gv

Phq hq nrqwlqxhuw rj lnnh0qhjdwly ixqnwlrq i / ghu rsi|oghu

i +w, � O
]

�

� �
i +v,gv

ndq ylvhv dw yéuh lghqwlvn qxo1 Véwwhu yl qhpolj I +w, @ U
�

� � i +v, gv/ vè kdu
yl

I � +w, � OI +w,
Phq yl kdu

I � +w, � OI +w, +, I � +w,� OI +w, � 3+, h �
� � I � +w,� h �

� � OI +w, � 3
+, �h �

� � I +w,�
� � 3

Lqwhjudwlrq iud w � wlo w � jlyhu
h �

� ��� I +w � , � 3
dowvè I +w � , � 3 iru dooh w � � w � 1 Phq gd èehqeduw I +w � , � 3/ pè yl
nrqnoxghuh/ dw I +w � , @ 3 iru dooh w � � w � 1 Ghw vdpph pè ghuiru jéogh iru
i= Ghwwh ylvhu/ dw gh wr oûvqlqjhu ! rj # hu hqv
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Hnvhpsho 598 Yl ylo �qgh gh wr iûuvwh Slfdug0Olqghoùi dssurnvlpdwlrqhu ! �rj ! � iru ehj|qghovhvyéugl sureohphw
g|
gw @ w � . | � > | +3, @ 4

Phg | � @ 4 rj w � @ 3 �qghu yl/ lghw ! � +w, @ | � @ 4/ dw
! � +w, @ | � .

]
�

� �
i +v> ! � +v,,gv

@ 4.
]

�

�

�v � . 4� gv @ 4. w. 4
6 w

�

Khuhiwhu ièv ylghuh
! � +w, @ | � .

]
�

� �
i +v> ! � +v,,gv

@ 4 .
]

�

�

#

v � .
�

4 . v. 4
6v

�
�

� $

gv

@ 4 . w. w � . 5
6 w

� . 4
9 w

� . 5
48 w

� . 4
96 w

�

Ehpéunqlqj 599 Slfdug0Olqghoùi0dssurnvlpdwlrqhuqh ndq xgpéunhw euxjhv
vrp vxevwlwxw iru gìq hnvdnwh oûvqlqj/ vrp pdq pèvnh lnnh ndq ehvwhpph1
Ghq èehqeduh vydjkhg yhg phwrghq hu/ dw lqwhjudohw U �

� � i +v> ! � +v,,gv qéssh ndqxguhjqhv l véuoljw pdqjh wloiéogh1

:15 Vhsdudwlrq di gh yduldeoh
Hq vhsdudeho gl�huhqwldooljqlqj hu hq gl�huhqwldooljqlqj/ ghu ndq vnulyhv sè iru0
phq g|

gw @ k +w, j +|,
kyru kûmuhvlghq dowvè ndq vnulyhv vrp hw surgxnw di wr idnwruhu/ kyru ghq hqh
lnnh lqghkroghu | rj ghq dqghq lnnh lqghkroghu w +xghq jhqqhp | +w, ,1
Hnvhpsho 59: Gl�huhqwldooljqlqjhq

g|
gw @ h �

��� | +4� |,
hu vhsdudeho1

Oûvqlqj di vhsdudeoh gl�huhqwldooljqlqjhu hu mr shqvxp l j|pqdvlhw/ vè yl
iruxgvéwwhu hq ylv huidulqj phg oûvqlqjhq di vègdqqh1 Khu iûojhu grj hq qrjhw
yrogvrpw xgvhhqgh véwqlqj/ ghu vljhu/ kyrugdq oûvqlqjhuqh ndq �qghv1
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Véwqlqj 59; Ehwudjw l rpuèghw L � M gl�huhqwldooljqlqjhq
g|
gw @ k +w, j +|, +-,

kyru k hu nrqwlqxhuw sè ghw èeqh lqwhuydo L rj j nrqwlqxhuw sè ghw èeqh lqwhuydo
M1 Vè jéoghu=

41 Odg i yéuh hq ixqnwlrq/ ghu sè lqwhuydoohw L � � L rsi|oghu j +i +w,, 9@ 3 iru
dooh w 5 L � 1 Vè hu | @ i +w, oûvqlqj wlo gliihuhqwldooljqlqjhq +-, sè lqwhuydoohw
L � / kylv rj nxq kylv | @ i +w, sè lqwhuydoohw L � hu oûvqlqj wlo oljqlqjhq

] g|
j +|, @

]

k +w,gw. n +--,

iru hq hoohu dqghq nrqvwdqw n1
51 Dqwdj/ dw k lnnh hu lghqwlvn olj qxo l L1 Vè hu | @ i +w, @ | � / w 5 L/ hq

nrqvwdqw oûvqlqj wlo +-,/ kylv rj nxq kylv j +| � , @ 31
61 Kylv | @ i +w,/ w 5 L � / hu hq lnnh0nrqvwdqw oûvqlqj wlo +-, rj kylv ghu �qghv

hw w � 5 L � / vè i +w � , @ | � / kyru j +w � , @ 3/ vè jèu ghu plqgvw wr oûvqlqjhu
jhqqhp sxqnwhw +w � > | � ,1

71 Kylv ehj|qghovhvyéuglsureohphw iru +-, kdu hqw|gljw ehvwhpwh oûvqlqjhu
jhqqhp hwkyhuw sxqnw l L�M/ vè ehvwèu ghq ixogvwéqgljh oûvqlqj wlo +-, di
gh oûvqlqjhu/ ghu �qghv yhg vhsdudwlrq di gh yduldeoh +dowvè gh oûvqlqjhu/
ghu �qghv xqghu +d,, vdpw di hyhqwxhooh nrqvwdqwh oûvqlqjhu1

Ehylv1 +4, Odg | @ i +w, yéuh hq oûvqlqj wlo gl�huhqwldooljqlqjhq +-, sè
lqwhuydoohw L � � L phg j +i +w,, 9@ 3 iru dooh w 5 L � 1 Vè kdu yl

i � +w, @ j +i +w,,k +w,
iru dooh w 5 L � 1Yhg glylvlrq phg j +i +w,, ièv

i � +w,
j +i +w,, @ k +w,

Yhg xehvwhpw lqwhjudwlrq p1k1w1 w iûojhu/ dw ghu �qghv hq nrqvwdqw n/ vè
] i � +w,

j +i +w,,gw @
]

k +w,gw. n

L lqwhjudohw sè yhqvwuh vlgh lqgiûuhu yl vxevwlwxwlrqhq | @ i +w,1 Yl �qghu vè
g| @ i � +w, gw/ kyruphg yl kdu

] g|
j +|, @

]

k +w,gw. n
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kylonhw hu +--,1 Dqwdj rpyhqgw/ dw | @ i +w, hu hq oûvqlqj wlo oljqlqjhq +--, sè
lqwhuydoohw L � � L phg j +i +w,, 9@ 3 iru dooh w 5 L � iru hq hoohu dqghq yéugl di
nrqvwdqwhq n= Yl ndq vnulyh +--, sè iruphq J +|, @ K +w, . n> kyru J +|, hu
hq vwdpixqnwlrq wlo �

��� � � sè hw lqwhuydo M � � M sè kylonhw j +|, 9@ 3> rj vrp
lqghkroghu yéuglpéqjghq iru i +w, > w 5 L � / rj kyru K hu hq vwdpixqnwlrq wlo
k sè L � = Gd ghuphg i +w, @ J � � +K +w,, > hu i gl�huhqwldeho sè L � > rj yl kdu
J � +i +w,, i � +w, @ K � +w, > g1y1v1 ��� � � �

� � � � � � � @ k +w, iru dooh w 5 L � 1 Dowvè jéoghu rjvè
i � +w, @ j +i +w,,k +w, > g1y1v1 dw i sè L � rsi|oghu +-,1

+5, Kylv j +| � , @ 3/ vè hu | @ i +w, @ | � / w 5 L/ noduw oûvqlqj wlo +-,1 Kylv
rpyhqgw | @ i +w, @ | � / w 5 L � / hu oûvqlqj wlo +-,/ vè hu hqwhq j +| � , @ 3 hoohu
k +w, @ 3 iru dooh w 5 L � 1 Kylv ghuiru L � @ L/ rj k lnnh hu lghqwlvn olj qxo l L/ vè
pè j +| � , yéuh olj qxo1

+6, Sèvwdqghq iûojhu di/ dw rjvè ghq nrqvwdqwh oûvqlqj | @ | � jèu jhqqhp
+w � > | � ,1

+7, Iûojhu xplgghoeduw di +d,/ +e, rj +f,1
Véwqlqj 59< Odg L rj M yéuh èeqh lqwhuydoohu1 Odg k yéuh nrqwlqxhuw sè
L rj odg j yéuh gl�huhqwldeho sè M phg nrqwlqxhuw d hghw j � / vè kdu ehj|q0
ghovhvyéuglsureohphw

g|
gw @ k +w, j +|, > | +w � , @ | �

kyru w � 5 L rj | � 5 M suéflv ìq +pdnvlpdo, oûvqlqj1
Ehylv1 Uhvxowdwhw iûojhu xplgghoeduw di nrurooduhw wlo Slfdug0Olqghoùi*v véw0

qlqj1
Ehpéunqlqj 5:3 Yhg vhsdudwlrq di gh yduldeoh rsqèv vrp ehvnuhyhw hq oljqlqj
+--, phoohp w rj |1 Oljqlqjhq hu riwh whppholj ydqvnholj dw oûvh/ xqghuwlghq hu
ghw qûgyhqgljw dw oûvh ghq yhg kméos di qxphulvnh phwrghu1 L vè idog nxqqh ghw
yéuh hq irugho l vwhghw dw oûvh vhoyh gl�huhqwldooljqlqjhq qxphulvn1
Ehpéunqlqj 5:4 L gh wloiéogh/ kyru ghw hu o|nnhghv dw oûvh +--, p1k1w1 |/ hu
ghw riwh vyéuw dw ehvwhpph ghw lqwhuydo sè kylonhw ghw ixqgqh ixqnwlrqvxgwu|n
oûvhu gl�huhqwldooljqlqjhq1 Riwh dikéqjhu ghwwh gh�qlwlrqvlqwhuydo di nrqvwdqwhq
n1
Hnvhpsho 5:5 Yl oûvhu gl�huhqwldooljqlqjhq iud hnvhpsohw ryhqiru=

g|
gw @ h �

��� | +4� |,
Gd k +w, @ h �

��� hu nrqwlqxhuw sè U rj gd j +|, @ | +4� |, èehqeduw hu gli0
ihuhqwldeho phg nrqwlqxhuw gl�huhqwldonyrwlhqw j � +|, @ 4 � 5| sè U/ jèu ghu
ljhqqhp hwkyhuw sxqnw l sodqhq U � @ U � U qhwrs ìq oûvqlqj1 Yl xqghuvûjhu
iûuvw/ rp gl�huhqwldooljqlqjhq kdu nrqvwdqwh oûvqlqjhu1 Yl vndo gd oûvh oljqlq0
jhq j +|, @ 3/ g1y1v1 | +4� |, @ 31 Ghqqh oljqlqj kdu èehqeduw oûvqlqjhuqh 3
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rj 41 Dowvè kdu gl�huhqwldooljqlqjhq gh wr nrqvwdqwh oûvqlqjhu | @ 3 rj | @ 41
Yl ndq doohuhgh qx vljh hq kho gho rp gh dqguh oûvqlqjhuv iruoûe1 Rsi|oghu hq
oûvqlqj | +w, xoljkhghq | +w � , A 4 +�rpuègh 4�, sè hw wlgvsxqnw w � / vè ylo ghq
dowlg kdyh jmruw ghw rj ylo yhgeolyh phg dw jûuh ghw1 Oûvqlqjhq ndq mr lnnh nu|gvh
ghq nrqvwdqwh oûvqlqj | @ 4 sè juxqg di hqw|gljkhg di oûvqlqjhu1 Ghw vdpph
ndq vljhv rp hq oûvqlqj/ ghu rsi|oghu 3 ? | +w � , ? 4 +�rpuègh 5�, rj rp hq
oûvqlqj/ ghu rsi|oghu | +w � , ? 3 +�rpuègh 6�,1 Yl ndq hqggd xgiud gl�huhqwldo0
oljqlqjhq dijûuh prqrwrqlirukroghqh iru oûvqlqjhuqh l gh 6 rpuèghu1 L rpuègh
4 hu | � +w, @ h �

��� | +w, +4� | +w,, ? 3/ gd | +w, A 41 Dowvè hu oûvqlqjhuqh l rpuègh
4 diwdjhqgh1 Ghw vdpph hu oûvqlqjhuqh l rpuègh 6/ phqv oûvqlqjhuqh l rpuègh
5 hu yrnvhqgh1

Yl ehvwhpphu qx iruphoxgwu|n iru gh oûvqlqjhu/ ghu oljjhu l gh wuh ryhq0
qéyqwh rpuèghu1 Glvvh oûvqlqjhu �qghv yhg vhsdudwlrq

] g|
| +4� |, @

]

h �
��� gw

kyrudi
oq m|m � oq m| � 4m @ �4

6h
�
��� . F

Khu hu F 5 U hq lqwhjudwlrqvnrqvwdqw1 Yhg vdpphqvnulyqlqj di gh wr orjdulwphu
ièv

oq
�

�

�

�

|
| � 4

�

�

�

�

@ �4
6h

�
��� . F

kyruhiwhu yl �qghu
�

�

�

�

|
| � 4

�

�

�

�

@ h{s
��4

6h
�
��� . F

�

@ h � h{s
��4

6h
�
���
�

Qxphulvnwhjqhw ndq imhuqhv prg/ dw ghu véwwhv 	 sè kûmuhvlghq=
|

| � 4 @ 	h � h{s
��4

6h
�
���
�

@ N h{s
��4

6h
�
���
�

kyru yl kdu vdw N @ 	h � 1 Ehpéun/ dw N qûgyhqgljylv pè yéuh iruvnhoolj iud
qxo1 Yl vndo qx oûvh oljqlqjhq

|
| � 4 @ x @ N h{s

��4
6h

�
���
�

Yl �qghu=
|

| � 4 @ x +, | @ +| � 4,x @ |x� x
+, |x� | @ x +, | @ x

x� 4
Dowvè kdu yl

| +w, @ N h{s �� �� h �
��� �

N h{s �� �� h �
��� �� 4 @ N

N � h{s � �� h �
��� �
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kyru N 5 Uq i3j1 Khuphg kdu yl dowvè ixqghw hq irupho iru gh oûvqlqjhu/ ghu
eh�qghu vlj l gh wuh rpuèghu dgvnlow di gh nrqvwdqwh oûvqlqjhu1

Ghq ixogvwéqgljh oûvqlqj wlo gl�huhqwldooljqlqjhq ehvwèu gd di glvvh vdpw gh
wr nrqvwdqwh oûvqlqjhu/ | @ 3 rj | @ 4= Ghq iûuvwh di gh nrqvwdqwh oûvqlqjhu ndq
lqgnrusruhuhv l ghq jhqhuhooh irupho yhg dooljhyho dw wloodgh N @ 3=

Kylv ehj|qghovhvehwlqjhovhq | +3, @ �� hu jlyhw/ �qghu yl yhg lqgvéwwhovh nrq0
vwdqwhq N wlo � h{s � �� �1 Dowvè ièv oûvqlqjhq

| +w, @ � h{s � �� �� h{s � �� �� h{s � �� h �
��� � @ 4

4 . h{s �� �� +4� h �
��� ,�

Ehpéun/ dw olp ����� | +w, @ �
� ������� � � ��� � � 1

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

y(t)

0 0.2 0.4 0.6 0.8 1 1.2 1.4
t

Judihu iru ; oûvqlqjhu wlo | � @ h �
��� | +4� |,

Hnvhpsho 5:6 Vrp hw hnvhpsho sè/ dw ghu ndq jè wr oûvqlqjhu jhqqhp vdpph
sxqnw wdjhu yl gl�huhqwldooljqlqjhq

g|
gw @ 6| �

�

Yl vhu/ dw | @ 3 hu hq nrqvwdqw oûvqlqj1 Yhg vhsdudwlrq di gh yduldeoh �qghv
oûvqlqjhuqh | @ i +w, @ +w. n, � = Oûvqlqjvphwrghq nuéyhu i +w, @ +w. n, � 9@ 3>
phq ghw vhv yhg gluhnwh lqgvéwwhovh l gl�huhqwldooljqlqjhq +-,/ dw | @ i +w, @
+w. n, � hu oûvqlqj iru dooh w 5 U= Jhqqhp +3> 3, jèu qx iruxghq ghq nrqvwdqwh
oûvqlqj | @ 3 rjvè oûvqlqjhq | @ w � = L ylunholjkhghq hu ghw hqgqx yéuuh/ lghw
pdq yhg vdpphqvw|nqlqj di ghq nrqvwdqwh oûvqlqj phg oûvqlqjhq | @ +w. n, � l
sxqnwhw w @ �n ndq nrqvwuxhuh xhqgholjw pdqjh oûvqlqjhu/ ghu dooh jèu jhqqhp
+3> 3, = Odg qhpolj n � � 3 � n � / rj odg i yéuh ghq ixqnwlrq/ ghu hu jlyhw yhg
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iûojhqgh iruvnuliw

i +w, @
;

?

=

+w� n � , � iru w � n �
3 iru n � ? w ? n �

+w� n � , � iru w � n �
vè hu i oûvqlqj wlo +-, sè U/ rj ghqv judi jèu jhqqhp +3> 3,1 Kylv yl wloodghu
n � @ �4 rj n � @ 4/ vè jlyhu ryhqvwèhqgh iruvnuliw idnwlvn vdpwoljh oûvqlqjhu/
ghu jèu jhqqhp +3> 3,1 Ehpéun/ dw j +|, @ 6| � � � lnnh hu gl�huhqwldeho iru | @ 3
+myqi1 Ehpéunqlqj 4 ryhqiru,1

±1

±0.8

±0.6

±0.4

±0.2

0

0.2

0.4

0.6

0.8

1

±2 ±1 1 2 3
t

Oûvqlqjhq phg n � @ �4> n � @ 5 rj oûvqlqjhq phg n � @ n � @ 31

Ûyhovh 5:7 Iljxuhq ryhqiru ndq phg ulpholjkhg vljhv dw ylvh judihuqh iru <
iruvnhooljh oûvqlqjhu wlo ehj|qghovhvyéuglsureohphw

g|
gw @ 6| �� > | +3, @ 3

1 Kyrugdq ghwB
Ehpéunqlqj 5:8 Odg rv wéqnh rv/ dw gl�huhqwldooljqlqjhq

g|
gw @ 6| ��

nxqqh yéuh ghq ory/ ghu vw|uhgh wlgvxgylnolqjhq iru hq hoohu dqghq i|vlvn vwûuuhovh
|/ rj dw ghqqh vwûuuhovh nxqqh dqwdjh yéuglhq qxo1 Hnvlvwhqvhq di gh xhqgholjw
pdqjh oûvqlqjhu wlo gliihuhqwldooljqlqjhq phg | +3, @ 3 ylvhu/ dw xgwdohovhu rp
ghq iuhpwlgljh rj iruwlgljh rsiûuvho di | ylooh yéuh ehkéiwhw phg hq ehw|gholj
xvlnnhukhg= Odg rv vljh/ dw | hu pèow wlo yéuglhq | � wlo wlghq w @ 31 Kylv | � @ 3/
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vè iuhpjèu ghq pxoljh iuhpwlgljh rj iruwlgljh rsiûuvho di ghq l hnvhpsohw jlyqh
irupho iru vdpwoljh oûvqlqjhu1 Kylv | � A 3 ndq yl sè oljqhqgh ylv nrqvwuxhuh
xhqgholjw pdqjh pxoljh iruwlgljh rsiûuvohu/ kyrulprg ghq iuhpwlgljh rsiûuvho
oljjhu idvw1 Ghw hu suéflv rpyhqgw/ kylv | � ? 31 Ghw vljhu vlj vhoy/ dw hq vègdq
qdwxuory hu whppholj pdqjhoixog1 Ghw hu ghuiru di vwru ehw|gqlqj dw nxqqh jlyh
ehwlqjhovhu iru/ dw ehj|qghovhvyéuglsureohphw iru +-, kdu suéflv ìq oûvqlqj1

S wurgv di ghw/ ghu oljh hu eohyhw vdjw/ rswu ghu hq gl�huhqwldooljqlqj/ ghu
oljjhu w w rs dg ghq q yqwh l hq pdwhpdwlvn prgho iru irueu qglqj di i1hnv1
wu 1
Hnvhpsho 5:9 Irueuéqglqj di wué1 Odg p +w, ehwhjqh pdvvhq di wuéhw wlo
wlghq w1 Dqwdj/ dw whpshudwxuhq xqghu irueuéqglqjhq hu nrqvwdqw1 Vè hu ghw hq
ulpholj dqwdjhovh dw jûuh/ dw irueuéqglqjvkdvwljkhghq hu sursruwlrqdo phg wuéhwv
ryhu dghduhdo D/ dowvè gp

gw @ �n � D
Kylv wuéhw xqghu irueuéqglqjhq lnnh éqguhu irup/ phq nxq vwûuuhovh/ gd ylo
pdvvhq p yéuh sursruwlrqdo phg hq ylonèuolj ndudnwhulvwlvn oéqjgh O rsoûiwhw
wlo wuhglh srwhqv/ rj ryhu dghduhdohw D ylo yéuh sursrswlrqdo phg oéqjghq O l
dqghq srwhqv/ dowvè

p @ �O �

D @ �O �

Yl holplqhuhu O=
O @

�p
�
�

�
�

D @ �O � @ �
�p
�
�

�
� @ �� �

�
� p �

�

Ghuphg �qghu yl iûojhqgh gl�huhqwldooljqlqj iru p
gp
gw @ �n � D @ �n � �� �

�
� p �

� @ �np �
�

kyru n @ n � �� �

�
� hu hq srvlwly nrqvwdqw1 Yhg xguhjqlqjhu vrp l iruuljh hnvhpsho

�qghu yl iûojhqgh oûvqlqj/ qèu ghw iruxgvéwwhv/ dw p +3, @ p � A 3=

p +w, @
+

�

p
�
�

� � �� nw
�

�

iru w � � @ �

�
p

�
�

�

3 iru w A �
Ghq jlyqh oûvqlqj hu ghq hqhvwh/ ghu rsi|oghu ehj|qghovhvehwlqjhovhq p +3, @
p � A 3 rj vdpwlgljw rsi|oghu ehwlqjhovhq p +w, � 3 iru dooh w � 31 Vwûuuhovhq
� hu ghq wlg wlo kylonhq euéqghw hu euéqgw1 Ehpéun qx/ dw oûvqlqjhqv judi jèu
jhqqhp +� > 3,1 Ghu hu lplgohuwlg xhqgholjw pdqjh oûvqlqjhu wlo irueuéqglqjv0
gl�huhqwldooljqlqjhq/ ghu jèu jhqqhp ghwwh sxqnw/ qhpolj dooh ghp/ ghu vyduhu wlo
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hq vwduweuéqghpéqjgh/ ghu hu plqguh hqg hoohu olj p � 1 Ghwwh eûu lnnh ryhuudvnh/
lghw ghw eorw ehw|ghu/ dw hu ghu plqguh euéqgh wlo dw ehj|qgh phg/ gd hu eèohw
wlgoljhuh euéqgw qhg1 Qèu ghw iruodqjhv/ dw p +w, � 3 iru dooh w � 3/ kdu yl khu
hw hnvhpsho sè hq gl�huhqwldooljqlqj/ iru kylonhq ghu qrn hu hqw|gljkhg di dooh
oûvqlqjhu iuhpdg l wlghq/ phq lnnh hqw|gljkhg di dooh oûvqlqjhu edjxg l wlghq1

0

0.5

1

1.5

2

2.5

3

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
t

6 oûvqlqjhu wlo p � @ �6p �
�

:1514 Oûvqlqj yhg wulfnv
Hnvhpsho 5:: Ehwudjw gl�huhqwldooljqlqjhq

g|
gw @ w � . | � . 5w| @ +w. |, �

Ghq hu èehqeduw lnnh vhsdudeho/ phq yhg hw olooh wulfn ndq ghq oûvhv yhg vhsdudwlrq1
Lqwurgxfìu ghq q|h xehnhqgwh ixqnwlrq y yhg y +w, @ w. | +w,1 Khuphg ièv

gy
gw @ y � +w, @ 4 . | � +w, @ 4 . y +w, �

ghu mr hu vhsdudeho1 Yhg vhsdudwlrq ièv dufwdq y @ w.F/ dowvè y +w, @ wdq +w. F,1
Khuphg kdu yl | +w, @ �w.wdq +w. F,1 Gh�qlwlrqvlqwhuydoohuqh iru oûvqlqjhuqh
hu ��F � �

� . s�>�F . �
� . s��/ kyru s 5 ]1 Gl�huhqwldooljqlqjhu di w|shq

� �
�
� @ i +dw. e| . f,/ kyru e 9@ 3/ ndq oûvhv sè ghqqh pègh1

Hnvhpsho 5:; Ehwudjw iru w A 3 gl�huhqwldooljqlqjhq
g|
gw . | � @ 5w �

�

Odg y +w, @ w| +w,/ vè ièv
wy � @ w +| . w| � , @ w �| . w �5w �

� � | � �� @ y � y � . 5
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Ghq q|h ixqnwlrq y rsi|oghu dowvè hq vhsdudeho gl�huhqwldooljqlqj1 Gd sro|qrplhw
y � y � . 5 @ � +y . 4, +y � 5, kdu uûgghuqh �4 rj 5/ kdu gl�huhqwldooljqlqjhq
gh nrqvwdqwh oûvqlqjhu y +w, @ �4 rj y +w, @ 51 Ghuphg kdu ghq rsulqgholjh
gl�huhqwldooljqlqj oûvqlqjhuqh | +w, @ � �

� rj | +w, @ �
� 1 Yhg vhsdudwlrq di w � �

�
� @� +y . 4, +y � 5, ièv iru y 9@ �4> 5 hiwhu olgw duehmgh

y +w, @ 5w � .N
w � �N

kyru N 9@ 3= Yl vhu/ dw kylv N véwwhv olj qxo l ghqqh irupho/ ièv ghq nrqvwdqwh
oûvqlqj y @ 5/ kyrulprg ghq nrqvwdqwh oûvqlqj y @ �4/ olgw oûvw vdjw/ vyduhu wlo
N @ 41 Khuphg kdu yl oûvqlqjhuqh | +w, @ ��� � � �

� � � � �
� � / kyru N 5 U/ vdpw | +w, @� �

� 1 Gh�qlwlrqvlqwhuydoohuqh iru gh iruvnhooljh oûvqlqjhu ièv di iruodqjhqghw w � �
N 9@ 3 +vdpphq phg w A 3 ,1
:1515 Gl�huhqwldooljqlqjhu di w|shq ���

��� ' i � �

�
�

Gh�qlwlrq 5:< Hq gl�huhqwldooljqlqj/ ghu ndq vnulyhv sè iruphq
g|
gw @ i

�|
w
�

ndoghv krprjhq1
Ehpéunqlqj 5;3 Vhqhuh ylo yl +l iruelqghovh phg olqhéuh gl�huhqwldooljqlqjhu,
rjvè euxjh rughw krprjhq l hq dqghq ehw|gqlqj1

Oûvqlqjvphwrghq ehvwèu l dw lqwurgxfhuh hq q| xehnhqgw ixqnwlrq y l vwhghw
iru |1 Yl véwwhu y +w, @ � � � �

� iru w 9@ 3/ dowvè | +w, @ wy +w,1 Khuphg ièv | � @ wy � .y/
ghu lqgvdw l gl�huhqwldooljqlqjhq jlyhu

wgygw . y @ wy � . y @ i +y,
Yl vhu/ dw ghqqh gl�huhqwldooljqlqj hu vhsdudeho1 Ghw hu ghul/ dw phwrghqv vxffìv
ehvwèu1
Hnvhpsho 5;4 Oûv ehj|qghovhvyéuglsureohphw

g|
gw @ w � . w| . | �

w � > | +4, @ 4> w A 3=

Yl ehpéunhu/ dw kûmuh vlgh ndq vnulyhv vrp 4 . �
� . � �

�

�

� 1 Gl�huhqwldooljqlqjhq
hu dowvè krprjhq1 Yl véwwhu ghuiru | @ wy/ kyru y hu hq q| xehnhqgw ixqnwlrq1
Phg | � @ wy � . y ièv iûojhqgh gl�huhqwldooljqlqj iru y=

wgygw . y @ 4 . y . y �
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dowvè
wgygw @ 4 . y �

Ghqqh gl�huhqwldooljqlqj hu vhsdudeho1 Gd ghq lqjhq nrqvwdqwh oûvqlqjhu kdu/
�qghv vdpwoljh oûvqlqjhu yhg vhsdudwlrq di gh yduldeoh1 Yl �qghu=

dufwdq y @ oq w. F
Iûu yl jèu ylghuh/ ehvwhpphu yl nrqvwdqwhq xgiud ghq jlyqh ehj|qghovhvyéugl
| +4, @ 41 Yl �qghu F @ dufwdq 4 @ �

� 1 Khuphg kdu yl y @ wdq �oq w. �
�
� rj

ghuphg
| +w, @ w wdq

�

oq w. �
7
�

gh�qhuhw sè lqwhuydoohw L jlyhw yhg oq w. �
� 5 �� �

� > �
�
�/ kylonhw jlyhu L @ �h �

� � � � > h � � � � =

:16 Olqhéuh gl�huhqwldooljqlqjhu di 41rughq
Hq gl�huhqwldooljqlqj di iûuvwh rughq/ ghu ndq vnulyhv sè iruphq

d +w, | � . e +w, | @ f +w,
ndoghv hq olqhéu gl�huhqwldooljqlqj1 Sè hwkyhuw lqwhuydo L/ kyru d +w, 9@ 3> iru dooh
w 5 L/ ndq oljqlqjhq qruphuhv yhg glylvlrq phg d +w,1 Khuyhg rsqèu gl�huhqwldo0
oljqlqjhq iûojhqgh irup

| � . s +w, | @ t +w, > w 5 L
Yl iruxgvéwwhu l ghw iûojhqgh/ dw eègh s rj t hu nrqwlqxhuwh sè hw lqwhuydo L1
Véwqlqj 5;5 Odg s rj t yéuh nrqwlqxhuwh ixqnwlrqhu gh�qhuhw sè lqwhuydoohw
L1 Vè hu ghq ixogvwéqgljh oûvqlqj wlo

| � . s +w, | @ t +w, +GO,
jlyhw yhg irupohq

| +w, @ h ��� � � �
]

h � � � � t +w,gw. Fh ��� � � � +-,

kyru S hu hq ylonèuoljw ydojw vwdpixqnwlrq wlo s/ rj kyru F 5 U hu hq duelwuéu
nrqvwdqw1 Ghq oûvqlqj/ ghu rsi|oghu ehj|qghovhvehwlqjhovhq | +w � , @ | � hu jlyhw
yhg iûojhqgh irupho/ ghu lqghkroghu hw ehvwhpw lqwhjudo=

| +w, @ h ��� � � �
]

�

��� h �
� � � t +v,gv. | � h ��� � � � +--,

kyru S qx hu ghq vwdpixqnwlrq wlo s/ ghu hu qxo iru w @ w � / dowvè S +w, @
U
�

��� s +v, gv=
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Ehpéunqlqj 5;6 Yl vhu/ dw hqkyhu oûvqlqj wlo ghq olqhéuh gl�huhqwldooljqlqj
+GO, hu gh�qhuhw sè khoh L1 Ghwwh hu riwh lnnh wloiéoghw iru lnnh0olqhéuh gl�hu0
hqwldooljqlqjhu1 Irupohq +-, +rj rjvè +--, , ndoghv riwh iru Sdqvhuirupohq1

Ehylv1 Gd s hu nrqwlqxhuw sè L/ kdu s hq vwdpixqnwlrq sè ghwwh lqwhuydo1
Odg S yéuh hq vègdq1 Gd h � � � � A 3 iru dooh w 5 L/ kdu gl�huhqwldooljqlqjhq +GO,
gh vdpph oûvqlqjhu vrp iûojhqgh gl�huhqwldooljqlqj

| � +w, h � � � � . s +w, h � � � � | +w, @ h � � � � t +w,
Phq yhqvwuh vlgh khudi hu gl�huhqwldonyrwlhqwhq di surgxnwhw h � � � � | +w,1 G1y1v1
ryhqvwèhqgh ndq vnulyhv sè iruphq

g
gw

�

h � � � � | +w,
�

@ h � � � � t +w,
Ghqqh gl�huhqwldooljqlqj hu lplgohuwlg hqvehw|ghqgh phg/ dw h � � � � | +w, hu hq
vwdpixqnwlrq wlo h � � � � t +w,/ g1y1v1 hqvehw|ghqgh phg hnvlvwhqvhq di hq nrqvwdqw
F 5 U/ vè

h � � � � | +w, @
]

h � � � � t +w,gw. F
kyru yl khu phg ghw xehvwhpwh lqwhjudo ehwhjqhu hq ylonèuoljw ydojw vwdpixqn0
wlrq wlo h � � � � t +w,1 Ghqqh vlgvwh oljqlqj hu èehqeduw énylydohqw phg irupohq +-,1
Irupohq +--, ièv yhg iru ghw iûuvwh dw yéojh S vrp dqjlyhw l véwqlqjhq/ vè kdu
yl èehqeduw S +w � , @ 31 Ghuqévw lqwhjuhuhv �

�
�

�h � � � � | +w,� @ h � � � � t +w, iud w � wlo
w1 Khudi iûojhu +--, xplgghoeduw1

Phvw di khqv|q wlo ghq vhqhuh ehkdqgolqj di olqhéuh gl�huhqwldooljqlqjhu di
kûmhuh rughq ylvhu yl hq jhqhuho véwqlqj rp vwuxnwxuhq di ghq ixogvwéqgljh
oûvqlqj wlo ghq olqhéuh gl�huhqwldooljqlqj di iûuvwh rughq1
Véwqlqj 5;7 Ghq ixogvwéqgljh oûvqlqj wlo gl�huhqwldooljqlqjhq +GO,

| � . s +w, | @ t +w, +GO,
hu olj phg vxpphq di hq sduwlnxoéu oûvqlqj/ |� / wlo oljqlqjhq rj ghq ixogvwéqgljh
oûvqlqj/ | � ��� / wlo ghq wlovyduhqgh krprjhqh oljqlqj

| � . s +w, | @ 3 +krpGO,
dowvè | @ | � . | � ��� 1

Ehylv1 Yl jlyhu wr ehylvhu1
41 Ghq ixogvwéqgljh oûvqlqj wlo +GO, hu jlyhw l Véwqlqj 714 yhg +-,1 Qèu F @ 3

l +-, ièv hq oûvqlqj1 Ghq ehwhjqhu yl phg | � 1 Ghw hu hq sduwlnxoéu oûvqlqj1
Irupohq +-, jéoghu vhoyiûojholj rjvè iru ghw vshflhooh wloiéogh/ dw t +w, @ 3
iru dooh w 5 L1 Phq vè ièv ghq ixogvwéqgljh oûvqlqj wlo ghq krprjhqh
oljqlqj wlo | � ��� @ Fh ��� � � � 1 Véwqlqjhq iûojhu qx yhg dw xgq|wwh ghq sèylvwh
iruwronqlqj di gh wr ohg l +-,1
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51 Ghwwh ehylv xgq|wwhu lnnh Véwqlqj 7141 Dqwdj/ dw | � hu hq oûvqlqj wlo +GO,
rj dw | � hu hq oûvqlqj wlo +krpGO,1 Vè hu | @ |� .| � oûvqlqj wlo +krpGO,/
lghw
+|� . | � , � . s +w, +| � . | � , @ | �� . | �� . s +w, | � . s +w, | �

@ �| �� . s +w, | � �. +| �� . s +w, | � , @ t +w, . 3 @ t +w,
Kylv rpyhqgw | � rj | � ehjjh hu oûvqlqjhu wlo +GO,/ vè hu | @ | � �| � oûvqlqj
wlo +krpGO,/ lghw
+| � � | � , � . s +w, +| � � | � , @ | � � � | �� . s +w, | � � s +w, | �

@ +| � � . s +w, | � ,� +| �� . s +w, | � , @ t +w,� tw3 @ 3
Khudi iûojhu véwqlqjhq1

Hnvhpsho 5;8 Gl�huhqwldooljqlqjhq
w| � . 5| @ wh �

�

ehwudjwhv iru w A 31 Ghq ûqvnhv oûvw/ rj ghw ûqvnhv ylvw/ dw qhwrs ìq oûvqlqj
kdu hq juéqvhyéugl iru w & 31 Oljqlqjhq hu èehqeduw olqhéu1 Yl qruphuhu iûuvw
oljqlqjhq=

| � . 5
w | @ h �

�

Sdqvhuirupohqv S hu jlyhw yhg S +w, @ U �
� gw @ 5 oq w/ vè yl �qghu/ dw h � � � � @

h � � � � @ w � rj h ��� � � � @ w �
� 1 Khuphg hu ghq ixogvwéqgljh oûvqlqj jlyhw yhg

| +w, @ w �
�
]

w � h �
� gw. Fw �

�

@ w �
� ��w � h �

� � 5wh �
� � 5h �

� �. Fw �
�

@ ��

4 . 5
w . 5

w �
�

h �
� . F

w �
kyru F 5 U1 Yl ylvhu qx/ dw ghu hu qhwrs ìq oûvqlqj/ ghu kdu hq juéqvhyéugl
iru w & 31 Yl vnulyhu iûuvw ghq ixogvwéqgljh oûvqlqj sè iruphq

| +w, @ F � �w � . 5w. 5� h �
�

w �
Gd qéyqhuhq jèu prg qxo iru w & 3> hu ghw qûgyhqgljw/ dw wéoohuhq rjvè jûu/ kylv
euûnhq gd vndo kdyh hq juéqvhyéugl1 Phq vè pè yl kdyh/ dw F @ 51 Qx jèu eègh
wéoohu rj qéyqhu prg qxo1 Yl euxjhu o*Krvslwdov uhjho=

� +5w. 5, h �
� . �w � . 5w. 5� h �

�

5w @ w � h �
�

5w @ 4
5 wh

�
� $ 3

iru w & 31 Iru F @ 5 kdu yl dowvè/ dw | +w, $ 3 iru w & 31 Gh ûyuljh oûvqlqjhu
ghohu vlj l wr juxsshu= Iru F ? 5 jéoghu/ dw | +w, $ �4/ rj iru F A 5 jéoghu/
dw | +w, $ 4 iru w & 31
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±4

±3

±2

±1

0

1

2

3

4

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
t

Oûvqlqjhu vyduhqgh wlo F @ 4=8> 4=:8> 5> 5=58 rj 5=8
Ûyhovh 5;9 Ehwudjwhu pdq �jxuhq ryhqiru nxqqh pdq pèvnh iulvwhv wlo dw sèvwè/
dw oûvqlqjhq vyduhqgh wlo F @ 5 hu ghq hqhvwh/ ghu lnnh hu prqrwrq1 Ndq ghw
yéuh uljwljwB
Hnvhpsho 5;: Yl ehwudjwhu hq rpuûuw wdqn phg jhqqhpvwuûpqlqj1 Wdqnhq kdu
nrqvwdqw uxpidqj Y 1 Jhqqhp wdqnhq vwuûpphu su1 wlgvhqkhg hw yévnhuxpidqj
sè I 1 Ghq lqgnrpphqgh yévnh lqghkroghu hw vwri D phg hq nrqfhqwudwlrq/ ghu
wlo wlghq w hu d � +w,1 L wdqnhq iruhjèu hq nhplvn uhdnwlrq

D �$ ]
Ghq dqwdjhv dw yéuh di iûuvwh rughq/ g1y1v1 dw ghq péqjgh D/ ghu rpgdqqhv
su1 wlgvhqkhg hu sursruwlrqdo phg ghq ûmheolnnholjh nrqfhqwudwlrq d +w, l wdqnhq1
Nrqfhqwudwlrqhq di ghq yévnh/ ghu iruodghu wdqnhq hu wlo wlghq w olj phg d +w,/
gd ghu uûuhv uxqgw l wdqnhq1

Yl ndq qx rsvwlooh hq gl�huhqwldooljqlqj/ ghu ehvwhpphu wlgvxgylnolqjhq iru
nrqfhqwudwlrqhq di vwri D1 Ghq vdpohgh péqjgh D l wdqnhq wlo wlghq w hu surgxn0
whw di uxpidqj rj nrqfhqwudwlrq/ dowvè Y d +w, = Ghqqh vwûuuhovhv gl�huhqwldonyr0
wlhqw p1k1w1 wlghq/ �

�
� +Y d +w,,/ hu ghuiru olj phg iruûjhovhq di vwri D su1 wlgvhq0

khg1 Ghqqh iruûjhovh di vwri D su1 wlgvhqkhg vn|oghv ghov/ dw ghu su1 wlgvhqkhg
dqnrpphu hq péqjgh D sè Id � +w,/ ghov dw ghu su1 wlgvhqkhg oxnnhv Id +w, xg/
rj hqgholj dw ghu su1 wlgvhqkhg rpgdqqhv hq péqjgh D sè nY d +w, wlo ]1 Sursru0
wlrqdolwhwvnrqvwdqwhq +�kdvwljkhgvnrqvwdqwhq�, n hu srvlwly/ phq dikéqjhu qru0
pdow di whpshudwxuhq1 Yl vndo dqwdjh/ dw whpshudwxuhq kroghv nrqvwdqw/ vèohghv
dw n ndq uhjqhv iru nrqvwdqw1 Khuphg kdu yl iûojhqgh pdvvhedodqfh

g
gw +Y d +w,, @ Id � +w,� Id +w,� nY d +w,
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Lghw uxpidqjhw Y hu nrqvwdqw ndq ghqqh gl�huhqwldooljqlqj rjvè vnulyhv
d � +w, .

�I
Y . n

�

d +w, @ I
Y d � +w,

Ghqqh gl�huhqwldooljqlqj hu èehqeduw olqhéu1 Ghw hu ehnyhpw dw lqgiûuh vwûuuhovhq
� @ �

� > ghu hu ghq wlg/ ghw wdjhu dw i|ogh wdqnhq +hoohu wûpph ghq,1 Gl�huhqwldo0
oljqlqjhq ndq gd vnulyhv

d � +w, .
�4
� . n

�

d +w, @ 4
� d � +w,

Dqwdj qx/ dw nrqfhqwudwlrqhq l wdqnhq wlo wlghq w @ 3 hu nhqgw/ odg rv vljh/
dw ghq hu d � / dowvè d +3, @ d � 1 Di sdqvhuirupohq ièv qx oûvqlqjhq wlo ehj|q0
ghovhvyéuglsureohphw=

d +w, @ h � + �

� � � , �
]

�

�
h+

�

� � � , � 4
� d � +v,gv. d � h � + �

� � � , � +&,

Yl nrpphu lnnh oéqjhuh/ vèoéqjh yl lnnh dqwdjhu qrjhw rp ghq lqgnrpphqgh
nrqfhqwudwlrq d � =

Odg rv qx dqwdjh/ dw ghq lqgnrpphqgh nrqfhqwudwlrq hu nrqvwdqw= d � +w, @ �
iru dooh w � 3/ kyru � hu hq srvlwly nrqvwdqw1 Yl �qghu

d +w, @ h � + �
� � � , �

]
�

�
h+

�
� � � , � �

� gv. d � h � + �
� � � , �

@ �
� h

� + �

� � � , �
� 4
�

� . nh
+ �

� � � , �

�

�

�
. d � h � + �

� � � , �

@ �
4 . n� h

� + �
� � � , � �h+

�
� � � , � � 4

�

. d � h � + �
� � � , �

@ �
4 . n�

�

4� h � + �

� � � , �
�

. d � h � + �

� � � , �

Yl vhu/ dw d +w, $ �

� � � � iru w $ 41 Nrqfhqwudwlrqhq l wdqnhq qéuphu vlj
dowvè �

� � � � xdqvhw kylonhq ehj|qghovhvnrqfhqwudwlrq/ ghu ydu l wdqnhq1 Ehpéun
lûyuljw/ dw ghq nrqvwdqwh ixqnwlrq d� +w, @ �

� � � � hu hq sduwlnxoéu oûvqlqj wlo gli0
ihuhqwldooljqlqjhq1 Hu ehj|qghovhvnrqfhqwudwlrqhq d � @ �

� � � � > vè ylo d +w, kdyh
ghq yéugl rjvè iru dooh w A 31
:1614 Ehuqrxool0oljqlqjhu
Mdfre Ehuqrxool +498704:38, kdu jlyhw qdyq wlo oljqlqjhu di w|shq

| � . s +w, | @ t +w, | � +E,
Kylv q @ 3/ vè kdu yl ghq olqhéuh gl�huhqwldooljqlqj +GO,1 Kylv q @ 4/ ndq
oljqlqjhq vnulyhv | � . +s +w,� t +w,, | @ 3/ ghu hu hq krprjhq olqhéu gl�huhq0
wldooljqlqj1 Gh lqwhuhvvdqwh wloiéogh hu ghuiru q 9@ 3> 41 L gh wloiéogh/ kyru q hu
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qhjdwly hoohu lnnh kho/ pè qdwxuoljylv jûuhv iruxgvéwqlqjhu rp | eduh di khqv|q
wlo hnvlvwhqvhq di | � / phq yl vndo di khqv|q wlo oûvqlqjvphwrghq iruxgvéwwh | 9@ 3
sè ghw ehwudjwhgh lqwhuydo1 Ohleql} idqgw l 49<9 iûojhqgh oûvqlqjvphwrgh1

Lqwurgxfìu ghq q|h xehnhqgwh ixqnwlrq y yhg
y +w, @ | +w, � � �

Vè kdu yl y � +w, @ +4� q, | +w, � � | � +w,1 Pxowlsolfìu oljqlqj +E, phg +4� q, | � � /
vè ièv

+4� q, | � � | � . +4� q, s +w, | � � � @ +4� q, t +w,
Xgwu|nw yhg y jlyhu ghw iûojhqgh oljqlqj=

y � . +4� q, s +w, y @ +4� q, t +w,
Ghqqh gl�huhqwldooljqlqj hu olqhéu1 Yl ndq oûvh ghq y1km1d1 sdqvhuirupohq +-,1
Khuhiwhu �qghv | +w, @ y +w,

�
��� � 1

Hnvhpsho 5;; Ghq orjlvwlvnh oljqlqj1 Yl wdjhu vrp nrqnuhw hnvhpsho sè hq
Ehuqrxool0oljqlqj ghq vèndogwh orjlvwlvnh oljqlqj nhqgw iud srsxodwlrqvg|qdplnnhq=

| � @ d| � e| � +orjlvw,
Khu ehwhjqhu | +w, dqwdoohw di lqglylghu wlo wlghq w/ vè gl�huhqwldooljqlqjhq +orjlvw,
vndo vwxghuhv iru | � 31 Yl uhjqhu phg/ dw yl nhqghu dqwdoohw di lqglylghu wlo
wlghq w @ 3/ dowvè kdu jlyhw hq ehj|qghovhvehwlqjhovh | +3, @ | � 1 Ohgghw d| +kyru
d hu hq srvlwly nrqvwdqw, sè kûmuh vlgh uhsuévhqwhuhu hq wloyénvw su1 wlgvhqkhg
sursruwlrqdo phg ghw ûmheolnnholjh dqwdo lqglylghu1 Xghq ghw dqghw ohg/ �e| �
+kyru e hu hq srvlwly nrqvwdqw,/ ylooh yénvwhq eolyh hnvsrqhqwlho1 Ghwwh dqghw ohg
uhsuévhqwhuhu lqglylghuqhv képphqgh lqgylunqlqj sè klqdqghq1 Yl nxqqh ndogh
ghw hw ryhuehironqlqjvohg1

Kylv | � @ 3 hu | +w, @ 3/ w � 3/ èehqeduw hq oûvqlqj/ rj ghuphg oûvqlqjhq/ gd
ehj|qghovhvyéuglsureohphw iru +orjlvw, kdu hqw|gljw ehvwhpwh oûvqlqjhu1 Dqwdj
ghuiru/ dw | � A 31 Vè ylo oûvqlqjhq | +w, lnnh nxqqh dqwdjh yéuglhq qxo iru
qrjhq yéugl di w1 Gl�huhqwldooljqlqjhq +orjlvw, hu vhsdudeho/ rj nxqqh ghuiru oûvhv
vrp hq vègdq1 Ghw hu lplgohuwlg rjvè hq Ehuqrxool0oljqlqj1 Yl suûyhu Ohleql}*
oûvqlqjvphwrgh= Gd q @ 5/ véwwhu yl y @ | � � / rj �qghu iûojhqgh oljqlqj iru y=

y � . dy @ e
Ghqqh hu vrp yhqwhw olqhéu/ rj lûyuljw véuolj vlpsho/ gd d rj e hu nrqvwdqwhu1
Yhg lqgvéwwhovh l sdqvhuirupohq +--, ièv

y +w, @ h � �
�
]

�

�
h � � egv. y � h � �

� @ e
d
�4� h � �

� �. y � h � �
�

Lghw y � @ �
�
� rj | @ �

� / ièv vè hiwhu olgw rprugqlqj
| +w, @

�

� | �
| � . � �

� � | � � h � �
�
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Ghw vhv yhg lqvshnwlrq/ dw ghqqh irupho rjvè jéoghu iru ghw wulylhooh wloiéogh
| � @ 31 Ehpéun/ dw ghw iûojhu di irupohq iru | +w,/ dw | +w, $ �

� iru w $ 41
Ehpéun rjvè/ dw kylv | � @ �

� / vè kdu yl hq nrqvwdqw oûvqlqj | +w, @ �

� 1

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 1 2 3 4 5
t

: oûvqlqjhu wlo ghq orjlvwlvnh oljqlqj | � @ |+4� |,
Ûyhovh 5;< Ghw iuhpjèu di �jxuhq ryhqiru/ dw judihq iru ylvvh oûvqlqjhu wlo
ghq orjlvwlvnh oljqlqj kdu yhqghwdqjhqw iru hw w A 31 Ylv/ dw oûvqlqjhuqh wlo
| � @ |+4� |,> | +3, @ | � kdu yhqghwdqjhqw iru hw w A 3/ qhwrs qèu 3 ? | � ? �� =

:17 Dssurnvlpdwly oûvqlqj di gl�huhqwldooljqlqjhu

Sè wurgv di gh pdqjh oûvqlqjvphwrghu/ yl kdu vhw l ghw iruhjèhqgh/ hu ghw qéuphvw
dw ehwudjwh vrp hq xqgwdjhovh/ qèu oûvqlqjhuqh wlo hq gl�huhqwldooljqlqj ndq
xgwu|nnhv hnvsolflw yhg hohphqwéuh ixqnwlrqhu/ vhoyrp gl�huhqwldooljqlqjhq vhoy
nxq lqghkroghu vègdqqh1 Ghwwh sureohp kdu yl doohuhgh yhg oûvqlqj di ghq vlpsoh
gl�huhqwldooljqlqj | � @ k +w, > kylv oûvqlqjhu mr eorw hu vwdpixqnwlrqhuqh wlo k1
Ghw hu yhonhqgw +phq lqjhqoxqgh ohw dw ylvh,/ dw pdqjh vlpsoh nrpelqdwlrqhu di
hohphqwéuh ixqnwlrqhu lnnh kdu vwdpixqnwlrqhu/ ghu ndq xgwu|nnhv yhg hohphq0
wéuh ixqnwlrqhu1 Hnvhpsohu hu �

�

� rj vlq �w � �1 Ehpéun lûyuljw/ dw kylv pdq hu
xylghqgh rp orjdulwphixqnwlrqhq/ vè ndq pdq lnnh xgwu|nnh U �

� gw yhg nhqgwh
hohphqwéuh ixqnwlrqhu1

Sureohphw pûghu rv gd phg greehow vw|unh yhg oûvqlqj di hq olqhéu gl�huhq0
wldooljqlqj di iûuvwh rughq/ kyru ghu grj �qghv hq irupho1 Ghqqh irupho nuéyhu
lplgohuwlg wr vwdpixqnwlrqvehvwhpphovhu1 Ghw vdpph jéoghu oûvqlqjhq di vhs0
dudeoh gl�huhqwldooljqlqjhu1 Khu kdu yl wlo rj phg ghq |ghuoljhuh nrpsolndwlrq/
dw oûvqlqjhq l iûuvwh rpjdqj nxq �qghv jlyhw lpsolflw1 Vhoy kylv lqwhjudwlrqhuqh
jln jodw/ hu ghw riwh xpxoljw dw oûvh hnvsolflw iru |1
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Khow jdow jèu ghw/ qèu lqjhq di yruh phwrghu +hoohu dqguh yl nxqqh wéqnh sè,
ylunhu1 Vè vwèu yl wloedjh phg Shdqr*v hoohu Slfdug0Olqghoùi*v hnvlvwhqvvéwqlqj/
ghu iruvlnuhu rv rp/ dw ghu gd l kyhuwidog hu hq oûvqlqj1 Ehylvhw iru Slfdug0
Olqghoùi*v véwqlqj lqghkroghu rjvè hq dqylvqlqj sè/ kyrugdq pdq ndq �qgh
oûvqlqjhq wlo hw jlyhw ehj|qghovhvyéuglsureohp1 Ghqqh dqylvqlqj lqghkroghu
ghvyéuuh xhqgholjw pdqjh vnulgw/ vè ghq ndq lnnh iruyhqwhv dw jlyh rv ghq qû0
mdjwljh oûvqlqj l ghq wlg/ yl kdu wlo uègljkhg1 Phq ghq ndq jlyh rv hq dssurnvl0
pdwlrq wlo oûvqlqjhq1

:1714 Slfdug0Olqghoùi*v phwrgh

Yl looxvwuhuhu dqyhqghovhq di Slfdug0Olqghoùi*v lgì yhg hw hnvhpsho1 Yl yéojhu hw
vlpshow hnvhpsho/ kyru yl rjvè ndq �qgh ghq hnvdnwh oûvqlqj di khqv|q wlo hq
nrqwuro di/ kyru jrg phwrghq hu1
Hnvhpsho 5<3 Ehwudjw ehj|qghovhvyéuglsureohphw

| � @ | � > | +3, @ 4 +-,
Oûvqlqjhq hu

! +w, @ 4
4� w > w 5 `�4> 4^

Ehylvhw iru Slfdug0Olqghoùi*v véwqlqj xgq|wwhu/ dw hq gl�huhqwldeho ixqnwlrq !
gh�qhuhw sè hw lqwhuydo L hu oûvqlqj wlo ehj|qghovhvyéuglsureohphw +-,/ kylv rj
nxq kylv ! hu oûvqlqj wlo lqwhjudooljqlqjhq

| +w, @ 4 .
]

�

�
| +v, � gv

Ghqqh lqwhjudooljqlqj hu iuhpnrpphw yhg lqwhjudwlrq di +-, iud 3 wlo w= Yl gh0
�qhuhu qx hq iûojh di ixqnwlrqhu +! � , �� � � / sè iûojhqgh pègh= Yl véwwhu ! � +w, @ 4
iru dooh w 5 U1 Khuhiwhu gh�qhuhv ! � yhg

! � +w, @ 4 .
]

�

�
! � +v,

� gv @ 4 .
]

�

�
4gv @ 4 . w

Ghuqévw gh�qhuhv ! � yhg
! � +w, @ 4 .

]
�

�
! � +v,

� gv @ 4 .
]

�

�
+4 . v, � gv @ 4 . w. w � . 4

6 w
�

! � gh�qhuhv yhg
! � +w, @ 4 .

]
�

�
! � +v, � gv @ 4.

]
�

�

�

4 . v. v � . 4
6v

�
�

�

gv

@ 4. w. w � . w � . 5
6 w

� . 4
6 w

� . 4
< w

� . 4
96 w

�
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Vèohghv iruwvéwwhv1 Yl vhu/ dw uhjqlqjhuqh phjhw kxuwljw eolyhu phjhw ehvyéuoljh1
Jhqhuhow gh�qhuhv ! � � � xgiud ! � yhg

! � � � +w, @ 4 .
]

�

�
! � +v, � gv

Yl vhu/ dw ! � rj ! � vwhpphu ryhuhqv phg oûvqlqjhqv Wd|orusro|qrplhu di 3*wh
rj iûuvwh judg khqkrogvylv/ phqv gh iûuvwh wuh ohg l ! � rj gh iûuvwh 7 ohg l ! �

vwhpphu ryhuhqv phg Wd|orusro|qrplhuqh di dqghq rj wuhglh judg khqkrogvylv1
Jhqhuhow ndq ghw ylvhv/ dw ohgghqh l ! � wlo rj phg q*wh rughq xgjûu oûvqlqjhqv
q*wh Wd|orusro|qrplxp1
Ûyhovh 5<4 Ilqg Slfdug0Olqghoùi0dssurnvlpdwlrqhuqh iru ehj|qghovhvyéuglsureohphw

| � @ |> | +3, @ 4
Ylv/ dw ixqnwlrqviûojhq +! � , �� � � nrpphu wlo dw ehvwè di Wd|orusro|qrplhuqh iru
oûvqlqjhq hw +phg xgylnolqjvsxqnw 3,1 Duehmghu yl ghuiru sè hw ehvwhpw ehjuéqvhw
lqwhuydo rpnulqj w @ 3/ ylo ! � +w, yéuh hq jrg dssurnvlpdwlrq wlo oûvqlqjhq hw/
qèu eorw q hu wlovwuénnholj vwru +dikéqjlj di ghq dffhswdeoh pdnvlpdoh ihmo,1

Hw sureohp phg ghq vnlwvhuhgh phwrgh hu èehqedu1 Ghq nuéyhu yhg kyhuw
wulq ehvwhpphovhq di hq vwdpixqnwlrq1 Ghwwh jlyhu lqwhw sulqflslhow sureohp l
hnvhpsohw ryhqiru/ phq uhjqlqjhuqh eolyhu kxuwljw xryhunrppholjh1 Phwrghq
nxqqh nrpelqhuhv phg hq qxphulvn lqwhjudwlrqvphwrgh vrp Vlpsvrqv phwrgh1

Slfdug0Olqghoùi0dssurnvlpdwlrqhuqh iûuwh l ûyhovhq wlo Wd|orusro|qrplhuqh
iru oûvqlqjhq1 Ghwwh jéoghu vrp vhw l hnvhpsohw lnnh jhqhuhow/ phq grj qévwhq1
Wd|orusro|qrplhuqh ndq lplgohuwlg �qghv gluhnwh xgiud gl�huhqwldooljqlqjhq sè
iûojhqgh pègh=

:1715 Wd|oruuénnh0phwrghq
Xgjdqjvsxqnwhw hu

| � @ i +w> |, > | +w � , @ | �
Khudi iûojhu/ dw oûvqlqjhq ! iruxghq ! +w � , @ | � rjvè rsi|oghu ! � +w � , @ i +w � > ! +w � ,, @
i +w � > | � ,1 Phq vè hu ghw iûuvwh Wd|orusro|qrplxp iru ! phg xgylnolqjvsxqnw w �
nhqgw1 Ghw hu mr qhpolj jlyhw yhg

S � +w, @ ! +w � , . ! � +w � , +w� w � ,
Gl�huhqwlìuhv qx oljqlqjhq ! � +w, @ i +w> ! +w,, ièv +l ghwwh devwudnwh wloiéogh/ kyru
i lnnh hu nhqgw/ yhg euxj di néghuhjohq iru ixqnwlrq di wr yduldeoh,

! � � +w, @ i � +w> ! +w,, . i � +w> ! +w,,! � +w,
Ghuphg hu ! � � +w � , nhqgw1 Dowvè kdu yl ehvwhpw ghw 51Wd|orusro|qrplxp

S � +w, @ ! +w � , . ! � +w � , +w� w � , . 4
5!

� � +w � , +w� w � , �



:171 DSSURNVLPDWLY OÛVQLQJ DI GLIIHUHQWLDOOLJQLQJHU 436

Iruq|hw gl�huhqwldwlrq jlyhu ghw wuhglh Wd|orusro|qrplxp r1v1y1 Uhjqlqjhuqh
eolyhu grj qrupdow whppholjw ehvyéuoljh uhw kxuwljw1 Yl jlyhu hw hnvhpsho1
Hnvhpsho 5<5 Ehwudjw ehj|qghovhvyéuglsureohphw

| � @ w � . | � > | +3, @ 4
Gl�huhqwldooljqlqjhq hu lûyuljw hq Ulfdwwl0oljqlqj1 Ndog oûvqlqjhq !1 Vè vhv di
gl�huhqwldooljqlqjhq/ dw ! � +3, @ 3 � . 4 � @ 41 Yhg gl�huhqwldwlrq di gl�huhqwldo0
oljqlqjhq ièv

! � � +w, @ 5w. 5! +w,! � +w,
vèohghv dw ! � � +3, @ 51 Jhqwdjhq gl�huhqwldwlrq jlyhu

! � � � +w, @ 5 . 5! � +w, � . 5! +w,! � � +w,
vè ! � � � +3, @ ;1 Gl�huhqwldwlrq hqgqx hqjdqj

! � � � +w, @ 9! � +w,! � � +w, . 5! +w,! � � � +w,
vè ! � � � +3, @ 5;1 Khuphg kdu yl ixqghw oûvqlqjhqv imhugh Wd|orusro|qrplxp/ vrp
hu

S � +w, @ ! +3, . ! � +3, w. 4
5!

� � +3, w � . 4
6$!

� � � +3, w � . 4
7$!

� � � +3, w �

@ 4 . w. 4
55w

� . 4
6$;w

� . 4
7$5;w

� @ 4 . w. w � . 7
6 w

� . :
9 w

�

Ûyhovh 5<6 Ilqg ghw wuhglh Wd|orusro|qrplxp iru oûvqlqjhq wlo ehj|qghovhvyéuglsure0
ohphw

| � @ w. frv |> | +3, @ 3
Ehjjh gh dqiûuwh phwrghu wlo ehvwhpphovh di dssurnvlpdwlrqhu wlo oûvqlqjhq

di hw jlyhw ehj|qghovhvyéuglsureohp olghu xqghu ehuhjqlqjvpévvljh sureohphu1
Yl vndo qx ehwudjwh hq khow dqghq w|sh phwrghu1 Yl lqgohghu phg hq phwrgh
ndoghw Hxohuv phwrgh1

:1716 Hxohuv phwrgh
Yl ûqvnhu vrp ryhqiru dw �qgh hq wloqéuphw +phg hw �qhuh rug= dssurnvlpdwly,
oûvqlqj di ehj|qghovhvyéuglsureohphw

g|
gw @ i+w> |+w,,> |+w � , @ | �

Dw ghwwh ryhukryhghw hu lqwhuhvvdqw vn|oghv vrp qéyqw/ dw pdq iru pdqjh gl�hu0
hqwldooljqlqjhu lnnh ndq xgwu|nnh oûvqlqjhuqh phg ghw irukèqghqyéuhqgh uhshu0
wrluh di ixqnwlrqhu1 Hq wloqéuphw hoohu dssurnvlpdwly oûvqlqj ehwhjqhv riwh vrp
hq qxphulvn oûvqlqj/ qèu uhvxowdwhw lnnh hu jlyhw yhg hq irupho/ phq iruholj0
jhu vrp hq wdeho di nrqnuhwh wdoyéuglhu hoohu vrp hq surfhgxuh/ ghu iru hqkyhu
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jlyhq nrqnuhw wdoyéugl di w ndq ehuhjqh | +w,1 Vrp euxjw khu kdu rughw qxphulvn
lqwhw dw jûuh phg euxjhq l xgwu|nnhw qxphulvn yéugl di hw wdo/ vrp l m{m = Hxohuv
phwrgh hu hq qxphulvn phwrgh1

Hxohuv phwrgh hu rsndogw hiwhu ghq vfkzhlw}lvnh pdwhpdwlnhu Ohrqkdug Hxohu
+4:3:0;6,/ ghu pèvnh hu ghq phvw surgxnwlyh pdwhpdwlnhu/ ghu qrjhqvlqgh kdu
ohyhw1 Ghwwh vndo pdq grj lnnh odgh vlj vnuépph di1 Phwrghq hu jdqvnh vlpsho1

Yl ehj|qghu l ghw rsjlyqh sxqnw +w � > | � , = Oûvqlqjhqv wdqjhqwkéogqlqj wlo
w @ w � hu | � +w � , @ i+w � > | � ,= Jèu yl ghuiru hw olooh vnulgw di oéqjghq k wlo kûmuh/ hu
ghq q|h hnvdnwh |0yéugl wéw sè ghq |0yéugl/ yl ièu yhg dw jè odqjv wdqjhqwhq1
Jèu yl odqjv wdqjhqwhq ièu yl |0yéuglhq

| � @ | � . ki+w � > | � ,
Ghq wlovyduhqgh w0yéugl hu

w � @ w � . k
Yl vwèu qx l sxqnwhw +w � > | � , = Ghwwh sxqnw oljjhu iruprghqwolj olgw yhg vlghq
di ghw nruuhnwh sxqnw/ phq hu ghw ehgvwh yl kdu1 L ghwwh sxqnw hu oûvqlqjhqv
kéogqlqj | � +w � , @ i+w � > | � ,= Yl jèu odqjv ghq q|h wdqjhqw hw w0vnulgw sè k/ rj
�qghu gd |0yéuglhq

| � @ | � . ki+w � > | � ,
vyduhqgh wlo w0yéuglhq

w � @ w � . k
Vèohghv iruwvéwwhv1 Yl �qghu hq uénnh sxqnwhu

+w � > | � , > +w � > | � , > +w � > | � , > ===> +w � > | � , > ===>
ghu kéqjhu vdpphq sè iûojhqgh pègh

| � � � @ | � . ki+w � > | � ,
w � � � @ w � . k

iru q @ 3> 4> 5> 6> ===
Ghw ndq ylvhv/ dw ghq ihmo/ ghu ehjèv yhg hw hqnhow vnulgw hu fd1 sursruwlrqdo

phg k � = Ghq wrwdoh ihmo yhg ehuhjqlqjhq di |+e,/ kyru e hu voxwwlgv0sxqnwhw/
eolyhu khuphg rpwuhqw sursruwlrqdo phg k @ k � = Ghuiru ndoghv Hxohuv phwrgh
hq iûuvwhrughqvphwrgh1
Hnvhpsho 5<7 Vrp hnvhpsho wdjhu yl ehj|qghovhvyéuglsureohphw

� �
�
� @ w � . | �
|+3, @ 4

Yl wdjhu k @ 3=4= Yl kdu èehqeduw w � @ 3> | � @ 4 rj i+w> |, @ w � .| � = Vè yl �qghu
iûuvw

| � @ | � . ki+w � > | � , @ 4 . 3=4 � i+3> 4, @ 4=4
w � @ w � . k @ 3=4
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Ghuqévw �qghu yl
| � @ | � . ki+w � > | � , @ 4=4 . 3=4 � i+3=4> 4=4, @ 4=555
w � @ w � . k @ 3=5

Jèv hw vnulgw phuh/ �qghu yl
| � @ | � . ki+w � > | � , @ 4=555 . 3=4 � i+3=5> 4=555, @ 4=6:86
w � @ w � . k @ 3=6

Khuphg kdu yl wdehoohq
w 3 314 315 316
| 4 414 41555 416:86

Kylv yl kdoyhuhu vnulgwoéqjghq/ g1y1v1 wdjhu k @ 3=38/ vè ièv wdehoohq
w 3 314 315 316
| 4 41438 41569 41737

kyru yl nxq kdu phgwdjhw |0yéuglhu vyduhqgh wlo vdpph w0yéuglhu vrp iûu1
Kdoyhuhv ljhq +k @ 3=358, ièv=

w 3 314 315 316
| 4 4143;5 415774 41753:

L ghwwh hnvhpsho ndq ghq hnvdnwh oûvqlqj �qghv/ lghw ghq ndq xgwu|nnhv yhg
vèndogwh Ehvvhoixqnwlrqhu1 Phq lqghkroghu ìqv uhshuwrluh di ixqnwlrqhu lnnh Ehv0
vhoixqnwlrqhuqh/ vè ndq ghq hnvdnwh oûvqlqj lnnh dqjlyhv1 Pdsoh nhqghu Ehvvho0
ixqnwlrqhuqh rj ndq �qgh ghq hnvdnwh oûvqlqj1 Ghq vhu nrpsolfhuhw xg/ phq
oûvqlqjhq jlyhu iûojhqgh wdeho +phg 8 ehw|ghqgh fliuh,=

w 3 314 315 316
| 3 414448 415863 4176<:

Hnvhpsho 5<8 Yl suûyhu dw dqyhqgh Hxohuv phwrgh sè ehj|qghovhvyéuglsure0
ohphw

| � @ j +w, > | +w � , @ 3
kylonhw mr eorw ehw|ghu ehvwhpphovhq di U �

��� j +v,gv> dowvè ghq vwdpixqnwlrq wlo j/
ghu hu 3 iru w @ w � 1 Yl ièu phg i +w> |, @ j +w, > | � @ 3 rj vnulgwvwûuuhovh k

| � @ | � . ki+w � > | � , @ kj+w � ,
| � @ | � . ki+w � > | � , @ | � . kj+w � ,
| � @ | � . ki+w � > | � , @ | � . kj+w � ,

r1v1y1 Khu hu w � @ w � . k> w � @ w � . k> r1v1y1 Dowvè �qghv
| � @ | � . kj +w � , @ | � . kj+w � , . kj +w � ,

@ kj+w � , . kj+w � , . kj +w � , @ k +j+w � , . j+w � , . j +w � ,,
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Yl vhu/ dw phwrghq vyduhu wlo ehvwhpphovh di ghw ehvwhpwh lqwhjudo
]

�
�

���
j +w,gw

yhg dqyhqghovh di plgghovxpphu/ kyru ghu khoh wlghq euxjhv yhqvwuh lqwhuydohqgh0
sxqnw1 Gd Hxohuv phwrgh dowvè nxq jlyhu hq uhw ulqjh qxphulvn lqwhjudwlrqv0
phwrgh/ qèu ghq dqyhqghv sè ghwwh sureohp/ hu ghw qéuoljjhqgh dw iruvûjh hq
jhqhudolvhulqj di gh dqguh qxphulvnh lqwhjudwlrqvphwrghu1 Gìq qxphulvnh lqwh0
judwlrqvphwrgh/ ghu vyduhu wlo plgghovxpphu/ kyru plgwsxqnwhw ehq|wwhv/ jhqhu0
dolvhuhv wlo ghq prgl�fhuhgh Hxohuphwrgh/ rj wudsh}phwrghq jhqhudolvhuhv wlo ghq
vèndogwh iruehguhgh Hxohu0phwrgh hoohu Khxq*v phwrgh1 Vlpsvrqv lqwhjudwlrqvph0
wrgh jhqhudolvhuhv wlo hq imhughrughqv Uxqjh0Nxwwd0phwrgh1 Yl jhqqhpjèu glvvh
wuh phwrghu1

:1717 Ghq prgl�fhuhgh Hxohuphwrgh
Yl vndo �qgh hq dssurnvlpdwlrq wlo oûvqlqjhq wlo ehj|qghovhvyéuglsureohphw

| � @ i +w> |, > | +w � , @ | �
Véw

n � @ ki+w � > | � ,
n � @ ki

�

w � . 4
5k> | � .

4
5n �

�

| � @ | � . n �
w � @ w � . k

Qx vwèu yl l sxqnwhw +w � > | � ,1 Khuhiwhu jhqwdjhv surfhgxuhq/ lghw +w � > | � , huvwdwwhv
di +w � > | � ,1 Iruwvéw sè ghqqh pègh1 Khuphg ièv hq uénnh sxqnwhu

+w � > | � , > +w � > | � , > +w � > | � , > = = = > +w � > | � , > = = =
ghu iruyhqwhv dw oljjh wéw sè judihq iru oûvqlqjhq/ qèu eorw vnulgwoéqjghq k hu
olooh1 Ghw ndq ylvhv/ dw ghq ihmo/ ghu ehjèv yhg hw hqnhow vnulgw hu fd1 sursruwlrqdo
phg k � 1 Ghq wrwdoh ihmo yhg ehuhjqlqjhq di | +e,/ kyru e hu voxwwlgvsxqnwhw/ eolyhu
khuphg rpwuhqw sursruwlrqdo phg k � 1 Ghuiru ndoghv phwrghq hq dqghqrughqv
phwrgh1 Phwrghq ndoghv l Vfkdxp*v Pdwkhpdwlfdo Kdqgerrn iruPlg0srlqw uxoh1
Pdsoh ndoghu ghq lpsro|/ hq irunruwhovh di lpsuryhg sro|jrq phwkrg1
Ûyhovh 5<9 Ylv/ dw kylv pdq dqyhqghu ghq prgl�fhuhgh Hxohuphwrgh sè ehj|qghovhvyéugl0
sureohphw

| � @ j +w, > | +w � , @ 3
vè ièv plgwsxqnwvirupohq iru qxphulvn lqwhjudwlrq1
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:1718 Khxq*v phwrgh
Phwrghq jèu wloedjh wlo N1Khxq +4<33, rj ndoghv rjvè iru ghq iruehguhgh Hxohu0
phwrgh1 Yl vndo �qgh hq dssurnvlpdwlrq wlo oûvqlqjhq wlo ehj|qghovhvyéuglsure0
ohphw

| � @ i +w> |, > | +w � , @ | �
Véw

n � @ ki+w � > | � ,
n � @ ki +w � . k> | � . n � ,
| � @ | � . 4

5 +n � . n � ,
w � @ w � . k

Qx vwèu yl l sxqnwhw +w � > | � ,1 Khuhiwhu jhqwdjhv surfhgxuhq/ lghw +w � > | � , huvwdwwhv
di +w � > | � ,1 Iruwvéw sè ghqqh pègh1 Khuphg ièv hq uénnh sxqnwhu

+w � > | � , > +w � > | � , > +w � > | � , > = = = > +w � > | � , > = = =
ghu iruyhqwhv dw oljjh wéw sè judihq iru oûvqlqjhq/ qèu eorw vnulgwoéqjghq k hu
olooh1 Ghw ndq ylvhv/ dw ghq ihmo/ ghu ehjèv yhg hw hqnhow vnulgw hu fd1 sursruwlrqdo
phg k � 1 Ghq wrwdoh ihmo yhg ehuhjqlqjhq di | +e,/ kyru e hu voxwwlgvsxqnwhw/ eolyhu
khuphg rpwuhqw sursruwlrqdo phg k � 1 Ghuiru ndoghv phwrghq hq dqghqrughqv
phwrgh1 Pdsoh ndoghu ghqqh phwrgh khxqirup +iru Khxq irupxod, hoohu un5 +51
rughqv Uxqjh0Nxwwd,1
Ûyhovh 5<: Ylv/ dw kylv pdq dqyhqghu Khxq*v phwrgh sè ehj|qghovhvyéugl0
sureohphw

| � @ j +w, > | +w � , @ 3
vè ièv wudsh}irupohq iru qxphulvn lqwhjudwlrq1
:1719 Hq imhughrughqv Uxqjh0Nxwwd0phwrgh
Phwrghq vn|oghv F1Uxqjh +4;8904<5:, rj P1Nxwwd +4;9:04<77,1 Yl vndo �qgh
hq dssurnvlpdwlrq wlo oûvqlqjhq wlo ehj|qghovhvyéuglsureohphw

| � @ i +w> |, > | +w � , @ | �
Véw

n � @ ki+w � > | � ,
n � @ ki

�

w � . 4
5k> | � .

4
5n �

�

n � @ ki
�

w � . 4
5k> | � .

4
5n �

�

n � @ ki +w � . k> | � . n � ,
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Gh�qìu qx
| � @ | � . 4

9 +n � . 5n � . 5n � . n � ,
w � @ w � . k

Qx vwèu yl l sxqnwhw +w � > | � ,1 Khuhiwhu jhqwdjhv surfhgxuhq/ lghw +w � > | � , huvwdwwhv
di +w � > | � ,1 Iruwvéw sè ghqqh pègh1 Khuphg ièv hq uénnh sxqnwhu

+w � > | � , > +w � > | � , > +w � > | � , > = = = > +w � > | � , > = = =
ghu iruyhqwhv dw oljjh wéw sè judihq iru oûvqlqjhq/ qèu eorw vnulgwoéqjghq k hu
olooh1 Ghw ndq ylvhv/ dw ghq ihmo/ ghu ehjèv yhg hw hqnhow vnulgw hu fd1 sursruwlrqdo
phg k � 1 Ghq wrwdoh ihmo yhg ehuhjqlqjhq di | +e,/ kyru e hu voxwwlgvsxqnwhw/ eolyhu
khuphg rpwuhqw sursruwlrqdo phg k � 1 Ghuiru ndoghv phwrghq hq imhughrughqv
phwrgh1
Ûyhovh 5<; Ylv/ dw kylv pdq dqyhqghu ghq dqjlyqh Uxqjh0Nxwwd0phwrgh sè
ehj|qghovhvyéuglsureohphw

| � @ j +w, > | +w � , @ 3
vè ièv Vlpsvrqv irupho iru qxphulvn lqwhjudwlrq1

Yl kdu khu qéyqw 9 phwrghu wlo dssurnvlpdwly oûvqlqj di iûuvwhrughqv gli0
ihuhqwldooljqlqjhu1 Ghu hu lplgohuwlg pdqjh  huh1 Hqgylghuh hu ghu dovnhqv vpè
iruehgulqjhu di gh qéyqwh phwrghu1 Hnvhpshoylv ndq ghw yéuh hq jrg lgì dw éq0
guh vnulgwoéqjgh dikéqjlj di hq oûehqgh nrqwuro di ehuhjqlqjhuqhv qûmdjwljkhg1
Ghqqh ndq nrqwuroohuhv yhg hq ehuhjqlqj di | � jmruw eègh phg ìw vnulgw phg hq
oéqjgh sè k rj phg wr vnulgw kyhu phg oéqjgh �

� 1



Ndslwho ;
Jhqhuhooh
Gl�huhqwldooljqlqjhu di
Kûmhuh Rughq
Hq gl�huhqwldooljqlqj di iûuvwh rughq lqghkroghu ghq iûuvwh d hghgh di ghq xehn0
hqgwh ixqnwlrq + | � ,/ hyw1 ghqqh vhoy + | , vdpw hyw1 ghq xdikéqjljh yduldeoh
+ w ,1 Yl kdu iruxgvdw/ dw oljqlqjhq dowlg nxqqh vnulyhv sè iruphq | � @ i +w> |,/
dowvè dw | � dowlg nxqqh lvrohuhv l ghq oljqlqj/ ghu nq|wwhu | � > | rj w vdpphq1 Yl
ylo vljh/ dw gl�huhqwldooljqlqjhq hu vnuhyhw sè qrupdoirup1

Hq gl�huhqwldooljqlqj di dqghq rughq lqghkroghu ghq dqghq d hghgh + | � � ,
di ghq xehnhqgwh ixqnwlrq/ hyw1 ghq iûuvwh d hghgh + | � ,/ hyw1 ixqnwlrqhq vhoy
+ | , vdpw hyw1 ghq xdikéqjljh yduldeoh + w ,1 Yl iruxgvéwwhu/ dw oljqlqjhq ndq
vnulyhv sè iruphq

| � � @ i +w> |> | � , +-,
dowvè dw | � � ndq lvrohuhv l ghq oljqlqj/ ghu nq|wwhu | � � > | � > | rj w vdpphq1 Yl ylo
ljhq vljh/ dw gl�huhqwldooljqlqjhq hu vnuhyhw sè qrupdoirup1

Iru hq gl�huhqwldooljqlqj di iruphq +-, �qghv hnvlvwhqv rj hqw|gljkhgvvéw0
qlqjhu khow sdudoohooh phg Shdqr*v véwqlqj rj Slfdug0Olqghoùi*v véwqlqj iru
iûuvwhrughqv gl�huhqwldooljqlqjhu1 Idnwlvn hu ehylvhuqh rjvè khow sdudoohooh1 Juxq0
ghq hu ghq/ dw hq kûmhuh rughqv gl�huhqwldooljqlqj ndq vnulyhv vrp hw v|vwhp di
iûuvwhrughqv gl�huhqwldooljqlqjhu1 Yl ylvhu ghwwh iru +-,1 Véw { � +w, @ | +w, rj
{ � +w, @ | � +w,1 Vè kdu yl èehqeduw/ dw { � rj { � rsi|oghu iûojhqgh v|vwhp di wr
iûuvwhrughqv gl�huhqwldooljqlqjhu

{ � � @ { �
{ � � @ i +w> { � > { � ,

Ghwwh v|vwhp ndq vnulyhv sè yhnwruirup sè iûojhqgh pègh1 Véw { +w, @ +{ � +w, > { � +w,,
rj I +w> {, @ +{ � > i +w> { � > { � ,,1 Vè ndq v|vwhphw vnulyhv

{ � @ I +w> {, +-yhnwru,
43<
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Hu ghu jlyhw iûojhqgh ehj|qghovhvehwlqjhovhu iru +-,= | +w � , @ | � rj | � +w � , @ s � /
vè eolyhu gh wlo ehj|qghovhvehwlqjhovhq { +w � , @ +| � > s � , iru v|vwhphw +-yhnwru,1
Oljqlqjhq +-, phg ehj|qghovhvehwlqjhovhu kdu qx ièhw hq irup/ ghu jûu/ dw hn0
vhpshoylv Slfdug0Olqghoùi*v véwqlqj phg ehylv ndq ryhuwdjhv qévwhq xghq éq0
gulqjhu1 Yl qûmhv phg dw irupxohuh iûojhqgh uhvxowdw=
Véwqlqj 5<< Odg G yéuh hq èehq ghopéqjgh di U � 1 Odg i yéuh hq nrqwlqxhuw
ixqnwlrq gh�qhuhw sè G/ rj dqwdj/ dw i +w> |> s, kdu hq nrqwlqxhuw d hghw p1k1w1
| rj s l G1 Odg +w � > | � > s � , 5 G1 Vè kdu ehj|qghovhvyéuglsureohphw | +w � , @ | � rj
| � +w � , @ s � / iru gl�huhqwldooljqlqjhq | � � @ i +w> |> | � , qhwrs ìq pdnvlpdo oûvqlqj1
Ehpéunqlqj 633 Véwqlqjhq kdu qdwxuoljylv hq yhuvlrq iru gl�huhqwldooljqlqjhu
di wuhglh rj kûmhuh rughq1
Ûyhovh 634 Rpvnuly gl�huhqwldooljqlqjhq | � � � . 5| � � . 6| � . 7| @ vlq w wlo hw
v|vwhp di wuh iûuvwhrughqv gl�huhqwldooljqlqjhu1
Hnvhpsho 635 Ehwudjw hw pdwhpdwlvn shqgxo phg pdvvhp rj oéqjgh o1 Ehwhjq
phg � ghq ylqnho/ vrp shqgxohw gdqqhu phg orgolqlhq1 � pèohv l udgldqhu1 Di
Qhzwrqv dqghq ory ièv

pg � +o�,
g� � @ �pj vlq �

kyru j ehwhjqhu w|qjghdffhohudwlrqhq1 Khudi �qghv
� � � @ �j

o vlq �
Odg rv dqwdjh/ dw srvlwlrqhq hu nhqgw sè hw wlgvsxqnw/ kyru ylqnhokdvwljkhghq hu
qxo1 Yl qxovwloohu yruhv xu/ vè ghwwh vnhu wlo w @ 31 Dowvè � +3, @ � � / � � +3, @ 3
hu yruhv ehj|qghovhvehwlqjhovhu1 Di qhpkhgv vn|og véwwhu yl n @ s �

� 1 Yl vndo
ghuphg oûvh iûojhqgh ehj|qghovhvyéuglsureohp

� � � @ �n � vlq �> � +3, @ � � > � � +3, @ 3 ++--,,
Ghwwh sureohp ehkdqgohv l hohphqwéuh iuhpvwloolqjhu +vrp ghqqh, riwhvw yhg hq
lqgvnuéqnqlqj wlo vpè xgvylqj di shqgxohw1 Qèu qhpolj � hu olooh qxphulvn vhw/ vè
hu iruvnhoohq phoohp vlq � rj � xehw|gholj +irukèehqwolj,1 Ehj|qghovhvyéuglsure0
ohphw +--, huvwdwwhv ghuphg di iûojhqgh ehj|qghovhvyéuglsureohp=

� � � @ �n � �> � +3, @ � � > � � +3, @ 3 ++--olq,,
Ghwwh sureohp hu i1hnv1 oûvw l j|pqdvlhoéuheûjhu +vh rjvè vhqhuh,1 Oûvqlqjhq
hu � +w, @ � � frv +nw,1 Kylv ghqqh dssurnvlpdwlrq hu wloodgholj/ vhv dw shqgxoeh0
yéjhovhq eolyhu shulrglvn phg shulrgh W � @ � �

�
1

Yl vndo qx ylvh/ kyrugdq pdq yhg hw vlpshow wulfn/ ndq iruydqgoh +--, wlo
hw ehj|qghovhvyéuglsureohp iru hq iûuvwhrughqv gl�huhqwldooljqlqj1 Pxowlsolfìuhv
gl�huhqwldooljqlqjhq l +--, phg 5� � ièv

5� � � � � @ �5n � � � vlq �
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Ghqqh oljqlqj hu èehqeduw énylydohqw phg +--, sè hwkyhuw lqwhuydo/ kyru � � 9@
31 Gd yhqvwuh vlgh l oljqlqjhq hu olj phg �

�
�

�� � � � rj kûmuh vlgh hu olj phg
�

�
�

�5n � frv ��/ ièv ghuphg
� � � @ 5n � frv � . F

kyru nrqvwdqwhq F ehvwhpphv di ehj|qghovhvehwlqjhovhuqh � +3, @ � � > � � +3, @ 3/
wlo F @ �5n � frv � � 1 Dowvè ièv

� � � @ 5n � frv � � 5n � frv � � +---,
Ghqqh oljqlqj xgwu|nnhu/ dw ghq wrwdoh phndqlvnh hqhujl hu ehyduhw xqghu ehyéjhovhq1
Ghq wrwdoh phndqlvnh hqhujl hu qhpolj vxpphq di ghq nlqhwlvnh hqhujl �� p �o� � �

�

rj ghq srwhqwlhooh hqhujl/ vrp hu pjo +frv � � 4,/ qèu ghq véwwhv wlo 3 l ghq or0
guhwwh srvlwlrq iru shqgxohw1 Gl�huhqwldooljqlqjhq +---, hu lnnh sè qrupdoirup1
Ehpéun iûuvw/ dw ghw iûojhu di +---,/ dw frv �� frv � � � 3/ kylonhw i|vlvn vhw eorw
ehw|ghu/ dw shqgxohw lnnh nrpphu kûmhuh rs hqg vyduhqgh wlo xgjdqjvsrvlwlrqhq1
Di +---, ièv vè

� � @ 	ns5 frv � � 5 frv � � ++---q,,
dowvè wr xgwu|n l vwhghw iru ìw1 Yl pè lplgohuwlg iruyhqwh/ dw vnxooh vnliwh phoohp
gh wr= Kylv � � +w, A 3/ qèu shqgxohw vylqjhu ghq hqh yhm/ pè � � +w, ? 3/ qèu ghw
vylqjhu wloedjh1 Yl ehwudjwhu shqgxohw iud hq vwduw phg � +3, @ � � 5 �� �

� > 3�1 Vè
iûojhu di +--,/ dw � � � +3, @ �n � vlq � � A 31 Gd � � +3, @ 3/ ièv dw � � +w, A 3 sè hw
lqwhuydo L � @ `3> w � ^1 Sè ghwwh lqwhuydo vndo yl dowvè euxjh iruwhjqhw *.* l +---q,1
Yl kdu dowvè qx ehj|qghovhvyéuglsureohphw

� � @ ns5 frv � � 5 frv � � > � +3, @ � �
Ghwwh ehj|qghovhvyéuglsureohphw kdu hq nrqvwdqw oûvqlqj/ qhpolj � +w, @ � � iru
dooh w1 Phq vrp yl oljh kdu vhw/ hu ghqqh oûvqlqj lnnh oûvqlqj wlo +--,1 Kxvn/ dw
oljqlqjhuqh +--, rj +---, nxq hu énylydohqwh sè lqwhuydoohu/ kyru � � 9@ 31 Yruhv
q|h ehj|qghovhvyéuglsureohp kdu khogljylv rjvè dqguh oûvqlqjhu1 Gl�huhqwldooljqlqjhq
hu vhsdudeho1 Yhg vhsdudwlrq phg sèiûojhqgh lqwhjudwlrq ryhu wlghq iud 3 wlo w ièv

] � � � �

� �

g!s5 frv!� 5 frv � � @ nw
Qx ehj|qghu ghw dw eolyh vyéuw$ Yl ylo mr jhuqh xgwu|nnh � +w, yhg w1 Khu ièu yl
lplgohuwlg euxj iru nhqgvnde wlo hoolswlvnh lqwhjudohu/ vè yl qûmhv phg dw jlyh hq
irupho iru shqgxohwv vylqjqlqjvwlg W 1 Ylqnohq � @ 3 vyduhu qhpolj wlo wlghq �� W 1
Dowvè kdu yl/ lghw yl hulqguhu/ dw n @ s �

� =
W @ 7

v

o
j
] �

� �

g!s5 frv!� 5 frv � �
Lqwhjudohw ndq xguhjqhv qxphulvn1 Ghw ndq rjvè rpvnulyhv wlo hw ixogvwéqgljw
hoolswlvn lqwhjudo di iûuvwh duw/ vèohghv

W @ 7
v

o
j
] � �

�

gx
s4�p vlq � x
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kyru p @ vlq � � �
� 1 Ghqqh yhuvlrq kdu ghq irugho/ dw ghq hu yhovwxghuhw/ vh i1hnv1

Vfkdxp xqghu Hoolswlf Ixqfwlrqv/ Frpsohwh Hoolswlf Lqwhjudo ri wkh Iluvw Nlqg1
L hnvhpsho ryhqiru hu euxjw hw wulfn/ ghu phg irugho ndq euxjhv sè dqghqru0

ghqv gl�huhqwldooljqlqjhu di w|shq
| � � @ j +|,

Lgìhq hu vrp ylvw l hnvhpsohw ghq/ dw pxowlsolfhuh oljqlqjhq phg 5| � +w,/
kyruhiwhu yhqvwuh vlgh hu �

�
�

�

| � +w, �
�

rj kûmuh vlgh hu 5 �
�
� J+| +w,,/ qèu J hu hq

vwdpixqnwlrq wlo j1 Khuphg kdu yl ièhw hw vèndogw iûuvwh lqwhjudo wlo | � � @ j +|,/
qhpolj ixqghw/ dw

| � +w, � � 5J +|, @ F
kyru F hu hq duelwuéu nrqvwdqw1
Ûyhovh 636 Ilqg oûvqlqjhq wlo ehj|qghovhvyéuglsureohphw

| � � @ 5| � . 5|> | +3, @ 3> | � +3, @ 4
Hq dqghq nodvvh di dqghqrughqv gl�huhqwldooljqlqjhu/ ghu ndq oûvhv yhg uh0

gxnwlrq wlo hq iûuvwhrughqvoljqlqj hu iûojhqgh w|sh
| � � @ j +w> | � ,

Ghw ehpéunhovhvyéugljh hu/ dw ghq xehnhqgwh ixqnwlrq | nxq hu uhsuévhqwhuhw
yhg vlqh d hghgh | � rj | � � 1 Oûvqlqjvphwrghq hu vlpsho= Véw { +w, @ | � +w,/ vè ièv
{ � @ j +w> {,/ ghu mr hu hq iûuvwhrughqvgl�huhqwldooljqlqj1 Qèu { +w, hu ehvwhpw/
ndq | +w, ghuhiwhu ehvwhpphv vrp hq vwdpixqnwlrq wlo { +w,1
Hnvhpsho 637 Yl ylo ehvwhpph ghq ixogvwéqgljh oûvqlqj wlo gl�huhqwldooljqlqjhq

| � � @ +| � ,
�

. 4
Véw { @ | � / vè ièv { � @ { � .4/ ghu ndq vhsduhuhv1 Yl �qghu dufwdq{ @ w.f � / kyru
f � hu hq ylonèuolj nrqvwdqw1 Dowvè { +w, @ wdq +w. f � ,1 Khudi �qghv yhg xehvwhpw
lqwhjudwlrq | +w, @ � oq mfrv +w. f � ,m. f � / kyru f � rj f � hu ylonèuoljh nrqvwdqwhu1
Gh pdnvlpdoh oûvqlqjhuv gh�qlwlrqvlqwhuydoohu hu ehjuéqvhw di wr sè klqdqghq
iûojhqgh qxosxqnwhu iru frv +w. f � ,1

;14 Qxphulvn oûvqlqj di kûmhuh rughqv gl�huhq0
wldooljqlqjhu

Ehj|qghovhvyéuglsureohphw
| � � @ i +w> |> | � , > | +w � , @ | � > | � +w � , @ s �
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oûvhv qxphulvn yhg ghq rpvnulyqlqj wlo hw v|vwhp di wr iûuvwhrughqv gl�huhqwldo0
oljqlqjhu/ vrp wlgoljhuh hu ehvnuhyhw1 Yl vndo ehvnulyh hq Uxqjh0Nxwwd0phwrgh
di imhugh rughq iru hw v|vwhp di wr iûuvwhrughqvgl�huhqwldooljqlqjhu1 Ghq hu hq
xplgghoedu jhqhudolvdwlrq di ghq wlovyduhqgh phwrgh iru ìq iûuvwhrughqv gl�hu0
hqwldooljqlqj/ rj ghq xgylghv ohw wlo q iûuvwh rughqv v|vwhphu phg q xehnhqgwh
ixqnwlrqhu1

Yl vndo �qgh hq dssurnvlpdwlrq wlo oûvqlqjhq wlo ehj|qghovhvyéuglsureohphw
{ � @ i +w> {> |,
| � @ j +w> {> |,

phg { +w � , @ { � rj | +w � , @ | � 1 Véw
n � @ ki+w � > { � > | � , o � @ kj+w � > { � > | � ,

n � @ ki �w � . �� k> { � . �� n � > | � . �� o � � o � @ kj �w � . �� k> { � . �� n � > | � . �� o � �
n � @ ki �w � . �� k> { � . �� n � > | � . �� o � � o � @ kj �w � . �� k> { � . �� n � > | � . �� o � �

n � @ ki +w � . k> { � . n � > | � . o � , o � @ kj +w � . k> { � . n � > | � . o � ,
Gh�qìu qx

{ � @ { � . 4
9 +n � . 5n � . 5n � . n � ,

| � @ | � . 4
9 +o � . 5o � . 5o � . o � ,

w � @ w � . k
Qx vwèu yl l sxqnwhw +w � > { � > | � ,1 Khuhiwhu jhqwdjhv surfhgxuhq/ lghw +w � > { � > | � ,
huvwdwwhv di +w � > { � > | � ,1 Iruwvéw sè ghqqh pègh1 Khuphg ièv hq uénnh sxqnwhu
+w � > { � > | � , > +w � > { � > | � , > +w � > { � > | � , > = = = > +w � > { � > | � , > = = =/ ghu iruyhqwhv dw oljjh wéw
sè edqhnxuyhq iru oûvqlqjhq/ qèu eorw vnulgwoéqjghq k hu olooh1 Ghw ndq ylvhv/ dw
ghq ihmo/ ghu ehjèv yhg hw hqnhow vnulgw hu fd1 sursruwlrqdo phg k � 1 Ghq wrwdoh
ihmo yhg ehuhjqlqjhq di +{ +e, > | +e,,/ kyru e hu voxwwlgvsxqnwhw/ eolyhu khuphg
rpwuhqw sursruwlrqdo phg k � 1 Ghuiru ndoghv phwrghq hq imhughrughqv phwrgh1

;15 Udqgyéuglsureohphu
Iru gl�huhqwldooljqlqjhu di iûuvwh rughq rswuéghu ghu qrupdow yhg ehvwhpphovh
di ghq ixogvwéqgljh oûvqlqj ìq duelwuéu nrqvwdqw1 Vyduhqgh khuwlo ylo oûvqlqjhq
qrupdow yéuh hqw|gljw ehvwhpw yhg ìq ehj|qghovhvehwlqjhovh1 Iru gl�huhqwldo0
oljqlqjhu di dqghq rughq kdu yl ryhqiru vhw/ dw pdq pè vwlooh ehj|qghovhveh0
wlqjhovhu eègh iru ixqnwlrqhq rj ghqv iûuvwh d hghgh1 Pdq nrpphu lplgohu0
wlg xg iru vlwxdwlrqhu/ kyru ghw hu phuh qdwxuoljw/ dw vwlooh ehwlqjhovhu iru ghq
xehnhqgwh ixqnwlrqv yéuglhu l gh wr hqghsxqnwhu iru hw ylvw lqwhuydo/ hoohu iru
yéuglhuqh iru ghq xehnhqgwh ixqnwlrqv d hghgh1 Pdq wdohu rp hw udqgyéugl0
sureohp iru gl�huhqwldooljqlqjhq1 Yl jlyhu nxq hw phjhw vlpshow hnvhpsho/ phq
ghw ylvhu/ dw ghu hu hq dijûuhqgh iruvnho phoohp udqgyéuglsureohphu rj ehj|q0
ghovhvyéuglsureohphu1
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Hnvhpsho 638 Ehwudjw gl�huhqwldooljqlqjhq
| � � . �| @ 3 +-,

kyru � 5 U1 Yl ylo �qgh vdpwoljh oûvqlqjhu wlo +-,/ ghu rjvè rsi|oghu udqgyéugl0
ehwlqjhovhuqh

| +3, @ 3
| +�, @ 3

Yl lqgghohu xqghuvûjhovhq l wuh ghoh1
41 � ? 31 Yl véwwhu n @ s��1 Ghq ixogvwéqgljh oûvqlqj wlo +-, hu jlyhw

yhg | +w, @ d � �
� . eh �

� / kyru d> e 5 U1 Lqgvéwwhv w @ 3 rj w @ �/ ièv
oljqlqjvv|vwhphw d . e @ 3 rj dh � � � . eh � � @ 3/ kylv hqhvwh oûvqlqj hu
d @ e @ 31 Dowvè kdu +-, phg udqgyéuglhuqh |+3, @ 3 rj |+�, @ 3 nxq ghq
wulylhooh oûvqlqj/ qxooûvqlqjhq1

51 � @ 31 Ghq ixogvwéqgljh oûvqlqj wlo +-, hu jlyhw yhg |+w, @ dw . e/ kyru
d> e 5 U1 Lqgvéwwhv w @ 3 rj w @ �/ ièvd @ e @ 31 Vrp l wloiéogh 4 kdu
udqgyéuglsureohphw nxq qxooûvqlqjhq1

61 � A 31 Yl véwwhu n @ s�1 Ghq ixogvwéqgljh oûvqlqj wlo +-, hu jlyhw yhg
|+w, @ d frv nw . e vlqnw/ kyru d> e 5 U1 Lqgvéwwhv w @ 3/ ièv d @ 31
Lqgvéwwhv w @ �/ ièv e vlqn� @ 31 Kylv vlqn� 9@ 3/ kdu udqgyéuglsureohphw
nxq qxooûvqlqjhq oljhvrp l wloiéogh 4 rj 51 Phq kylv vlqn� @ 3/ g1y1v1 kylv
� @ n � iru hw n 5 Q / vhu yl/ dw udqgyéuglsureohphw kdu iûojhqgh oûvqlqjhu

| +w, @ e vlqnw> e 5 U
Ûyhovh 639 Oûv iru hwkyhuw � 5 U iûojhqgh udqgyéuglsureohp iru gl�huhqwldoolj0
qlqjhq +-,=

| � +3, @ 3
| � +�, @ 3

L prgvéwqlqj wlo udqgyéuglsureohphuqh l hnvhpsohw rj l ûyhovhq ryhqiru kdu
ehj|qghovhvyéuglsureohphw iru +-, phg | +3, @ | � +3, @ 3 nxq ghq wulylhooh
oûvqlqj/ qxooûvqlqjhq/ rj ghw xdqvhw yéuglhq di � l +-,1

Udqgyéuglsureohphu iru ruglqéuh gl�huhqwldooljqlqjhu vrp +-, rswuéghu yhg
oûvqlqjhq di udqgyéuglsureohphu iru sduwlhooh gl�huhqwldooljqlqjhu/ i1hnv1 yhg oûv0
qlqjhq di yduphohgqlqjvoljqlqjhq

Cx
Cw @ nC

� x
C{ �

kyru x @ x +{> w, ehwhjqhu whpshudwxuhq l sxqnwhw { sè hq vwdqj wlo wlghq w/ rj
kyru n hu hq srvlwly nrqvwdqw/ ghu dikéqjhu di ghw pdwhuldoh vwdqjhq hu odyhw di1
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Kylv hqghuqh di vwdqjhq + { @ 3 rj { @ O, kroghv sè whpshudwxuhq 3 iru dooh
w � 3/ kdu yl udqgyéuglehwlqjhovhuqh x +3> w, @ 3 rj x +O> w, @ 3 dooh w � 31

Eûojholjqlqjhq hu hw dqghw hnvhpsho=
C � x
Cw � @ nC

� x
C{ �

Khu ehwhjqhu x @ x +{> w, xgvylqjhw l sxqnwhw { di hq vylqjhqgh vwuhqj wlo wlghq
w1 Ljhq hu n hu hq srvlwly nrqvwdqw1 Vwuhqjhqv hqghsxqnwhu wéqnhv idvwjmruw/
kyruphg yl kdu udqgyéuglehwlqjhovhuqh x +3> w, @ x +O> w, @ 3 iru dooh w � 31

Udqgyéuglsureohphw iru glvvh sduwlhooh gl�huhqwldooljqlqjhu eolyhu yhg dqvdw0
vhq x +{> w, @ z +{, y +w, wlo hw udqgyéuglsureohp iru ghq ruglqéuh gl�huhqwldo0
oljqlqj z � � . �z @ 3/ ghu eohy ehkdqgohw ryhqiru1
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Ndslwho <
Olqhéuh
Gl�huhqwldooljqlqjhu di 51
Rughq
Véwqlqj 63: Hnvlvwhqv0 rj hqw|gljkhgvvéwqlqj iru olqhéuh gl�huhq0
wldooljqlqjhu1 Ehwudjw hq gl�huhqwldooljqlqj di iruphq

d +w, | � � . e +w, | � . f +w, | @ t +w, +-,
kyru yl dqwdjhu/ dw nrh!flhqwhuqh d> e> f/ vdpw kûmuhvlghq t hu nrqwlqxhuwh ixqn0
wlrqhu gh�qhuhw sè hw lqwhuydo L1 Dqwdj/ dw ghq ohghqgh nrh!flhqw d hu iruvnhoolj
iud qxo sè khoh lqwhuydoohw L1 Ehwudjw rjvè iûojhqgh ehj|qghovhvehwlqjhovhu

| +w � , @ | � > | � +w � , @ | �
kyru w � 5 L1 Vè kdu ehj|qghovhvyéuglsureohphw ehvwèhqgh di gl�huhqwldooljqlqjhq
rj ehj|qghovhvehwlqjhovhuqh suéflv ìq pdnvlpdo oûvqlqj/ rj ghqqh hu gh�qhuhw
sè khoh lqwhuydoohw L1

Yl jlyhu lnnh qrjhw ehylv iru véwqlqjhq/ phq yl ehq|wwhu ghq l vwruw rpidqj
l ghw iûojhqgh1

<14 Krprjhqh Olqhéuh gl�huhqwldooljqlqjhu
Yhg hq krprjhq olqhéu gl�huhqwldooljqlqj iruvwèv hq olqhéu gl�huhqwldooljqlqj/ l
kylonhq kûmuhvlghq t+w, l oljqlqj +-, hu qxo iru dooh w 5 L/ dowvè vhu xg vrp iûojhu=

d +w, | � � . e +w, | � . f +w, | @ 3 +-krp,
kyru yl ljhq dqwdjhu/ dw nrh!flhqwixqnwlrqhuqh d> e/ rj f hu nrqwlqxhuwh sè lq0
whuydoohw L/ rj kyru ghq ohghqgh nrh!flhqw d +w, lnnh hu qxo iru qrjhw w 5 L1

44:
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Véwqlqj 63; Odg ! � rj ! � yéuh oûvqlqjhu wlo ghq krprjhqh oljqlqj +-krp, sèlqwhuydoohw L/ rj odg f � rj f � yéuh nrqvwdqwhu1 Vè hu olqhdunrpelqdwlrqhq
! +w, @ f � ! � +w, . f � ! � +w,

rjvè hq oûvqlqj wlo +-krp, sè L1
Ehylv1 Gd ! � rj ! � hu oûvqlqjhu/ kdu yl iru dooh w 5 L/

d +w,! � �
� +w, . e +w,! � � +w, . f +w,! � +w, @ 3

d +w,! � �
� +w, . e +w,! � � +w, . f +w,! � +w, @ 3

Xgq|wwhv/ dw ! � +w, @ f � ! �
� +w, . f � ! � � +w,/ rj dw ! � � +w, @ f � ! � �� +w, . f � ! � �� +w,/ vè ièv

d +w,! � � +w, . e +w,! � +w, . f +w,! +w,
@ d +w, �f � ! � �� +w, . f � ! � �� +w,�. e +w, �f � ! � � +w, . f � ! �

� +w,�. f +w, +f � ! � +w, . f � ! � +w,,
@ f � �d +w,! � �� +w, . e +w,! �

� +w, . f +w,! � +w,�. f � �d +w,! � �� +w, . e +w,! �
� +w, . f +w,! � +w,�

@ f � 3 . f � 3 @ 3
kylonhw mr ehw|ghu/ dw ! hu oûvqlqj wlo +-krp,1
Gh�qlwlrq 63< Yhg Zurqvnl0ghwhuplqdqwhq iru wr gl�huhqwldeoh ixqnwlrqhu i
rj j gh�qhuhw sè hw lqwhuydo L/ iruvwèv ghwhuplqdqwhq

Z @
�

�

�

�

i j
i � j �

�

�

�

�

@ ij � � i � j

Zurqvnlghwhuplqdqwhq hu èehqeduw hq ixqnwlrq gh�qhuhw sè L1
Véwqlqj 643 Ehwudjw ghq krprjhqh olqhéuh gl�huhqwldooljqlqj

d +w, | � � . e +w, | � . f +w, | @ 3
Dqwdj/ dw nrh!flhqwhuqh d> e> f hu nrqwlqxhuwh ixqnwlrqhu gh�qhuhw sè hw lqwhuydo
L1 Dqwdj/ dw ghq ohghqgh nrh!flhqw d hu iruvnhoolj iud qxo sè khoh lqwhuydoohw L1
Odg ! � rj ! � yéuh oûvqlqjhu1 Vè jéoghu/ dw Zurqvnl0ghwhuplqdqwhq Z +w, iru
oûvqlqjhuqh ! � rj ! � rsi|oghu gl�huhqwldooljqlqjhq

d +w,Z � +w, . e +w,Z +w, @ 3
sè lqwhuydoohw L 1 Z hu dowvè jlyhw yhg

Z +w, @ N h{s
��]

�

���

e +v,
d +v,gv

�

kyru w � ndq yéojhv ylonèuoljw l L rj N hu hq nrqvwdqw +ghu dikéqjhu di ydojhw di
w � ,1
Ehpéunqlqj 644 Irupohq iru Zurqvnlghwhuplqdqwhq ndoghv Dehov lghqwlwhw
rj vn|oghv qrugpdqghq Qlhov Khquln Deho/ 4;3504;5<1
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Nruroodu 645 Zurqvnl0ghwhuplqdqwhq iru oûvqlqjhuqh hu hqwhq lghqwlvn olj phg
qxo l L hoohu dogulj olj phg qxo l L1
Véwqlqj 646 Ehwudjw ghq krprjhqh olqhéuh gl�huhqwldooljqlqj

d +w, | � � . e +w, | � . f +w, | @ 3
sè lqwhuydoohw L rj dqwdj/ dw nrh!flhqwhuqh d> e> f hu nrqwlqxhuwh ixqnwlrqhu sè
L phg d +w, 9@ 3 iru dooh w 5 L1 Vè jéoghu=

41 Ghu �qghv wr oûvqlqjhu/ kylv Zurqvnlghwhuplqdqw hu iruvnhoolj iud qxo sè
L1

51 Kylv ! � rj ! � hu oûvqlqjhu/ kylv Zurqvnlghwhuplqdqw hu iruvnhoolj iud qxo
sè L> vè ndq hqkyhu dqghq oûvqlqj ! vnulyhv vrp hq olqhdunrpelqdwlrq di
oûvqlqjhuqh ! � rj ! � / g1y1v1 ! +w, @ f � ! � +w, . f � ! � +w, iru dooh w 5 L iru
sdvvhqgh ydoj di nrqvwdqwhuqh f � rj f � 1

Ehylv1
41 Odg w � 5 L yéuh hw sxqnw/ vrp yl kroghu idvw l ghw iûojhqgh1 Odg ! � yéuhghq oûvqlqj wlo ghq krprjhqh gl�huhqwldooljqlqj +-krp, +phg q @ 5,/ ghu

rsi|oghu ehj|qghovhvehwlqjhovhuqh ! � +w � , @ 4 rj ! � � +w � , @ 31 Odg ! � yéuh
ghq oûvqlqj/ ghu rsi|oghu ehj|qghovhvehwlqjhovhuqh ! � +w � , @ 3 rj ! � � +w � , @
41 Vègdqqh wr oûvqlqjhu �qghv l j1 hnvlvwhqv0 rj hqw|gljkhgvvéwqlqjhq1 Yl
ylvhu/ dw gh wr oûvqlqjhu kdu Zurqvnl0ghwhuplqdqw Z iruvnhoolj iud qxo sè
L1 Iru w @ w � hu

Z +w � , @
�

�

�

�

! � +w � , ! � +w � ,
! � � +w � , ! �

� +w � ,
�

�

�

�

@
�

�

�

�

4 3
3 4

�

�

�

�

@ 4 9@ 3

Khuphg hu iûuvwh gho ylvw1
51 Iru dw ylvh dqghq gho dqwdjhu yl/ dw ! � rj ! � hu oûvqlqjhu phg Zurqvnlgh0

whuplqdqw iruvnhoolj iud qxo1 Odg ! yéuh hq wuhglh oûvqlqj wlo +-krp,1 Yl
vndo ylvh/ dw ! ndq vnulyhv vrp hq olqhdunrpelqdwlrq di ! � rj ! � 1 Ehwudjw
oljqlqjvv|vwhphw

f � ! � +w � , . f � ! � +w � , @ ! +w � ,
f � ! � � +w � , . f � ! � � +w � , @ ! � +w � ,

kyru gh xehnhqgwh hu +f � > f � ,1 Oljqlqjvv|vwhphwv ghwhuplqdqw hu mr Zurq0
vnlghwhuplqdqwhq1 Gd ghqqh hu iruvnhoolj iud qxo/ kdu v|vwhphw suéflv ìq
oûvqlqj1 Odg +f � > f � , yéuh ghqqh oûvqlqj1 Yl ylvhu/ dw ixqnwlrqhq i jlyhw
yhg i +w, @ f � ! � +w, . f � ! � +w, iru dooh w 5 L/ idnwlvn hu olj phg !1 Yl kdu
qhpolj/ dw i +w � , @ ! +w � , rj i � +w � , @ ! � +w � ,1 G1y1v1 dw i rj !/ ghu mr
ehjjh hu oûvqlqjhu wlo +-krp,/ rsi|oghu gh vdpph ehj|qghovhvehwlqjhovhu l
w � / phq vè hu gh l j1 hnvlvwhqv0 rj hqw|gljkhgvvéwqlqjhq lghqwlvnh1 Khuphg
hu dqghq gho di véwqlqjhq ylvw1
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Hnvhpsho 647 Yl ylo �qgh ghq ixogvwéqgljh oûvqlqj wlo gl�huhqwldooljqlqjhq
w � | � � . 6w| � . | @ 3

sè lqwhuydoohw `3>4^/ lghw ghw rsjlyhv/ dw wr oûvqlqjhu hu w � � rj w � � oq w1 Yl ryhu0
odghu wlo oévhuhq dw yhul�fhuh yhg lqgvéwwhovh / dw gh wr ixqnwlrqhu idnwlvn hu
oûvqlqjhu wlo ghq jlyqh krprjhqh olqhéuh gl�huhqwldooljqlqj di dqghq rughq1 Yl
�qghu ghuhv Zurqvnl0ghwhuplqdqw wlo

Z +w, @
�

�

�

�

w � � w � � oq w�w �
� w �

� +4� oq w,
�

�

�

�

@ w �
�

ghu mr lnnh hu qxo sè ghw ehwudjwhgh lqwhuydo1 Dowvè hu ghq ixogvwéqgljh oûvqlqj wlo
gl�huhqwldooljqlqjhq jlyhw yhg | +w, @ f � w � � .f � w � � oq w/ kyru f � rj f � hu duelwuéuh
nrqvwdqwhu rj w A 31
Ûyhovh 648 Ilqg ghq ixogvwéqgljh oûvqlqj wlo gl�huhqwldooljqlqjhq

w � | � � � w +w. 5, | � . +w. 5, | @ 3
iru w A 3/ lghw ghw rso|vhv/ dw w rj wh � hu oûvqlqjhu +hiwhuylv lûyuljw iûuvw ghw$,1

Yl ylvhu qx hq véwqlqj/ vrp yl ièu euxj iru yhg oûvqlqj di krprjhqh olqhéuh
gl�huhqwldooljqlqjhu phg nrqvwdqwh nrh!flhqwhu1
Véwqlqj 649 Ehwudjw ljhq ghq krprjhqh gl�huhqwldooljqlqj +-krp,1 Dqwdj/ dw
nrh!flhqwhuqh hu uhhooh1 Vè jéoghu/ dw kylv ! hu hq nrpsohnv oûvqlqj wlo +-krp,/
vè hu eègh Uh! rj Lp! oûvqlqjhu wlo vdpph oljqlqj1

Ehylv1 Gd ! hu oûvqlqj kdu yl
d +w,! � � +w, . e +w,! � +w, . f +w,! +w, @ 3

iru dooh w 5 L1 Nrpsohnv nrqmxjìu ghqqh oljqlqj1 Vè ièv/ gd nrh!flhqwhuqh hu
uhhooh/ dw

d +w,! � � +w, . e +w,! � +w, . f +w,! +w, @ 3
Kxvn/ dw ghq nrpsohnv nrqmxjhuhgh di hq vxp +surgxnw, hu vxpphq +surgxnwhw,
di gh nrpsohnv nrqmxjhuhgh1 Phq kylv ! +w, @ x +w, . ly +w,/ vè kdu yl ! � +w, @
x � +w, . ly � +w,1 Ghuiru kdu yl rjvè iûojhqgh

d +w,!
�
+w, . e +w,!

�
+w, . f +w,! +w, @ 3

Nrqnoxvlrqhq hu/ dw ghq nrpsohnv nrqmxjhuhgh wlo !/ dowvè !/ rjvè hu oûvqlqj wlo
+-krp,1 Phq Uh! @ �

�
�!. !� rj Lp! @ �

� �

�!� !�/ vè l j1 Véwqlqj ;15 hu
Uh! rj Lp! oûvqlqjhu wlo +-krp,1
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Hnvhpsho 64: Gl�huhqwldooljqlqjhq
| � � . 5| � . 8| @ 3

kdu ghq nrpsohnvh oûvqlqj ! +w, @ h � � � � � � � � @ h �
� +frv 5w. l vlq 5w,1 Ghuphg

hu eègh h �
� frv 5w rj h �

� vlq 5w oûvqlqjhu wlo gl�huhqwldooljqlqjhq/ lghw ghqqh mr
kdu uhhooh nrh!flhqwhu1 Yl xguhjqhu Zurqvnl0ghwhuplqdqwhq iru glvvh wr uhhooh
oûvqlqjhu rj ièu

Z +w, @
�

�

�

�

h �
� frv 5w h �

� vlq 5w�h �
� +frv 5w. 5 vlq 5w, h �

� +5 frv 5w� vlq 5w,
�

�

�

�

@ 5h �
���

Gd ghwwh hu iruvnhooljw iud qxo/ hu ghq ixogvwéqgljh oûvqlqj wlo gliihuhqwldooljqlqjhq
ghuphg jlyhw yhg

| +w, @ f � h �
� frv 5w. f � h �

� vlq 5w
kyru f � rj f � hu ylonèuoljh uhhooh nrqvwdqwhu1 Uhhooh nrqvwdqwhu vrp vdjw/ kylv
ghw hu xqghuiruvwèhw/ dw yl nxq dffhswhuhu uhhooh oûvqlqjhu l idflw1 Ghwwh hu qru0
pdow wloiéoghw/ rj ghw eûu pdq uhjqh phg/ phg plqguh qdwxuoljylv/ dw ghq jlyqh
gl�huhqwldooljqlqj kdu lnnh0uhhooh nrh!flhqwhu1

<15 Ghq lqkrprjhqh olqhéuh oljqlqj
Yl yhqghu qx wloedjh wlo ghq jhqhuhooh olqhéuh gl�huhqwldooljqlqj

d +w, | � � . e +w, | � . f +w, | @ t +w, +-,
Ghu jéoghu iûojhqgh vlpsoh/ phq yljwljh uhvxowdw1
Véwqlqj 64; 41 Odg # � rj # � ehjjh yéuh oûvqlqjhu wlo ghq lqkrprjhqh oljq0

lqj +-,1 Vè hu ! @ # � �# � hq oûvqlqj wlo ghq wlovyduhqgh krprjhqh oljqlqj
d +w, | � � . e +w, | � . f +w, | @ 3 +-krp,

51 Odg # � yéuh hq oûvqlqj wlo ghq lqkrprjhqh oljqlqj +-, rj ! hq oûvqlqj wlo
ghq wlovyduhqgh krprjhqh oljqlqj +-krp,1 Vè hu # � @ # � . ! hq oûvqlqj
wlo ghq lqkrprjhqh oljqlqj +-,1

Ehylv1
41 Yl kdu jlyhw/ dw

d +w,# � �
� . e +w,# �

� . f +w,# � @ t +w,
d +w,# � �

� . e +w,# �
� . f +w,# � @ t +w,

Wuénnhv ghq qhghuvwh oljqlqj iud ghq ûyhuvwh ièv
d +w, �# � �

� � # � �
�
�. e +w, �# �

� � # �
�
�. f +w, +# � � # � , @ t +w,� t +w, @ 3

dowvè
d +w,! � � . e +w,! � . f +w,! @ 3

kylonhw yl vnxooh ylvh1
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51 Yl kdu jlyhw dw
d +w,# � �

� . e +w,# �
� . f +w,# � @ t +w,

d +w,! � � . e +w,! � . f +w,! @ 3
Khudi iûojhu yhg dgglwlrq di gh wr oljqlqjhu
t +w, @ t +w, . 3 @ �d +w,# � �

� . e +w,# �
� . f +w,# �

�. �d +w,! � � . e +w,! � . f +w,!�
@ d +w, �# � �

� . ! � � �. e +w, �# �
� . ! � �. f +w, +# � . !,

@ d +w,# � �
� . e +w,# �

� . f +w,# �

vrp yl mr vnxooh ylvh1

Sè edvlv di ghqqh véwqlqj ndq yl qx jlyh hq rsvnuliw sè ehvwhpphovhq di ghq
ixogvwéqgljh oûvqlqj wlo ghq lqkrprjhqh oljqlqj +-,1

41 Ilqg ghq ixogvwéqgljh oûvqlqj wlo ghq krprjhqh oljqlqj +-krp,1 Ghqqh
oûvqlqj ylo lqghkrogh wr duelwuéuh nrqvwdqwhu rj hu qrupdow vnuhyhw vrp
hq olqhdunrpelqdwlrq di wr vshflhooh oûvqlqjhu wlo +-krp,1

51 Ilqg eduh ìq oûvqlqj wlo ghq lqkrprjhqh oljqlqj +-,1 Hq vègdq oûvqlqj
ndoghv hq sduwlnxoéu oûvqlqj wlo +-,1

61 Rsvnuly ghq ixogvwéqgljh oûvqlqj wlo ghq lqkrprjhqh oljqlqj +-, vrp vxp0
phq di ghq ixqgqh sduwlnxoéuh oûvqlqj wlo +-, rj ghq ixogvwéqgljh oûvqlqj
wlo ghq krprjhqh oljqlqj +-krp,1

Hnvhpsho 64< Yl ehvwhpwh l hnvhpsohw ryhqiru ghq ixogvwéqgljh oûvqlqj wlo
gl�huhqwldooljqlqjhq

w � | � � . 6w| � . | @ 3
iru w A 31 Yl idqgw ghq wlo

| +w, @ f � w � � . f � w � � oq w
f � > f � 5 U1 Ehwudjw qx iru w A 3 gl�huhqwldooljqlqjhq

w � | � � . 6w| � . | @ 4;w � . 4
Ghw hu lnnh xulpholjw dw jéwwh sè/ dw hw dqghqjudgvsro|qrplxp oûvhu oljqlqjhq1
Suûyhu pdq vlj iuhp/ ylvhu ghw vlj/ dw ixqnwlrqhq | � +w, @ 5w � . 4 hu hq +sduwl0
nxoéu, oûvqlqj1 Khuphg hu ghq ixogvwéqgljh oûvqlqj jlyhw yhg

| +w, @ 5w � . 4 . f � w � � . f � w � � oq w
kyru f � > f � 5 U hu duelwuéuh nrqvwdqwhu/ rj kyru gh�qlwlrqvlqwhuydoohw hu U � 1



Ndslwho 43
Olqhéuh
Gl�huhqwldooljqlqjhu phg
Nrqvwdqwh Nrh!flhqwhu
4314 Krprjhqh olqhéuh gl�huhqwldooljqlqjhu phg

nrqvwdqwh nrh!flhqwhu
Ehwudjw qx gl�huhqwldooljqlqjhq

d| � � . e| � . f| @ 3 +-,
kyru nrh!flhqwhuqh hu nrqvwdqwhu +qrupdow uhhooh,/ rj kyru d 9@ 31 Yl lqgiûuhu
hq ehnyhp ehwhjqhovh iru gl�huhqwldwlrqvrshudwruhq �

�
� 1 Yl ylo vnulyh G l vwhghw

iru �
�
� rj G � iru �

�

�
� � 1 Ghuphg huvwdwwhv i1hnv1 �

�

�
� di Gi 1 Khuphg ndq gl�huhqwldo0

oljqlqjhq irupxohuhv vèohghv
dG � | . eG| . f| @ 3

rj hqggd rjvè vèohghv
�dG � . eG . f� | @ 3

kyru gl�huhqwldorshudwruhq dG � . eG . f dqyhqghv sè ghq xehnhqgwh ixqnwlrq
|= Gh�qìu qx ndudnwhusro|qrplhw s vyduhqgh wlo gl�huhqwldooljqlqjhq vrp sro|0
qrplhw

s +�, @ d� � . e�. f
Ghw ehqéyqhv xqghuwlghq rjvè ghw ndudnwhulvwlvnh sro|qrplxp1 Qx ndq gl�hu0
hqwldooljqlqjhq vnulyhv phjhw nruw sè iûojhqgh pègh= Lqgvéw rshudwruhq G l
sro|qrplhw s sè ghq yduldeohv sodgv/ khuphg ièv oljqlqjhq s +G, | @ 31 Khu pè

456
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pdq hulqguh vlj/ dw s+G, hu hq gl�huhqwldorshudwru/ ghq vndo dowvè vwè wlo yhqvwuh
iru |1

Yl ylo qx �qgh ghq ixogvwéqgljh oûvqlqj wlo gl�huhqwldooljqlqjhq s +G, | @ 3/
dowvè wlo ghq jlyqh gl�huhqwldooljqlqj1 Ehpéun/ dw iru dooh � 5 F +lnnh nxq uhhooh
�,/ jéoghu

Gh � � @ g
gwh

� � @ �h � �

G � h � � @ G �Gh � � � @ G ��h � � � @ �Gh � � @ � � h � �

Jhqhuhow �qghv G � h � � @ � � h � � 1 Khuphg kdu yl rjvè iûojhqgh phjhw vpxnnh
uhvxowdw=

s +G, h � � @ s +�, h � �

iru dooh w 5 U1 Di ghqqh irupho iuhpjèu/ dw
s +G, h � � @ 3 +, s +�, h � � @ 3

Gd h � � 9@ 3 iru dooh yéuglhu di w rj �/ vhu yl dowvè/ dw | @ h � � hu oûvqlqj wlo
gl�huhqwldooljqlqjhq +-,/ kylv rj nxq kylv � hu urg l ndudnwhusro|qrplhw/ dowvè
kylv rj nxq kylv s +�, @ 31 Oljqlqjhq s +�, @ 3 ndoghv ndudnwhuoljqlqjhq1
Hnvhpsho 653 Ehwudjw gl�huhqwldooljqlqjhq

| � � . 6| � . 5| @ 3
hoohu phg rshudwruirupxohulqjhq=

�G � . 6G. 5� | @ 3
Ndudnwhusro|qrplhw hu dowvè s +�, @ � � . 6� . 5/ ghu kdu uûgghuqh �5 rj �41
Khuphg hu h �

��� rj h �
� oûvqlqjhu1 Glvvh wr oûvqlqjhu kdu Zurqvnlghwhuplqdqwhq
Z @

�

�

�

�

h �
��� h �

�

�5h �
��� �h �

�

�

�

�

�

@ h �
���

ghu hu iruvnhoolj iud qxo1 Ghuiru hu ghq ixogvwéqgljh oûvqlqj wlo gl�huhqwldoolj0
qlqjhq jlyhw yhg

| +w, @ f � h �
��� . f � h �

�

f � > f � 5 U> w 5 U1
Ghq oûvqlqj/ ghu rsi|oghu ehj|qghovhvehwlqjhovhuqh | +3, @ 4 rj | � +3, @ �6/

�qghv vèohghv= Yl kdu
4 @ | +3, @ f � . f �

rj gd | � +w, @ �5f � h �
��� � f � h �

� kdu yl rjvè
�6 @ | � +3, @ �5f � � f �

Yhg dgghulqj di glvvh wr oljqlqjhu phg gh wr xehnhqgwh f � rj f � ièv �f � @ �5/
dowvè f � @ 51 Khuhiwhu �qghv f � @ �41 Ghq vûjwh oûvqlqj hu gd

| +w, @ 5h �
��� � h �

�
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Hnvhpsho 654 Ehwudjw gl�huhqwldooljqlqjhq
| � � . 5| � . 8| @ 3

Ndudnwhusro|qrplhw hu s +�, @ � � . 5� . 8/ ghu kdu uûgghuqh �4 	 5l1 G1y1v1
dw yl kdu gh nrpsohnvh oûvqlqjhu h � � � � � � � � rj h � � � �

� � � � 1 Yl vè l iruuljh divqlw/
dw yl xgiud ghq iûuvwh di glvvh nrpsohnvh oûvqlqjhu ndq �qgh ghq ixogvwéqgljh
uhhooh oûvqlqj1 Ghq dqghq di yruh wr nrpsohnvh oûvqlqjhu nxqqh yl ehkdqgoh sè
vdpph pègh/ phq yl ièu lqwhw q|w iuhp/ lghw yl mr doohuhgh kdu ghq ixogvwéqgljh
oûvqlqj1 Yl idqgw ghq ixogvwéqgljh oûvqlqj wlo

| +w, @ f � h �
� frv 5w. f � h �

� vlq 5w
f � > f � 5 U> w 5 U1

Iru hq dqghqrughqv krprjhq olqhéu gl�huhqwldooljqlqj phg nrqvwdqwh rj
uhhooh nrh!flhqwhu +ghw ydu hq odqj pxqgixog$, kdu yl l glvvh wr hnvhpsohu vhw
kryhgwloiéoghqh/ lghw hw sro|qrplxp di dqghq judg phg uhhooh nrh!flhqwhu hq0
whq kdu wr iruvnhooljh uhhooh uûgghu hoohu wr lpdjlqéuh uûgghu/ ghu hu klqdqghqv
nrpsohnv nrqmxjhuhgh/ hoohu olgw vshflhow= ìq uhho greehowurg1
Véwqlqj 655 Ehwudjw gl�huhqwldooljqlqjhq

d| � � . e| � . f| @ 3
kyru nrh!flhqwhuqh hu uhhooh nrqvwdqwhu/ rj kyru d 9@ 31

41 Kylv ndudnwhusro|qrplhw kdu wr +iruvnhooljh, uhhooh uûgghu � � rj � � / hu ghq
ixogvwéqgljh oûvqlqj jlyhw yhg

| +w, @ f � h ��� � . f � h � � �

kyru f � > f � 5 U> w 5 U1
51 Kylv ndudnwhusro|qrplhw kdu wr lnnh0uhhooh uûgghu/ � @ �	 l�> phg � 9@ 3/

hu ghq ixogvwéqgljh oûvqlqj jlyhw yhg
| +w, @ f � h � � frv �w. f � h � � vlq �w

kyru f � > f � 5 U> w 5 U1
61 Kylv ndudnwhusro|qrplhw kdu hq uhho greehowurg �/ hu ghq ixogvwéqgljh oûv0

qlqj jlyhw yhg
| +w, @ f � h � � . f � wh � �

kyru f � > f � 5 U> w 5 U1
Ehylv1 Ehylvhw iru gh wr iûuvwh sèvwdqgh jèu oljh vrp l hnvhpsohuqh ryhqiru

rj ryhuvsulqjhv ghuiru1 Yl ehwudjwhu greehowurgvwloiéoghw1 Odg � yéuh greehowurg
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l ndudnwhusro|qrplhw d� � . e�. f1 Yl vndo iûuvw ylvh/ dw | @ wh � � hu oûvqlqj1 Yl
�qghw | � @ h � � . �wh � � > | � � @ 5�h � � . � � wh � � 1 Yhg lqgvéwwhovh ièv

d �5�h � � . � � wh � � �. e �h � � . �wh � � �. fwh � �

@ wh � � �d� � . e�. f�. h � � +5�d. e,
Phq d� � . e�. f @ 3 irugl � hu urg/ rj 5�d. e @ 3 irugl � hu greehowurg1 Dowvè
hu | @ wh � � oûvqlqj1 Oûvqlqjhuqh h � � rj wh � � kdu Zurqvnlghwhuplqdqw jlyhw yhg

Z @
�

�

�

�

h � � wh � �

�h � � h � � . �wh � �
�

�

�

�

@ h � � �

ghu mr hu iruvnhoolj iud qxo1 Ghuiru hu ghq ixogvwéqgljh oûvqlqj jlyhw yhg | +w, @
f � h � � . f � wh � � kyru f � > f � 5 U> w 5 U1
Hnvhpsho 656 Ehwudjw gl�huhqwldooljqlqjhq

| � � . 7| � . 7| @ 3
Ndudnwhusro|qrplhw hu s +�, @ � � .7�.7 @ +�. 5, � 1 Ghw kdu dowvè greehowurghq�51 Ghq ixogvwéqgljh oûvqlqj hu ghuiru

| +w, @ f � wh �
��� . f � h �

���

kyru f � > f � 5 U> w 5 U1
Ehpéunqlqj 657 Lgìhq phg l greehowurgvwloiéoghw dw jdqjh hw w sè ghq doohuhgh
ixqgqh oûvqlqj h � � nrpphu lnnh xg di ghq eoè oxiw1 Ehwudjw ljhq gl�huhqwldooljqlq0
jhq

| � � . 7| � . 7| @ 3
phg ndudnwhusro|qrplxp s +�, @ � � . 7�. 7 @ +�. 5, � / phg greehowurghq �51
Yl kdu dowvè lkyhuwidog ixqghw ìq oûvqlqj/ qhpolj h �

��� 1
Hnvhpsho 658 Oljqlqjhq ndq vnulyhv +G . 5, � | @ 31 Yl véwwhu } @ +G. 5, |/
rj ièu vè/ dw } rsi|oghu +G. 5, } @ 3 dowvè } � . 5} @ 31 Ghqqh iûuvwh rughqv
olqhéuh gliihuhqwldooljqlqj ndq yl ohw oûvh/ yl �qghu } +w, @ f � h �

��� / kyru f � hu hq
ylonèuolj nrqvwdqw1 Yl vndo ghuqévw oûvh hq q| olqhéu 41 rughqv gliihuhqwldooljqlqj/
qhpolj +G . 5, | @ } @ f � h �

��� / dowvè | � . 5| @ f � h �
��� 1 Yhg kméos di Sdqvhu0

irupohq ièv
| +w, @ h �

���
]

h ��� f � h �
��� gw. f � h �

��� @ f � wh �
��� . f � h �

���

kyru rjvè f � hu hq ylonèuolj nrqvwdqw1 Gh wr oûvqlqjhu h �
��� rj wh �

��� kdu Zurq0
vnlghwhuplqdqw

Z @
�

�

�

�

h �
��� wh �

���

�5h �
��� h �

��� � 5wh �
���

�

�

�

�

@ h �
���

ghu hu iruvnhoolj iud qxo1 dowvè vhv ghw/ dw | +w, @ f � wh �
��� . f � h �

��� / f � > f � 5 U> w 5
U/ idnwlvn hu ghq ixogvwéqgljh oûvqlqj wlo ghq rsulqgholjh gl�huhqwldooljqlqj1
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Ûyhovh 659 Oûv kyhu di iûojhqgh krprjhqh gl�huhqwldooljqlqjhu
41 | � � � 5| � � 96| @ 3
51 | � � . 9| � . 58| @ 3
61 7| � � . 7| � . | @ 3
Yl kdu qx vhw hnvhpsohu sè gh wuh iruvnhooljh wloiéogh/ ghu rswuéghu yhg

oûvqlqj di hq krprjhq oljqlqj di dqghq rughq1 Khuphg kdu yl oûiwhw  ljhq iru
iûojhqgh jhqhuhooh véwqlqj1
Véwqlqj 65: Ehwudjw ghq krprjhqh gl�huhqwldooljqlqj

d � | � � � . d � � � | � � � � � . = = =. d � | � . d � | @ 3 +-,
phg nrqvwdqwh/ uhhooh nrh!flhqwhu1

41 Kylv � hu hq uhho urg l ndudnwhusro|qrplhw rj kdu pxowlsolflwhw n/ vè hu
h � � > wh � � > w � h � � > = = = > w � � � h � �

kyhu iru vlj oûvqlqj wlo +-,1
51 Kylv � @ �. l� +kyru �> � 5 U> � 9@ 3, hu urg l ndudnwhusro|qrplhw phg

pxowlsolflwhw n/ vè hu
h � � frv �w> h � � vlq �w> wh � � frv �w> wh � � vlq �w>
w � h � � frv �w> w � h � � vlq �w> = = = > w � � � h � � frv �w> w � � � h � � vlq �w

kyhu iru vlj oûvqlqj wlo +-,1
61 Ghq ixogvwéqgljh oûvqlqj wlo +-, hu olqhdunrpelqdwlrqhq di ghw véw di

ldow q oûvqlqjhu/ ghu iuhpnrpphu yhg dqyhqghovhq di +4, rj +5, ryhqiru
sè vdpwoljh uhhooh uûgghu rj vdpwoljh lnnh0uhooh uûgghu phg srvlwly lpdj0
lqéugho1

Ehylv1 Xghodghv1

Ûyhovh 65; Oûv iûojhqgh gl�huhqwldooljqlqjhu=
41 | � � � . ;| @ 3
51 | � � � . 49| � � � . 97| @ 3
Di khqv|q wlo vhqhuh jûu yl khu rspéunvrp sè/ kylonh ixqnwlrqhu ghw hu/

ghu ndq yéuh oûvqlqjhu wlo hq krprjhq olqhéu gl�huhqwldooljqlqj phg nrqvwdqwh
nrh!flhqwhu1 Di uhihuhqfhkhqv|q irupxohuhu yl ghw l hq véwqlqj1
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Véwqlqj 65< Hq ixqnwlrq i hu oûvqlqj wlo hq +hoohu dqghq, krprjhq olqhéu
gl�huhqwldooljqlqj phg nrqvwdqwh nrh!flhqwhu/ kylv rj nxq kylv i kdu iruphq

i +w, @ w � h � �
� frv�w

vlq�w
hoohu/ kylv i hu hq olqhdunrpelqdwlrq di vègdqqh ohg1 Khu hu p hw khow lnnh0
qhjdwlyw wdo/ � rj � hu uhhooh wdo1 Qèu � @ 3 kdu yl i +w, @ w � h � � / lghw frvlqxv0
idnwruhq jlyhu 41 Kylv � @ 3/ vè hu i oûvqlqj wlo gl�huhqwldooljqlqjhq +G � �, � � � | @
3 +gl�huhqwldooljqlqj di +p . 4,*wh rughq,1 Kylv � 9@ 3/ vè hu i oûvqlqj wlo gli0
ihuhqwldooljqlqjhq �

+G� �, � . � �
�

� � �

| @ 3 +gl�huhqwldooljqlqj di +5p. 5,*wh
rughq phg uhhooh nrh!flhqwhu,1
Gh�qlwlrq 663 Kylv i hu hq olqhdunrpelqdwlrq di ixqnwlrqhu di w|shq ryhqiru/
rj kylv s +G, hu hq gl�huhqwldorshudwru phg nrqvwdqwh nrh!flhqwhu/ vèohghv dw
s +G, i @ 3/ vè ylo yl ndogh s +G, hq dqqlklohuhqgh rshudwru iru i 1

Yl vhu di gh�qlwlrqhq rj di véwqlqjhq/ dw +G � �, � � � hu hq dqqlklohuhqgh rs0
hudwru iru ixqnwlrqhq w � h � � 1 Hqgylghuh hu

�

+G � �, � . � �
�

� � �

hq dqqlklohuhqgh
rshudwru iru w � h � � frv�w1 +Yl ehpéunhu/ dw rjvè +G � +�. l�,, � � � hu hq dq0
qlklohuhqgh rshudwru iru ghqqh ixqnwlrq/ phq ghq kdu lnnh uhhooh nrh!flhqwhu,1
Hnvhpsho 664 Hq dqqlklohuhqgh rshudwru iru +6 . w, h ��� hu +G � 5, � lghw gli0
ihuhqwldooljqlqjhq

+G� 5, � | @ | � � � 7| � . 7| @ 3
kdu h ��� rj wh ��� vrp oûvqlqjhu1
Hnvhpsho 665 Hq dqqlklohuhqgh rshudwru iru �7� w � � frv 8w.9 vlq 8w hu �G � . 58�

�

lghw gl�huhqwldooljqlqjhq
�G � . 58�

�
| @ 3

kdu ndudnwhuoljqlqj �� � . 58�
�

@ 3 rj vèohghv kdu 	8l vrp 60greehowuûgghu1
Ghuphg hu frv 8w> vlq 8w> w frv 8w> w vlq 8w> w � frv 8w> w � vlq 8w kyhu iru vlj oûvqlqj wlo
�G � . 58�

�
| @ 31

4315 Ghq lqkrprjhqh oljqlqj1 Xehvwhpwh nrhi0
�flhqwhuv phwrgh1

Xehvwhpwh nrh!flhqwhuv phwrgh ndoghv riwh rjvè jéwwhphwrghq1 Yl ehwudjwhu lq0
krprjhqh olqhéuh gl�huhqwldooljqlqjhu phg nrqvwdqwh nrh!flhqwhu/ dowvè oljqlqjhu
di iruphq

d| � � . e| � . f| @ t +w, +-lqkrp,
Gh kûmuh vlghu t +w,/ ghu ehwudjwhv/ hu ixqnwlrqhu/ ghu hu oûvqlqjhu wlo hq hoohu dq0
ghq krprjhq olqhéu gl�huhqwldooljqlqj phg nrqvwdqwh nrh!flhqwhu1 Yl ehwudjwhu
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dowvè oljqlqjhu/ l kylonh t +w, kdu irup vrp ehvnuhyhw l véwqlqjhq ryhqiru/ t hu
dowvè hq olqhdunrpelqdwlrq di ohg di iûojhqgh irup

t +w, @ w � h � �
� frv�w

vlq�w
kyru p hu kho rj lnnh0qhjdwly rj �> � 5 U1 Yl jûu vshflhow rspéunvrp sè/
dw hq hoohu  huh di �> � hoohu p ndq yéuh qxo1 Xehvwhpwh nh!flhqwhuv phwrgh
+Jéwwhphwrghq, ehq|wwhv wlo dw ehvwhpph hq sduwlnxoéu oûvqlqj wlo ghq lqkr0
prjhqh oljqlqj/ ghu phg ehwhjqhovhu iud wlgoljhuh ndq vnulyhv s +G, | @ t/ kyru
s hu ndudnwhusro|qrplhw iru gl�huhqwldooljqlqjhq1 Lgìhq l phwrghq hu iûojhqgh1
Odg k +G, yéuh hq dqqlklohuhqgh rshudwru iru t/ g1y1v1 hq gl�huhqwldorshudwru/
vè k +G, t @ 31 Uûgghuqh l sro|qrplhw k +�, ylo yl ndogh dqqlklodwruuûgghuqh1
Iru gh ehwudjwhgh kûmuhvlghu t �qghv ghu hq dqqlklohuhqgh rshudwru1 Dqyhqg qx
k +G, sè ehjjh vlghu di gl�huhqwldooljqlqjhq s +G, | @ t1 Khuyhg ièv

k +G, s +G, | @ k +G, t @ 3
Yl vhu/ dw | ghuiru vdpwlglj phg dw oûvh s +G, | @ t rjvè oûvhu ghq krpr0
jhqh gl�huhqwldooljqlqj k +G, s +G, | @ 31 Phq yl yhg dow rp/ kyrugdq hq vègdq
vndo oûvhv1 Vnuly vè oûvqlqjhq qhg1 Imhuq gh ohg/ ghu oûvhu ghq krprjhqh oljqlqj
s +G, | @ 31 Hq sduwlnxoéu oûvqlqj wlo s +G, | @ t pè gd kdyh irup vrp vxpphq
di gh uhvwhuhqgh ohg1 Ghqqh vxp di ohg phg hq hoohu  huh xehvwhpwh nrqvwdqwhu
xgjûu qx yruhv dqvdwv +yruhv �jéw�, iru hq sduwlnxoéu oûvqlqj | � 1 Nrqvwdqwhuqh
ehvwhpphv ghuqévw yhg lqgvéwwhovh l ghq rsulqgholjh oljqlqj +-lqkrp,
Hnvhpsho 666 Ehwudjw gl�huhqwldooljqlqjhq

| � � . 6| � . 5| @ 53wh ���

kylv wlovyduhqgh krprjhqh oljqlqj yl oûvwh l hw hnvhpsho ryhqiru1 Oljqlqjhq ndq
vnulyhv

+G . 4, +G. 5, | @ t +w,
kyru t +w, @ 53wh ��� 1 Yl kdu/ dw k +G, @ +G � 6, � hu hq dqqlklohuhqgh rshudwru iru
t/ dqqlklodwruurg hu 61 Yl ehpéunhu/ dw dqqlklodwruurghq hu iruvnhoolj iud uûg0
ghuqh l ndudnwhusro|qrplhw1 Dqyhqg qx +G � 6, � sè ehjjh vlghu di ryhqvwèhqgh
oljqlqj/ vè ièv

+G � 6, � +G . 4, +G . 5, | @ +G � 6, � t +w, @ 3
Oûvqlqjhuqh wlo gl�huhqwldooljqlqjhq hu dowvè rjvè oûvqlqjhu wlo ghq krprjhqh
oljqlqj

+G� 6, � +G . 4, +G. 5, | @ 3
rj kdu ghuiru iruphq

| +w, @ f � h �
� . f � h �

��� . f � h ��� . f � wh ���
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Gh wr iûuvwh ohg hu oûvqlqjhu wlo ghq krprjhqh oljqlqj | � � . 6| � . 5| @ 31 Gh
imhuqhv1 Khuphg hu yruhv dqvdwv iru hq sduwlnxoéu oûvqlqj wlo ghq rsulqgholjh
gl�huhqwldooljqlqj=

| � +w, @ Dh ��� .Ewh ��� @ +D.Ew, h ���

Ghqqh dqvdwv lqgvéwwhv qx l ghq rsulqgholjh lqkrprjhqh oljqlqj/ kyruyhg yl
hiwhu olgw uhjqlqj ièu

+53D. <E, h ��� . 53Ewh ��� @ 53wh ���

Gd qx ixqnwlrqhuqh h ��� rj wh ��� hu olqhéuw xdikéqjljh iûojhu/ dw 53D . <E @ 3
rj 53E @ 531 Dowvè E @ 4 rj D @ � �

� � / g1y1v1 hq sduwlnxoéu oûvqlqj wlo ghq
lqkrprjhqh oljqlqj hu |� +w, @ �w� �

� �
� h ��� 1 Ghq ixogvwéqgljh oûvqlqj wlo ghq

jlyqh oljqlqj hu ghuiru
| +w, @

�

w� <
53

�

h ��� . f � h �
� . f � h �

���

kyru f � rj f � hu duelwuéuh nrqvwdqwhu1
Hnvhpsho 667 Ehwudjw gl�huhqwldooljqlqjhq

| � � . 7| � . 7| @ 7h �
��� . 7w. 58 vlq w

Ghq wlovyduhqgh krprjhqh oljqlqj eohy oûvw l hw hnvhpsho ryhqiru1 Ghq ixog0
vwéqgljh oûvqlqj ydu

| +w, @ f � h �
��� . f � wh �

��� > f � > f � 5 U
Gh wuh lqkrprjhqh ohg ehkdqgohu yl kyhu iru vlj/ g1y1v1 dw yl �qghu hq sduwlnxoéu
oûvqlqj iru wuh iruvnhooljh lqkrprjhqh oljqlqjhu1 Glvvh wuh sduwlnxoéuh oûvqlqjhuv
vxp ylo vè yéuh hq sduwlnxoéu oûvqlqj wlo ghq jlyqh oljqlqj1 Yl vsolwwhu kûmuh
vlgh rs/ qèu ghq ehvwèu di ohg phg iruvnhooljh dqqlklodwruuûgghu1 Ehpéun grj/ dw
lpdjlqéuh uûgghu dowlg nrpphu l sdu rj lnnh ndq vnloohv/ qèu ghu xghoxnnhqgh
ûqvnhv uhhooh oûvqlqjhu wlo gl�huhqwldooljqlqjhq1 Ghq jlyqh oljqlqj ndq vnulyhv

+G . 5, � | @ t � . t � . t �
Hq dqqlklohuhqgh rshudwru iru t � +w, @ 7h �

��� hu G.5/ dqqlklodwruurg hu �5= Yl
dqyhqghu G . 5 sè oljqlqjhq +G. 5, � | @ t � 1 Khuyhg ièv

+G. 5, � | @ +G. 5, t � @ 3
Ghqqh krprjhqh oljqlqjv ixogvwéqgljh oûvqlqj hu

| +w, @ f � h �
��� . f � wh �

��� . f � w � h �
���

Gh wr iûuvwh ohg wlovdpphq xgjûu ghq ixogvwéqgljh oûvqlqj wlo ghq krprjhqh
oljqlqj1 Dqvdwvhq iru oljqlqjhq +G . 5, � | @ t � hu ghuiru | � � +w, @ fw � h �

��� 1 Yhg
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lqgvéwwhovh ièv f @ 5/ dowvè | � � +w, @ 5w � h �
��� = Ghwwh ydu yruw iûuvwh hnvhpsho

sè uhvrqdqv= Dw dqqlklodwruurghq hu urg l ndudnwhuoljqlqjhq1 Hq dqqlklohuhqgh
rshudwru iru t � +w, @ 7w hu G � 1 Dqqlklodwruurg hu 31 Dqyhqghv G � sè oljqlqjhq
+G. 5, � | @ t � ièv

G � +G. 5, � | @ G � t � @ 3
Ghqqh krprjhqh oljqlqjv ixogvwéqgljh oûvqlqj hu

| +w, @ f � h �
��� . f � wh �

��� . f � . f � w
Gh wr iûuvwh ohg wlovdpphq xgjûu ghq ixogvwéqgljh oûvqlqj wlo ghq krprjhqh
oljqlqj1 Dqvdwvhq iru oljqlqjhq +G. 5, � | @ t � hu ghuiru | � � +w, @ d . ew1 Yhg
lqgvéwwhovh ièv d @ �4 rj e @ 4/ dowvè |� � +w, @ �4.w1 Hq dqqlklohuhqgh rshudwru
iru t � +w, @ 58 vlq w hu G � . 41 Dqqlklodwruuûgghu hu 	l1 Dqyhqghv G � . 4 sè
oljqlqjhq +G . 5, � | @ t � ièv

�G � . 4� +G. 5, � | @ �G � . 4� t � @ 3
Ghqqh krprjhqh oljqlqjv ixogvwéqgljh oûvqlqj hu

| +w, @ f � h �
��� . f � wh �

��� . f � frv w. f � vlq w
Gh wr iûuvwh ohg wlovdpphq xgjûu ghq ixogvwéqgljh oûvqlqj wlo ghq krprjhqh
oljqlqj1 Dqvdwvhq iru oljqlqjhq +G . 5, � | @ t � hu ghuiru |� � +w, @ d frv w.e vlq w1
Yhg lqgvéwwhovh ièv d @ �7 rj e @ 6/ dowvè |� � +w, @ �7 frv w . 6 vlq w1 Vxpphq
di | � � > | � � rj | � � hu qx hq sduwlnxoéu oûvqlqj wlo ghq jlyqh gl�huhqwldooljqlqj1
Ghqqhv ixogvwéqgljh oûvqlqj hu ghuphg

| +w, @ 5w � h �
��� � 4 . w� 7 frv w. 6 vlq w. f � h �

��� . f � wh �
��� > f � > f � 5 U

431514 Rsvnuliw sè dqvdwv
Yhg ryhuyhmhovhu vrp l gh iruhjèhqgh wr hnvhpsohu iûuhv yl wlo iûojhqgh rsvnuliw
sè hq dqvdwv wlo hq sduwlnxoéu oûvqlqj wlo ghq lqkrprjhqh oljqlqj phg nrqvwdqwh
nrh!flhqwhu

d � | � � � . d � � � | � � � � � . = = =. d � | � . d � | @ t +w,
L vnhpdhw ehwhjqhu T � +w, hw nrqnuhw sro|qrplxp di judg p1 Phg S � +w, rj
U � +w, ehwhjqhv sro|qrplhu di judg p/ kyru vdpwoljh ohg iruhnrpphu +phg
xehvwhpwh nrh!flhqwhu,/ dowvè

S � +w, @ D � w � .D � � � w � � � . = = =.D �

U � +w, @ E � w � .E � � � w � � � . = = =.E �

t+w, T � +w, T � +w, h � � T � +w, h � � frv�w +hoohu vlq�w,
Dqqlklodwru G � � � +G� �, � � �

�

+G� �, � . � �
�

� � �

D0urg 3 � �	 l�
Dqvdwv/ |� w � S � +w, w � S � +w, h � � w � ^S � +w, h � � frv�w.U � +w, h � � vlq�w`
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Khu vndo v yéojhv vrp ghw plqgvwh khoh lnnh0qhjdwlyh wdo + v @ 3> 4> 5> 6 = = = ,/
vrp vlnuhu/ dw lqwhw ohg l dqvdwvhq oûvhu ghq krprjhqh oljqlqj1 Dqghuohghv vdjw=
v hu pxowlsolflwhwhq di dqqlklodwruurghq +D0urghq, l ndudnwhusro|qrplhw1 Kylv
D0urghq hu urg l ndudnwhusro|qrplhw/ ylo yl vljh/ dw ghu hu uhvrqdqv1 Ghw hu dowvè
l uhvrqdqvwloiéoghw/ dw ghu vndo jdqjhv hq idnwru w � sè ghq edvdoh dqvdwv1 Kylv
D0urghq lnnh hu urg l ndudnwhusro|qrplhw/ vndo ghu lnnh jdqjhv qrjhw sè ghq
edvdoh dqvdwv1
Ehpéunqlqj 668 Ghw jlyhu riwh iéuuh uhjqlqjhu dw rsidwwh kûmuhvlghuqh t +w, @
T � +w, h � � frv�w rj t +w, @ T � +w, h � � vlq�w vrp khqkrogvylv uhdo0 rj lpdjlqéugh0
ohq di T � +w, h � ��� � ��� � 1 Pdq �qghu vè hq sduwlnxoéu +nrpsohnv, oûvqlqj wlo ghq
gliihuhqwldooljqlqj/ ghu kdu T � +w, h � ��� � ��� � vrp kûmuhvlgh1 Khuwlo euxjhv hq dqvdwv
vrp ylvw l vnhpdhwv dqghq olqlh/ dowvè

|� +w, @ w � �D � w � .D � ��� w � ��� . = = =.D �
� h � ��� � ��� �

Iru dw iè hq sduwlnxoéu oûvqlqj wlo ghq rsulqgholjh oljqlqj wdjhu pdq vè khq0
krogvylv uhdo0 hoohu lpdjlqéughohq di ghq ixqgqh nrpsohnvh sduwlnxoéuh oûvqlqj1
Hnvhpsho 669 Ehwudjw gl�huhqwldooljqlqjhq

| � � � 8| � . 9| @ 53h �
� frv 7w

Ghq ixogvwéqgljh oûvqlqj wlo ghq wlovyduhqgh krprjhqh gl�huhqwldooljqlqj hu
| +w, @ f � h 	�� . f 	 h 
�� > f � > f 	 5 U

Gd 53h �
� frv 7w @ Uh �53h � ��� ��� �
� � � �qghu yl qx hq sduwlnxoéu oûvqlqj wlo iûojhqgh

gl�huhqwldooljqlqj=
| � � � 8| � . 9| @ 53h � ��� ��� ��� �

Dqvdwvhq iru hq sduwlnxoéu oûvqlqj wlo ghqqh hu | � +w, @ Dh � ��� ��� ��� � 1 Khu ylo D
ylvh vlj dw eolyh hq lnnh0uhho nrqvwdqw1 Yhg lqgvéwwhovh di dqvdwvhq �qghu yl

�

+�4 . 7l, 	 � 8 +�4 . 7l, . 9
�

Dh � ��� ��� ��� � @ 53h � ��� ��� ��� �

Khudi ièv
D @ 53�7� 5;l @ � 4

43 . :
43 l

Dowvè hu hq sduwlnxoéu oûvqlqj wlo ghq nrpsohnvh oljqlqj
| � +w, @

�� 4
43 . :

43 l
�

h � ��� ��� ��� �

Uhdoghohq di ghqqh nrpsohnvh oûvqlqj hu hq sduwlnxoéu oûvqlqj wlo ghq rsulqgholjh
oljqlqj/ rj ghq hu ghuiru jlyhw yhg

Uh |� +w, @ Uh
��� 4

43 . :
43 l

�

h � ��� ��� ��� �
�

@ � 4
43h

�
� frv 7w� :

43h
�
� vlq 7w

Ghq ixogvwéqgljh oûvqlqj wlo ghq rsulqgholjh oljqlqj hu khuphg
| +w, @ � 4

43h
�
� frv 7w� :

43h
�
� vlq 7w. f � h 	�� . f 	 h 
�� > f � > f 	 5 U
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Ûyhovh 66: Ilqg ghq ixogvwéqgljh oûvqlqj wlo iûojhqgh gl�huhqwldooljqlqjhu=
41 | � � � 49| @ 6h 	��

51 | � � � 49| @ 6h � �

61 | � � � 49| @ 97w 	 . ;
71 | � � � 49| @ 7 vlq w
81 | � � . 49| @ 65 vlq 7w
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Ndslwho 44
Rughqvuhgxnwlrq rj
Sdudphwhuyduldwlrq
Ghw hu nxq l véuoljh wloiéogh pxoljw dw �qgh hw hnvsolflw dqdo|wlvn xgwu|n iru
oûvqlqjhuqh wlo hq jlyhq gl�huhqwldooljqlqj1 Yl kdu grj vhw/ dw iru véuoljh nodvvhu
di gl�huhqwldooljqlqjhu ndq ghwwh dowlg odgh vlj jûuh/ qhpolj i1hnv1 iru olqhéuh
gl�huhqwldooljqlqjhu phg nrqvwdqwh nrh!flhqwhu rj phg vshflhooh kûmuhvlghu/ vrp
ehvnuhyhw ryhqiru1 Xqghuwlghq ndq pdq yhg phuh hoohu plqguh yhoehjuxqghw
jéwqlqj +qdwxuoljylv hiwhuixojw di disuûyqlqj, �qgh hq hoohu  huh oûvqlqjhu wlo ghq
krprjhqh oljqlqj1 L vè idog hu pdq jrgw kmxoshw di iûojhqgh phwrghu1Yl ehvnulyhu
wr phwrghu wlo ehvwhpphovh di ghq ixogvwéqgljh oûvqlqj/ xqghu iruxgvéwqlqj di
nhqgvnde wlo hq hoohu  huh oûvqlqjhu wlo ghq krprjhqh oljqlqj1 Phwrghuqh ndq
ehq|wwhv iru olqhéuh gl�huhqwldooljqlqjhu di q*wh rughq1 Yl qûmhv phg dw ehwudjwh
ghw yljwljvwh wloiéogh/ qhpolj q @ 51 Ehwudjw dowvè gl�huhqwldooljqlqjhq

d +w, | � � . e +w, | � . f +w, | @ t +w, +-,
kyru yl iruxgvéwwhu/ dw d +w, 9@ 3 iru dooh w 5 L/ +hw lqwhuydo,/ rj kyru yl/ vrp
ryhqiru/ iruxgvéwwhu/ dw t rj nrh!flhqwixqnwlrqhuqh/ d> e rj f hu nrqwlqxhuwh sè
L1

4414 Rughqvuhgxnwlrq
Dqwdj/ dw | � hu hq oûvqlqj wlo ghq krprjhqh oljqlqj vyduhqgh wlo +-,1 Véw ghq
xehnhqgwh ixqnwlrq olj phg | � jdqjh hq q| xehnhqgw ixqnwlrq y1 Dowvè | @
| � y1 Qhghqiru vndo yl ylvh/ kyrugdq y ndq ehvwhpphv/ rj ghuphg hu dowvè |
ehvwhpw1 Qèu | � y lqgvéwwhv l vwhghw iru | l +-,/ vè iuhpnrpphu ghu hq gho ohg/
ghu vyduhu wlo/ dw y ryhukryhghw lnnh hu eohyhw gl�huhqwlhuhw/ irugl gl�huhqwldwlr0
qhuqh doohvdpphq hu idoghw sè | � 1 Glvvh ohg hu gh vdpph ohg/ ghu ylooh nrpph/
kylv y ydu nrqvwdqw1 Ghuhv vxp pè ghuiru yéuh y +d +w, | � �� . e +w, | � � . f +w, | � ,/
dowvè olj qxo/ gd | � hu hq oûvqlqj wlo ghq krprjhqh oljqlqj1 Phg dqguh rug yhg

468
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lqgvéwwhovh di | @ | � y ièv hq vxp di ohg/ ghu lqghkroghu y � rj y � � / phq lnnh y
vhoy1 Ghuphg kdu yl rsqèhw hq iûuvwhrughqvgl�huhqwldooljqlqj l ghq xehnhqgwh
z @ y � 1 Gl�huhqwldooljqlqjhqv rughq hu eohyhw uhgxfhuhw phg 4/ ghudi phwrghqv
qdyq1Yl ylvhu phwrghq l hw hnvhpsho1
Hnvhpsho 66; Ehwudjw iru w A 3 gl�huhqwldooljqlqjhq

w 	 | � � � 5w| � . �w 	 . 5� | @ w 


Ghw rso|vhv/ dw | � +w, @ w vlq w hu oûvqlqj wlo ghq wlovyduhqgh krprjhqh oljqlqj1
+Nrqwurooìu vhoy ghw,1 Véw qx | +w, @ y +w, w vlq w1 Yhg gl�huhqwldwlrq ièv

| � +w, @ y � +w, w vlq w. y +w, +vlq w. w frv w,
| � � +w, @ y � � +w, w vlq w. 5y � +w, +vlq w. w frv w, . y +w, +5 frv w� w vlq w,

Yhg lqgvéwwhovh rj hiwhu uhgxnwlrq �qghu yl/ dw y wloiuhgvvwloohu iûojhqgh gl�huhqwldo0
oljqlqj=

y � � +w, w 
 vlq w. y � +w, 5w 
 frv w @ w 

Phg z @ y � rj hiwhu glylvlrq phg w 
 vlq w +dqwdj l iûuvwh rpjdqj/ dw 3 ? w ? �/
vè vlq w A 3, �qghu yl iûojhqgh olqhéuh iûuvwhrughqv gl�huhqwldooljqlqj

z � . 5frw w z @ 4
vlq w

Ghqqh oûvhv y1km1d1 Sdqvhuirupohq1 Yl �qghu
z +w, @ � frv w. f �

vlq 	 w
Yhg lqwhjudwlrq ièv vè

y +w, @ 4
vlq w . f � frw w. f 	

Ghq ixogvwéqgljh oûvqlqj wlo ghq rsulqgholjh gl�huhqwldooljqlqj hu ghuiru
| +w, @ y +w, w vlq w @ w. f � w frv w. f 	 w vlq w

kyru f � rj f 	 hu duelwuéuh nrqvwdqwhu rj w A 31 L iûuvwh rpjdqj ièv uhvxowdwhw
nxq iru 3 ? w ? �/ phq ghw vhv yhg lqgvéwwhovh l ghq rsulqgholjh oljqlqj/ dw
ixqnwlrqhuqh hu oûvqlqjhu iru dooh w A 31 Gh dqjlyqh oûvqlqjhu xgjûu rjvè ghq
ixogvwéqgljh oûvqlqj iru w A 3 +kyruiruB,
Rsjdyh 66< Oûv gl�huhqwldooljqlqjhq

�4 . w 	 � | � � . w| � � | @ 6 �4 . w 	 �

lghw pdq iûuvw vndo hiwhuylvh/ dw | +w, @ w hu hq oûvqlqj wlo ghq wlovyduhqgh krpr0
jhqh oljqlqj1
Ehpéunqlqj 673 Pdsoh0sdnnhq GHwrrov lqghkroghu hq nrppdqgr uhgxfhRughu/
ghu xgiûuhu rughqvuhgxnwlrq/ phq yho dw péunh nxq sè ghq wlovyduhqgh krprjhqh
oljqlqj/ xdqvhw rp ghq ièu hq lqkrprjhq oljqlqj1 Ghq pè ghuiru nrpelqhuhv phg
sdudphwhuyduldwlrqvphwrghq1
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4415 Sdudphwhuyduldwlrqvphwrghq
Dqwdj qx/ dw yl nhqghu wr oûvqlqjhu | � rj | 	 wlo ghq wlovyduhqgh krprjhqh oljq0
lqj/ rj dw ghuhv Zurqvnlghwhuplqdqw Z hu iruvnhoolj iud qxo1 Qdwxuoljylv nxqqh
yl ljqruhuh ghq hqh rj eorw jûuh vrp ryhqiru1 Phq yl xgq|wwhu ehjjh l iûojhqgh
phwrgh/ kylv voxwuhvxowdw hu hq irupho iru hq sduwlnxoéu oûvqlqj wlo ghq lqkrpr0
jhqh oljqlqj +-,1 Véw | @ y � | � . y 	 | 	 / kyru qx y � rj y 	 hu wr q|h xehnhqgwh
ixqnwlrqhu1 Ghw ndq v|qhv péunholjw/ dw yl l ghqqh vlwxdwlrq/ kyru yl yìg phuh/ lq0
wurgxfhuhu  huh xehnhqgwh ixqnwlrqhu/ hqg yl jmrugh l rughqvuhgxnwlrqvphwrghq
ryhqiru1 Phq yl ndq vè wloodgh rv dw iruodqjh phuh rp y � rj y 	 hqg ghw/ ghu iûojhu
di iruodqjhqghw rp/ dw | oûvhu oljqlqj +-,1 Yhg gl�huhqwldwlrq di | @ y � | � . y 	 | 	
ièv | � @ y � | � � . y 	 | �	 . y � � | � . y �	 | 	 1 Yl iruodqjhu qx di y � rj y 	 / dw gh rsi|oghu
y � � | � . y �	 | 	 @ 31 Khuphg hu | � @ y � | � � . y 	 | �	 1 Hiwhu hqgqx hq gl�huhqwldwlrq ièv
| � � @ y � � | � � . y �	 | �	 . y � | � �� . y 	 | � �	 1 Lqgvéwwhovh l +-, phg xgq|wwhovh di/ dw y � rj
y 	 wloiuhgvvwloohu ghq krprjhqh oljqlqj/ jlyhu d +w, +y � � | � � . y �	 | �	 , @ t +w,1 Khuphg
kdu yl ixqghw/ dw hq qûgyhqglj rj wlovwuénnholj ehwlqjhovh iru/ dw | @ y � | � .y 	 | 	
wloiuhgvvwloohu +-, hu/ dw ixqnwlrqhuqh y � rj y 	 rsi|oghu oljqlqjvv|vwhphw

y � � | � . y �	 | 	 @ 3
y � � | � � . y �	 | �	 @ t +w,

d +w,
Ghwwh oljqlqjvv|vwhp kdu suéflv ìq oûvqlqj/ lghw v|vwhphwv ghwhuplqdqw huZurqvnl0
ghwhuplqdqwhq Z iru gh wr oûvqlqjhu | � rj | 	 wlo ghq krprjhqh oljqlqj/ rj gd
ghqqh eohy dqwdjhw iruvnhoolj iud qxo1 Oûvqlqjhq hu

y � � +w, @ � | 	 +w, t +w,
d +w,Z +w,

y �	 +w, @ | � +w, t +w,
d +w,Z +w,

Yhg lqwhjudwlrq rj lqgvéwwhovh l | @ y � | � . y 	 | 	 ièv +qèu lqwhjudwlrqvnrqvwdqwhu
xghodghv,

| � +w, @ | � +w,
] � | 	 +w, t +w,

d +w,Z +w,gw. | 	 +w,
] | � +w, t +w,

d +w,Z +w,gw
Khuphg kdu yl hq sduwlnxoéu oûvqlqj1 Ghq ixogvwéqgljh oûvqlqj hu vè vrp vég0
ydqoljw | @ | � . f � | � . f 	 | 	 / phg wr duelwuéuh nrqvwdqwhu f � rj f 	 1
Hnvhpsho 674 Ehwudjw ljhq iru w A 3 gl�huhqwldooljqlqjhq

w 	 | � � � 5w| � . �w 	 . 5� | @ w 


Ghw rso|vhv qx/ dw eègh | � +w, @ w vlq w rj | 	 +w, @ w frv w hu oûvqlqjhu wlo ghq
wlovyduhqgh krprjhqh oljqlqj1 Zurqvnl0ghwhuplqdqwhq iru glvvh wr ixqnwlrqhu hu

Z +w, @
�

�

�

�

w vlq w w frv w
vlq w. w frv w frv w� w vlq w

�

�

�

�

@ �w 	
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ghu mr hu iruvnhoolj iud qxo/ gd w A 31 Sdudphwhuyduldwlrqvirupohq ryhqiru jlyhu
hq sduwlnxoéu oûvqlqj=

|� +w, @ w vlq w
] � w frv w w 


w 	 +�w 	 , gw. w frv w
] w vlq w w 


w 	 +�w 	 ,gw

@ w vlq w
]

frv w gw� w frv w
]

vlq wgw
@ w vlq 	 w. w frv 	 w @ w

Ghq ixogvwéqgljh oûvqlqj hu ghuphg | +w, @ w. f � w vlq w. f 	 w frv w/ phg wr duel0
wuéuh nrqvwdqwhu f � rj f 	 / jdqvnh vrp yl idqgw l Hnvhpsho 43141
Hnvhpsho 675 Ehwudjw iru w A 3 gl�huhqwldooljqlqjhq

w +4� w oq w, | � � . �w 	 oq w. 4� | � � +w. 4, | @ h � +4� w oq w, 	

Ghw rso|vhv/ dw h � rj oq w ehjjh hu oûvqlqjhu wlo ghq wlovyduhqgh krprjhqh oljqlqj1
Yl ylo iûuvw ehvwhpph ghq ixogvwéqgljh oûvqlqj wlo ghq jlyqh oljqlqj1 Ghvxghq
ylo yl ehvwhpph gh oûvqlqjhu/ ghu kdu hq juéqvhyéugl iru w $ 3 � rj vshflhow ghq
oûvqlqj/ iru kylonhq ghqqh juéqvhyéugl hu qxo1

Phg | � @ h � rj | 	 @ oq w ièv di sdudphwhuyduldwlrqvirupohq hiwhu olgw vlpsol0
�ndwlrq

|� @ h �
] � oq w gw. oq w

]

h � gw @ h � +w� w oq w, . oq w h �

Ixogvwéqglj oûvqlqj hu
| +w, @ h � +w� w oq w, . oq w h � . f � h � . f 	 oq w

kyru f � > f 	 5 U= Gd w oq w $ 3 iru w $ 3 � / hu ghw qûgyhqgljw/ dw f 	 @ �4/ kylv
olp ��� � � | +w, vndo hnvlvwhuh1 Ghw hu rjvè wlovwuénnholjw/ gd

oq w �h � � 4� @ w oq w h
� � 4
w $ 3 � 4 @ 3

iru w $ 3.1 Yl kdu olp ��� � � | +w, @ 3/ qèu f 	 @ �4 rj f � @ 3=



Ndslwho 45
Dqguh Vshflhooh Olqhéuh
Gl�huhqwldooljqlqjhu
4514 Hxohu0gl�huhqwldooljqlqjhu
Hq gl�huhqwldooljqlqj di w|shq

dw 	 | � � . ew| � . f| @ 3
kyru d> e rj f hu uhhooh nrqvwdqwhu rj d 9@ 3/ ndoghv hq Hxohu0gl�huhqwldooljqlqj +di
dqghq rughq,1 Yl vndo iruxgvéwwh/ dw w A 31 Ghq ndq oûvhv yhg dw véwwh | @ w � /
kyru hnvsrqhqwhq u vndo ehvwhpphv/ vè yl kdu hq oûvqlqj1 Yhg lqgvéwwhovh ièv/
lghw | � @ uw � ��� rj | � � @ u +u � 4, w � �

	 / dw yl iruodqjhu iûojhqgh rsi|ogw iru dooh
w A 3

dw 	 u +u � 4, w � �
	 . ewuw � ��� . fw � @ 3

Ghwwh ndq vnulyhv
+du +u � 4, . eu . f, w � @ 3

kylonhw hu rsi|ogw qhwrs qèu
du +u � 4, . eu . f @ 3

Ghqqh oljqlqj kdu hqwhq wr uhhooh uûgghu/ ìq uhho greehowurg hoohu wr lpdjlqéuh
uûgghu/ ghu hu klqdqghqv nrpsohnv nrqmxjhuhgh1 Vlwxdwlrqhq plqghu xqéjwholjw
phjhw rp irukroghqh yhg gl�huhqwldooljqlqjhu phg nrqvwdqwh nrh!flhqwhu1 Pdq
ndq gd rjvè l vwhghw iru yhg hw wulfn iè ryhueoln ryhu vlwxdwlrqhq1 Véw v @ oq w/
dowvè w @ h � 1 Véw x +v, @ | +h � ,1 Vè kdu yl | +w, @ x +oq w, rj

| � +w, @ x � +oq w, 4w
| � � +w, @ x � � +oq w, 4

w 	 � x � +oq w, 4
w 	

46<
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Lqgvéwwhv ghwwh l gl�huhqwldooljqlqjhq dw 	 | � � . ew| � . f| @ 3 ièv
d +x � � +oq w,� x � +oq w,, . ex � +oq w, . fx +oq w, @ 3

Dowvè
dx � � +v, . +e� d,x � +v, . fx +v, @ 3

Ghqqh oljqlqj kdu nrqvwdqwh nrh!flhqwhu1 Yhg dw euxjh uhvxowdwhuqh iru vègdqqh
oljqlqjhu �qghu yl iûojhqgh uhvxowdw=
Véwqlqj 676 Ehwudjw iru w A 3 Hxohu0gl�huhqwldooljqlqjhq

dw 	 | � � . ew| � . f| @ 3
kyru d> e rj f hu uhhooh nrqvwdqwhu rj d 9@ 31 Odg s +u, @ du 	 . +e� d, u . f1 Vè
jéoghu=

41 Kylv s kdu wr +iruvnhooljh, uhhooh uûgghu u � rj u 	 / vè hu ghq ixogvwéqgljh
oûvqlqj

| +w, @ f � w ��� . f 	 w ���

f � > f 	 5 U> w A 31
51 Kylv s kdu hq uhho greehowurg u/ vè hu ghq ixogvwéqgljh oûvqlqj

| +w, @ f � w � . f 	 w � oq w
f � > f 	 5 U> w A 31

61 Kylv s kdu wr lnnh0uhhooh uûgghu/ � @ � 	 l�> phg � 9@ 3/ vè hu ghq ixog0
vwéqgljh oûvqlqj

| +w, @ f � w � frv +� oq w, . f 	 w � vlq +� oq w,
f � > f 	 5 U> w A 31

Hnvhpsho 677 Ehwudjw iru w A 3 Hxohu0gl�huhqwldooljqlqjhq
w 	 | � � � 7w| � . 9| @ 3

Yl véwwhu | +w, @ w � / rj �qghu/ dw u vndo rsi|ogh oljqlqjhq u +u � 4,� 7u.9 @ 3/
dowvè u 	 � 8u . 9 @ 31 Ghqqh kdu uûgghuqh 5 rj 61 Ghq ixogvwéqgljh oûvqlqj hu
ghuiru

| +w, @ f � w 	 . f 	 w 

f � > f 	 5 U> w A 31
Hnvhpsho 678 Ehwudjw iru w A 3 Hxohu0gl�huhqwldooljqlqjhq

w 	 | � � � 6w| � . 7| @ 3
Yl véwwhu | +w, @ w � / rj �qghu/ dw u vndo rsi|ogh oljqlqjhq u +u � 4,� 6u.7 @ 3/
dowvè u 	 � 7u . 7 @ 31 Ghqqh kdu greehowurghq 51 Ghq ixogvwéqgljh oûvqlqj hu
ghuiru

| +w, @ f � w 	 . f 	 w 	 oq w
f � > f 	 5 U> w A 31
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Hnvhpsho 679 Ehwudjw iru w A 3 Hxohu0gl�huhqwldooljqlqjhq
w 	 | � � . 6w| � . 8| @ 3

Yl véwwhu | +w, @ w � / rj �qghu/ dw u vndo rsi|ogh oljqlqjhq u +u � 4,.6u.8 @ 3/
dowvè u 	 .5u.8 @ 31 Ghqqh kdu uûgghuqh �4	 5l1 Ghq ixogvwéqgljh oûvqlqj hu
ghuiru

| +w, @ f � w ��� frv +5 oq w, . f 	 w � � vlq +5 oq w,
f � > f 	 5 U> w A 31

4515 Ehvvhov gl�huhqwldooljqlqj
Ehwudjw iru w A 3 gl�huhqwldooljqlqjhq

w 	 | � � . w| � . �w 	 � � 	 � | @ 3
kyru � hu hq nrqvwdqw/ ndoghv hq Ehvvho0gl�huhqwldooljqlqj hiwhu ghq w|vnh dv0
wurqrp rj pdwhpdwlnhu I1Z1 Ehvvho +4:;704;79,1 Ghq ixogvwéqgljh oûvqlqj hu
jlyhw yhg

| +w, @ f � M � +w, . f 	 \ � +w,
f � > f 	 5 U> w A 3/ kyru ixqnwlrqhuqh M � rj \ � hu gh vèndogwh Ehvvhoixqnwlrqhu di
iûuvwh rj dqghq duw/ khqkrogvylv1

Iru jrg rughqv vn|og vndo yl khu jlyh Ehvvhoixqnwlrqhuqhv gh�qlwlrq1
Gh�qlwlrq 67: Qèu � lnnh hu hw qhjdwlyw khow wdo véwwhv iru dooh } 5 F

M � +}, @
�4
5}

� �
�

[

��� �

�� �
� } 	 �

�

n$� +� . n . 4,
Qèu � @5 ] véwwhv iru dooh } 5 F

\ � +}, @ M � +}, frv �� � M � � +},
vlq ��

Qèu q hu hw lnnh0qhjdwlyw khow wdo véwwhv
\ � +}, @ olp

� � �
\ � +},

Ehpéunqlqj 67; Hq xhqgholj vxp vrp ghq/ ghu rswuéghu l gh�qlwlrqhq di
M � / ndoghv hq xhqgholj uénnh1 Hnvsrqhqwldoixqnwlrqhq/ vlqxv0 rj frvlqxv0ixqnwlrqhuqh
ndq xgwu|nnhv yhg xhqgholjh uénnhu sè iûojhqgh pègh

h � @
�

[

��� �

} �
n$

vlq } @
�

[

��� �

+�4, � } 	 � � �
+5n . 4,$

frv } @
�

[

��� �

+�4, � } 	 �
+5n,$
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Iru dw hnvhpsol�fhuh phqlqjhq phg glvvh wuh xgvdjq/ ndq yl wdjh ghw plgwhuvwh1
Phqlqjhq hu/ dw iru hwkyhuw jlyhw } ndq

�

�

�

�

�

vlq } � �
[

��� �

+�4, � } 	 � � �
+5n . 4,$

�

�

�

�

�

jûuhv plqguh hqg hwkyhuw jlyhw wdo % A 3/ qèu eorw q yéojhv vwûuuh hqg hq wlo
% vyduhqgh yéugl/ q � 1 Wdj iûuvw vrp hnvhpsho } @ �

� 1 Yl yhg mr l iruyhmhq/ dw
vlq �

� @ �
	 / rj �qghu/ qèu v � +}, @ S �

��� �

�
� � ��� �

� ��� �

� 	 � � � ��� / dw v � � �
�
� @ 3=8333333333

phg 43 ehw|ghqgh fliuh iru dooh q � 71 Khu hu euxjw Pdsoh/ phq ghu �qghv rjvè
whruhwlvnh phwrghu wlo dw dijûuh/ kyru pdqjh ohg pdq vndo wdjh phg l vxpphq
iru dw rsqè hw jlyhw dqwdo nruuhnwh fliuh1 Wdj ghuqévw vrp hnvhpsho hw phjhw
vwûuuh }/ qhpolj } @ 43� . �

� 1 Yl kdu vwdglj/ dw vlq } @ �
	 / phq iru dw rsqè 43

nruuhnwh fliuh l uhvxowdwhw iru v � +}, vndo yl kdyh q � 841 Pdq vhu ehw|gqlqjhq
di/ dw xgohgh hjhqvndehu iru vlqxv0ixqnwlrqhq/ l ghwwh wloiéogh ghqv shulrglflwhw/
vè yl ndq xgq|wwh/ dw vlq �43� . �

�
� @ vlq � �

�
�1

Véwqlqj 67< Ghu jéoghu/ dw Zurqvnlghwhuplqdqwhq iru sduuhw M � > M 	 � hu jlyhw
yhg

Z +M � +}, > M 	 � +},, @ �5 vlq +��,
�}

rj Zurqvnlghwhuplqdqwhq iru sduuhw M � > \ � hu jlyhw yhg
Z +M � +}, > \ � +},, @ 5

�}
Nruroodu 683 Ghq ixogvwéqgljh oûvqlqj wlo Ehvvhov gl�huhqwldooljqlqj ndq dowlg
vnulyhv sè iruphq

| +w, @ f � M � +w, . f 	 \ � +w,
f � > f 	 5 U> w A 31 Qèu � @5 ] ndq ghq ixogvwéqgljh oûvqlqj rjvè vnulyhv sè iruphq

| +w, @ f � M � +w, . f 	 M 	 � +w,
f � > f 	 5 U> w A 31

Ehvvhoixqnwlrqhuqh M � � �
� / kyru q 5 ] ndq xgwu|nnhv yhg vlq rj frv/ hnvhp0

shoylv hu gh vlpsohvwh di glvvh �Ehvvhoixqnwlrqhu di xoljh kdoy rughq� jlyhw yhg

M 	
�
� +}, @

� 5
�}

�

�
�

frv }> M �
� +}, @

� 5
�}

�

�
�

vlq }

Véwqlqj 684 Ehvvhoixqnwlrqhuqh rsi|oghu iûojhqgh uhnxuvlrqvirupho
M � 	 � +}, . M � � � +}, @ 5�

} M � +},
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Hqgylghuh jéoghu
g
g} +} � M � +},, @ } � M � 	 � +},

g
g}

�} 	 � M � +},� @ �} 	 � M � � � +},
Gh wr iûuvwh jéoghu/ qèu � � 4 lnnh hu hw qhjdwlyw khow wdo/ ghq vlgvwh qèu � lnnh
hu hw qhjdwlyw khow wdo1 Dooh wuh jéoghu rjvè iru \ 1
Hnvhpsho 685 Uhnxuvlrqvirupohq iru M � ndq euxjhv wlo dw xguhjqh M � � +}, xgiud
nhqgvndehw wlo M 	

�
� +}, rj M �

� +},1 Yl wdjhu � @ �
	 l uhnxuvlrqvirupohq rj �qghu

M � � +}, @ 4
} M

�
� +},� M 	

�
� +}, @ 4

}
� 5
�}

�

�
�

vlq } �� 5
�}

�

�
�

frv }

@
� 5
�}

�

�
� �vlq }

} � frv }
�

Oûvqlqjhuqh wlo gl�huhqwldooljqlqjhu di iruphq
w 	 | � � . dw| � . +ew � . f, | @ 3

kyru d> e rj p hu nrqvwdqwhu/ rj kyru e 9@ 3>p 9@ 3/ ndq dooh xgwu|nnhv yhg
Ehvvhoixqnwlrqhu1
Hnvhpsho 686 Yl ylo iru w A 3 rj w ? 3 �qgh ghq ixogvwéqgljh oûvqlqj wlo
gl�huhqwldooljqlqjhq

| � � . w 	 | @ 3
Yl lqgiûuhu hq q| xdikéqjlj yduldeho v yhg v @ �

	 w 	 rj véwwhu z +v, @ +5v, 	
�

� |
�

+5v,
�
�
�

dowvè | +w, @ w
�
� z � �

	 w 	 �1 Yhg gl�huhqwldwlrlq di ghw vlgvwh xgwu|n ièv
| � +w, @ 4

5 w
	
�
� z

�4
5 w

	
�

. w � � z �
�4
5 w

	
�

| � � +w, @ �4
7 w

	 � � z
�4
5 w

	
�

. 5w
�
� z �

�4
5 w

	
�

. w �
� z � �

�4
5 w

	
�

Khuphg kdu yl
3 @ | � � +w, . w 	 | +w,

@ w �
� z � �

�4
5 w

	
�

. 5w
�
� z �

�4
5 w

	
�

.
�

w �
� � 4

7 w
	 � �

�

z
�4
5 w

	
�

@ 7w 	 � �

#

�4
5 w

	
�

	

z � �
�4
5 w

	
�

. 4
5 w

	 z �
�4
5 w

	
�

.
#

�4
5 w

	
�

	

� 4
49

$

z
�4
5 w

	
�

$

@ 7w 	 � �
�

v 	 z � � +v, . vz � +v, .
�

v 	 � 4
49

�

z +v,
�
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dowvè
v 	 z � � +v, . vz � +v, .

�

v 	 � 4
49

�

z +v, @ 3
vèohghv/ dw

z +v, @ f � M 	
�

� +v, . f 	 M �
� +v,

kyruphg
| +w, @ w

�
� z

�4
5 w

	
�

@ f � w
�
� M 	

�
�

�4
5 w

	
�

. f 	 w
�
� M �

�

�4
5 w

	
�

phg f � > f 	 5 U1 L vwhghw iru M 	
�

� ndq euxjhv \ �
� 1

Hnvhpsho 687 Oûvqlqjhq di Ulfdwwl0oljqlqjhq
| � @ w 	 . | 	

ndq pdq yhg dw véwwh | +w, @ � ��� � � �
� � � � uhgxfhuh wlo oûvqlqjhq di oljqlqjhq
x � � . w 	 x @ 3

Khuphg �qghu yl iûojhqgh oûvqlqjhu/ jéoghqgh iru w A 3 rj iru w ? 3=

| +w, @ �
�

� �

�

f � w
�
� M 	

�
�

� �
	 w 	 �. f 	 w

�
� M �

�

� �
	 w 	 �

�

f � w
�
� M 	

�
�

� �
	 w 	 �. f 	 w

�
� M �

�

� �
	 w 	 �

@ ��f � w � � M ��

� �
	 w 	 �. f 	 w � � M 	 ��

� �
	 w 	 �

f � w
�
� M 	

�
�

� �
	 w 	 �. f 	 w

�
� M �

�

� �
	 w 	 �

@ w f � M ��

� �
	 w 	 �� f 	 M 	 ��

� �
	 w 	 �

f � M 	
�

�

� �
	 w 	 �. f 	 M �

�

� �
	 w 	 �

Oûvqlqjhuqh ndq rjvè jlyhv sè iruphq

| +w, @ �w f � \ 	 ��

� �
	 w 	 �. f 	 M 	 ��

� �
	 w 	 �

f � \ �
�

� �
	 w 	 �. f 	 M �

�

� �
	 w 	 �
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Ulfdwwl0gl�huhqwldooljqlqjhu
Mdfrsr Iudqfhvfr Ulfdwwl +49:904:87, vwxghuhgh l 4:57 oljqlqjhq

| � . d| 	 @ ew �

Mhdq oh Urqg g*Dohpehuw +4:4:04:;6, xgylghgh l 4:96 vwxglhw wlo oljqlqjhu di
w|shq

| � @ t � +w, . t � +w, | . t 	 +w, | 	 +U,
Glvvh ndoghv Ulfdwwl0oljqlqjhu1 Ehpéun/ dw kylv t � +w, @ 3 iru dooh w 5 L/ vè hu
+U, hq Ehuqrxool0oljqlqj/ rj kylv t 	 +w, @ 3 iru dooh w 5 L/ vè hu +U, olqhéu1

Véwqlqj 688 Dqwdj/ dw t � rj t � hu nrqwlqxhuwh rj t 	 gl�huhqwldeho phg t �
	

nrqwlqxhuw sè lqwhuydoohw L1 Dqwdj ylghuh/ dw t 	 +w, 9@ 3 iru dooh w 5 L1 Vè jéoghu/
dw kylv | hu oûvqlqj wlo +U, sè L/ vè hu x @ h{s �� U t 	 +w, | +w,gw� oûvqlqj wlo

x � � ��t �
	 +w,
t 	 +w, . t � +w,

�

x � . t � +w, t 	 +w,x @ 3 +U5,

sè L1 Rpyhqgw jéoghu= Kylv x hu oûvqlqj wlo +U5, sè hw lqwhuydo M � L rj x +w, 9@ 3
iru dooh w 5 M/ vè hu | @ � � �

� � � � � � oûvqlqj wlo +U,1
Ehylv1 Ehpéun iûuvw/ dw kylv x @ h{s �� U t 	 +w, | +w,gw�/ vè kdu yl/ dw x +w, 9@

3 rj yl ièu yhg gl�huhqwldwlrq/ dw

x � @ �t 	 +w, | +w, h{s
��]

t 	 +w, | +w,gw
�

@ �t 	 +w, | +w,x

dowvè | @ � ���

� � � � � � 1 Kdu yl rpyhqgw/ dw x +w, 9@ 3 sè hw lqwhuydo M rj véwwhu
yl | @ � � �

� � � � � � / vè kdu yl x � @ �t 	 +w, | +w,x/ kyrudi ièv/ dw ghu hnvlvwhuhu hq
nrqvwdqw F/ vè

x @ F h{s
��]

t 	 +w, | +w,gw
�

478
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Gd x +w, 9@ 3 sè M / pè F 9@ 31
Dqwdj qx/ dw | hu oûvqlqj wlo +U, sè L1 Odg x @ h{s �� U t 	 +w, | +w,gw�1 Vè

kdu yl | @ � � �

� � � rj ghuphg

| � @ �t 	 x � x. x � +t �
	 x. t 	 x � ,

t 		 x 	

Ghwwh lqgvéwwhv l +U,/ kyruyhg yl ièu
�t 	 x � x. x � +t �

	 x. t 	 x � ,
t 		 x 	 @ t � . t �

�� x �

t 	 x
�

. t 	
�� x �

t 	 x
�

	

ghu hiwhu uhgxnwlrq jlyhu +U5,1
Dqwdj rpyhqgw/ dw x hu hq oûvqlqj wlo +U5,/ ghu hu iruvnhoolj iud qxo sè M � L=

Odg | @ � � �

� � � � � � 1 Vè kdu yl x @ F h{s �� U t 	 +w, | +w, gw�phg hq nrqvwdqw F 9@ 31
Gd x � @ F h{s �� U t 	 +w, | +w,gw� +�t 	 |, rj x � � @ F h{s �� U t 	 +w, | +w,gw� �t 		 | 	 � t �

	 | � t 	 | � �

ièv yhg lqgvéwwhovh l +U5, rj hiwhu glylvlrq phg ghq iéoohv idnwruF h{s �� U t 	 +w, | +w,gw�/
dw

�t 		 | 	 � t �
	 | � t 	 | � ���t �

	 +w,
t 	 +w, . t � +w,

�

+�t 	 |, . t � +w, t 	 +w, @ 3
ghu hiwhu uhgxnwlrq rj glylvlrq phg t 	 jlyhu +U,1

Nruroodu 689 Ylo pdq oûvh Ulfdwwl0oljqlqjhq
| � @ t � +w, . t � +w, | . t 	 +w, | 	 +U,

vè �qghu pdq iûuvw ghq ixogvwéqgljh oûvqlqj wlo iûojhqgh olqhéuh krprjhqh gli0
ihuhqwldooljqlqj di dqghq rughq

x � � ��t �
	 +w,
t 	 +w, . t � +w,

�

x � . t � +w, t 	 +w,x @ 3 +U5,

Hu ghq ixogvwéqgljh oûvqlqj x ixqghw/ kdu pdq gd/ dw ghq ixogvwéqgljh oûvqlqj
iru | hu jlyhw yhg

| @ � x �

t 	 x
kyru | hu gh�qhuhw sè hw lqwhuydo sè kylonhw x 9@ 31
Hnvhpsho 68: Ehwudjw iru w A 3 gl�huhqwldooljqlqjhq

| � @ � 6
w 	 . 6

w | � | 	

Ghqqh hu èehqeduw hq Ulfdwwl0oljqlqj1 Gl�huhqwldooljqlqjhq +U5, ièu iruphq
x � � � 6

w x
� . 6

w 	 x @ 3



47:

hoohu dqghuohghv vnuhyhw
w 	 x � � � 6wx � . 6x @ 3

Ghwwh hu hq Hxohu gl�huhqwldooljqlqj1 Ghq oûvhv yhg dw véwwh x @ w � / khuyhg ièv/
dw u vndo rsi|ogh oljqlqjhq

u +u � 4,� 6u . 6 @ 3
dowvè u 	 � 7u . 6 @ 3/ ghu kdu uûgghuqh �4 rj 61 Ghuphg hu ghq ixogvwéqgljh
oûvqlqj iru x jlyhw yhg

x @ f � w. f 	 w 


kyru f � rj f 	 hu ylonèuoljh nrqvwdqwhu1 Ghq ixogvwéqgljh oûvqlqj wlo ghq jlyqh
Ulfdwwloljqlqj hu vè

| @ � x �

t 	 x @ x �

x @ f � . 6f 	 w 	
f � w. f 	 w 


Vhoy rp ghq ixogvwéqgljh oûvqlqj iruphow lqghkroghu wr ylonèuoljh nrqvwdqwhu/ vè
hu ghu l uhdolwhwhq nxq ìq= Qèu f 	 9@ 3 ndq oûvqlqjhuqh vnulyhv

| @ F . 6w 	
Fw. w 


kyru F @ � �

� � 1 Iruxghq gh oûvqlqjhu/ ghu vyduhu wlo F 5 U kdu yl |ghuoljhuh
oûvqlqjhq | @ �

� vyduhqgh wlo f 	 @ 31
Hnvhpsho 68; L hq rpuûuw wdqn xghq jhqqhpvwuûpqlqj iruhjèu iûojhqgh uh0
yhuvleoh uhdnwlrq phoohp vwr�huqh D/ E rj F=

D.D E . F
Whpshudwxuhq wéqnhv krogw nrqvwdqw1 Uhdnwlrqhuqh wéqnhv dw yéuh hohphqwéuh/
g1y1v1 dw rpvéwqlqjvkdvwljkhghq hu sursruwlrqdo phg surgxnwhw di gh uhdjhuhqgh
vwr�huv nrqfhqwudwlrqhu/ vrp yl ehwhjqhu phg khqkrogvylv d> e rj f1 Ehj|qghovhvnrq0
fhqwudwlrqhuqh hu d � > e � rj f � = Khuphg �qghu yl iûojhqgh gl�huhqwldooljqlqj iru
d= gd

gw @ �5n � d 	 . 5n 	 ef
kyru n � rj n 	 hu gh vèndogwh +vwûnlrphwulvn ehvwhpwh, kdvwljkhgvnrqvwdqwhu1 Dw
ghu hu 50wdoohu sè ehjjh ohg sè kûmuh vlgh/ vn|oghv/ dw kyhu jdqj hw pro E +hoohu
F, gdqqhv hoohu rpgdqqhv/ rpgdqqhv hoohu gdqqhv 5 pro D1 Ghuiru jéoghu rjvè/
dw �

	 d.e rj �
	 d.e ehjjh hu nrqvwdqwh1 Odg rv ndogh glvvh nrqvwdqwhu iru N � rjN 	 /

khqkrogvylv1 Phg N @ N � .N 	 hu N ghq nrqvwdqwh vxp di nrqfhqwudwlrqhuqh di
d> e rj f/ dowvè olj phg d � . e � . f � 1 Yl ndq qx holplqhuh e rj f iud gl�huhqwloolj0
qlqjhq rj �qghu

gd
gw @ �5n � d 	 . 5n 	

�

N � � 4
5d

��

N 	 � 4
5d

�
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kylonhw rjvè ndq vnulyhv
gd
gw @ 4

5 +n 	 � 7n � , d 	 � n 	 Nd. 5n 	 N � N 	 +D,
Gd nrh!flhqwhuqh wlo d 	 > d � rj d � hu nrqvwdqwh/ hu gl�huhqwldooljqlqjhq +D, vhs0
dudeho rj ndq ghuiru oûvhv vrp hq vègdq1 Phq oljqlqjhq hu lplgohuwlg rjvè hq
Ulfdwwl0oljqlqj/ rj ghwwh ylo yl xgq|wwh1 +Kylv n 	 �7n � @ 3 hu oljqlqjhq olqhéu1 Yl
ryhuodghu ehkdqgolqjhq di ghwwh vshfldowloiéogh wlo oévhuhq,1 Ghq wlo +D, vyduhqgh
olqhéuh gl�huhqwldooljqlqj di dqghq rughq hu

x � � . n 	 Nx � . n 	 N � N 	 +n 	 � 7n � ,x @ 3
Ghqqh dqghqrughqv gl�huhqwldooljqlqj kdu nrqvwdqwh nrh!flhqwhu1 Ndudnwhuoljqlq0
jhq hu

� 	 . n 	 N�. n 	 N � N 	 +n 	 � 7n � , @ 3
ghu kdu glvnulplqdqwhq

G @ n 		 N 	 � 7 +n 	 � 7n � ,n 	 N � N 	

@ n 		 +N � �N 	 , 	 . 49n � n 	 N � N 	 A 3
Gh wr uûgghu hu

� � @ 4
5
��n 	 N 	sG

�

Ehpéun/ dw � 	 ? 3 dowlg/ rj dw � � rj n 	 � 7n � kdu prgvdw iruwhjq1 Ghq ixog0
vwéqgljh oûvqlqj hu

x @ f � h � � � . f 	 h ��� �

kyru f � > f 	 5 U1 Ghq ixogvwéqgljh oûvqlqj wlo +D, hu ghuphg jlyhw yhg
d @ � x �

�
	 +n 	 � 7n � ,x @ � f � � � h � � � . f 	 � 	 h ��� �

�
	 +n 	 � 7n � , +f � h � � � . f 	 h ��� � ,

@ � f � � � h
�
�
��� � . f 	 � 	 h 	

�
�
��� �

�
	 +n 	 � 7n � ,

�

f � h
�
�
� � � . f 	 h 	

�
�
� � � �

@ � f � � � h
�
�
� � � . f 	 � 	 h 	

�
�
� � �

�
	 +n 	 � 7n � ,

�

f � h
�
�
��� � . f 	 h 	

�
�
��� � �

Phg f 	 @ 3 rj f � 9@ 3 ièv ghq nrqvwdqwh oûvqlqj
d @ �� �

�
	 +n 	 � 7n � , @ n 	 N �sG

n 	 � 7n � @ d �

Ghqqh hu srvlwly/ gd � � rj n 	 � 7n � kdu prgvdw iruwhjq1 Phg f � @ 3 rj f 	 9@ 3
ièv rjvè hq nrqvwdqw oûvqlqj

d @ �� 	

�
	 +n 	 � 7n � , @ n 	 N .sG

n 	 � 7n � @ d 	
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Qèu n 	 � 7n � ? 3/ kdu yl d 	 ? 3/ vè oûvqlqjhq d 	 hu xlqwhuhvvdqw l ghw wloiéogh1
Qèu n 	 � 7n � A 3/ hu d 	 A N/ vè oûvqlqjhq d 	 hu ghuiru rjvè l ghwwh wloiéogh
xlqwhuhvvdqw1 Yl ndq ghuiru iruxgvéwwh/ dw f � 9@ 31 Ghq ixogvwéqgljh oûvqlqj ndq
qx phg F @ � �

� � rpvnulyhv wlo

d +w, @ � � � . F� 	 h 	 ��� �

�
	 +n 	 � 7n � ,

�

4 . Fh 	 ��� � �

@ d � . 5FsGh 	 ��� �

+n 	 � 7n � ,
�

4 . Fh 	 � � � �

@ d � . 5FsG
+n 	 � 7n � ,

�

F . h ��� � �

Yl vhu/ dw d +w, $ d � iru w $ 41 Yéuglhq di F hu ehvwhpw di ehj|qghovhvnrq0
fhqwudwlrqhuqh1
Ehpéunqlqj 68< Ghw hu phjhw ohw dw oûeh vxu l ehuhjqlqjhuqh ryhqiru1 Iûo0
jhqgh revhuydwlrq ndq kméosh wlo dw ehyduh ryhueolnnhw1 Gl�huhqwldooljqlqjhq ndq
vnulyhv gd

gw @ 4
5 +n 	 � 7n � , +d� d 	 , +d� d � ,

kyru d � rj d 	 eohy ehvwhpw ryhqiru1 Gd d 	 ? 3 iru n 	 � 7n � ? 3 rj d 	 A N @
d � . e � . f � iru n 	 � 7n � A 3 kdu yl dowlg/ dw �

	 +n 	 � 7n � , +d� d 	 , ? 3= Yl
vhu ghuiru/ dw ���

� � A 3 iru d ? d � rj ���

� � ? 3 iru d A d � 1 Kylv dowvè yl vwduwhu
phg hq nrqfhqwudwlrq d � ? d � / vè ylo d yrnvh rs prg d � / rj yl vwduwhu phg hq
nrqfhqwudwlrq d � A d � / vè ylo d diwdjh qhg prg d � 1
Hnvhpsho 693 Ehwudjw iru w A 3 Ulfdwwl0oljqlqjhq

| � . | 	 @ 5w 	 	

Oljqlqjhq eohy l divqlwwhw rp vhsdudeoh gl�huhqwldooljqlqjhu oûvw yhg hw �wulfn�1
Khu euxjhu yl ghq ryhqiru ehvnuhyqh phwrgh1 Phg | @ ���

� rsi|oghu x gl�huhq0
wldooljqlqjhq

x � � � 5w 	 	 x @ 3
ghu rjvè ndq vnulyhv

w 	 x � � � 5x @ 3
Ghwwh hu hq Hxohu gl�huhqwldooljqlqj/ rj ghq kdu ghq ixogvwéqgljh oûvqlqj

x @ f � w 	 � . f 	 w 	

kyru f � > f 	 5 U1 Khuphg �qghu yl
| @ �f � w 	 	 . 5f 	 w

f � w 	 � . f 	 w 	



483 NDSLWHO 461 ULFDWWL0GLIIHUHQWLDOOLJQLQJHU

Wdjhv f 	 @ 3 rj f � 9@ 3/ ièv oûvqlqjhq | +w, @ � �
� 1 Gh dqguh oûvqlqjhu +phg

f 	 9@ 3 , ndq vnulyhv | +w, @ 	�� � ���
� � � � 	 � � / kyru N 5 U1 Yl kdu vdw N @ � � �

� � di
khqv|q wlo vdpphqoljqlqjhq phg ghw wlgoljhuh ixqgqh uhvxowdw1



Ndslwho 47
Wd|orusro|qrplhu rj
Uénnhxgylnolqj
4714 Dssurnvlpdwlrq yhg Wd|orusro|qrplhu

Hw sro|qrplxp l ghq yduldeoh { hu hw xgwu|n di iruphq
d � { � . d � 	 � { � 	 � . = = =. d � {. d �

kyru nrh!flhqwhuqh d � > d � > = = = > d � hu wdo +hqwhq uhhooh hoohu nrpsohnvh,1 Ehpéun/
dw hnvsrqhqwhuqh wlo { dooh hu lnnh0qhjdwlyh khoh wdo1 Kylv d � 9@ 3> ylo yl ndogh
d � iru ghq ohghqgh nrh!flhqw/ rj vljh dw sro|qrplhwv judg hu q= Hw sro|qrplxp
di 3*wh judg hu eorw hw wdo d � 9@ 31 Qxosro|qrplhw hu eorw xgwu|nnhw 31 Qèu ghw
ryhukryhghw wlooéjjhv hq judg/ vljhu pdq dw ghq hu �4=
Hnvhpsho 694 Xgwu|nnhqh 5{ 
 � { . 44>��{ � . 8{ � . +8 . 6l,{ 	 . { rj :
hu sro|qrplhu l ghq yduldeoh { di judghu khqkrogvylv 6/ 9 rj 31 Xgwu|nnhqh
7{ 	

	 . 9{ 	 � � ; . { . �
	 { 	 rj 8{ � � � {

�
� hu lnnh sro|qrplhu l ghq yduldeoh {1

Hw xgwu|n phg xhqgholjw pdqjh ohg vrp 4. {. { 	 . { 
 . { � . = = =. { � . = = = hu
lnnh hw sro|qrplxp/ phq ndoghv hq xhqgholj uénnh1

Hw sro|qrplxp l ghq yduldeoh { ndq qdwxuoljylv ehwudjwhv vrp hq ixqnwlrq
di {1 Vrp vègdq xguhjqhv ixqnwlrqvyéuglhuqh véughohv h�hnwlyw rj kxuwljw/ kylv
sro|qrplhw vnulyhv sè Kruqhuirup vèohghv vrp iûojhqgh hnvhpsho dqw|ghu

s +{, @ :{ � . 6{ 
 � 47{ 	 . 8{. ;: @ +++:{. 6,{� 47,{. 8,{. ;:
Sro|qrplhu hu rjvè l dqguh khqvhhqghu ohwwh dw kdyh dw jûuh/ vè ghw ndq yéuh

hq jrg lgì dw huvwdwwh hq nrpsolfhuhw hoohu qévwhq xpxolj ixqnwlrq i phg hw
sro|qrplxp1 Ghwwh iruxgvéwwhu vhoyiûojholj/ dw ghq ihmo pdq khuyhg ehjèu hu di
dffhswdeho vwûuuhovh/ dowvè oljjhu lqghqiru hq jlyhq wrohudqfh1

484
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Hw Wd|orusro|qrplxp S � phg xgylnolqjvsxqnw d hu hw sro|qrplxp di judg
kûmvw q/ vèohghv ehvnd�hq/ dw i rj S � kdu vdpph d hghgh l sxqnwhw d rs wlo rj
phg q*wh rughq1 Dowvè

i +d, @ S � +d, > i � +d, @ S �

� +d, > i � � +d, @ S � �

� +d, >
= = =

i � � 	 � � +d, @ S �
� 	 � �

� +d, > i � � � +d, @ S �
� �

� +d,
Yl pè iruyhqwh/ dw i rj S � oljqhu klqdqghq phjhw l rphjqhq di xgylnolqjvsxqn0
whw d/ mr phuh ghvwr vwûuuh q hu1 Yhg dw vnulyh ghw vûjwh sro|qrplxp S � sè
iruphq

S � +{, @ d � . d � +{� d, . d 	 +{� d, 	 . = = =. d � +{� d, �

ylvhv ghw phjhw ohw/ dw nrh!flhqwhuqh d � ndq xguhjqhv xgiud i hiwhu iûojhqgh
irupho

d � @ 4
n$i

� � � +d,
kyru yl euxjhu ghq nrqyhqwlrq/ dw ghq 3*wh d hghgh eorw hu ixqnwlrqhq vhoy1 Dowvè
hu ghw q*wh Wd|orusro|qrplxp iru i phg xgylnolqjvsxqnw d jlyhw yhg

S � +{, @ i +d, . i � +d, +{� d, . 4
5i

� � +d, +{� d, 	

. 4
6$i

� � � +d, +{� d, 
 . = = =. 4
q$i

�
� � +d, +{� d, �

Hnvhpsho 695 Yl ylo ehvwhpph eègh ghw wuhglh +S 
 , rj ghw imhugh +S � , Wd|0
orusro|qrplxp iru vlqxvixqnwlrqhq vlq phg xgylnolqjvsxqnw 31 Yl �qghu/ qèu
i +{, @ vlq{/ dw

i � +{, @ frv{> i � � +{, @ � vlq{> i � � � +{, @ � frv{> i � � � +{, @ vlq{
Khuphg kdu yl

i +3, @ 3> i � +3, @ 4> i � � +3, @ 3> i � � � +3, @ �4> i � � � +3, @ 3
Dowvè kdu yl

S 
 +{, @ i +3, . i � +3,{. 4
5i

� � +3,{ 	 . 4
6$i

� � � +3,{ 


@ {� { 

6$

rj gd i � � � +3, @ 3/ kdu yl S � @ S 
 1
Hnvhpsho 696 Yl ehvwhpphu ghw 51 Wd|orusro|qrplxp phg xgylnolqjvsxqnw 4
iru ixqnwlrqhq i jlyhw yhg i +{, @ { 	 oq{1 Yl �qghu

i � +{, @ 5{ oq{. {
i � � +{, @ 5 oq{. 6
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Dowvè kdu yl i +4, @ 3> i � +4, @ 4 rj i � � +4, @ 61 Wd|orusro|qrplhw S 	 hu ghuphg
jlyhw yhg iruvnuliwhq

S 	 +{, @ i +4, . i � +4, +{� 4, . 4
5i

� � +4, +{� 4, 	

@ +{� 4, . 6
5 +{� 4, 	

Hnvhpsho 697 Yl ylo ehvwhpph ghw q*wh Wd|orusro|qrplxp phg xgylnolqjvsxqnw
3 iru hnvsrqhqwldoixqnwlrqhq h{s1 Phg i +{, @ h{s{ @ h � kdu yl/ dw i � � � +{, @ h �

iru dooh n � 3 rj { 5 U1 Ghuphg �qghu yl/ dw i � � � +3, @ 4 iru dooh n � 3/ vèohghv
dw
S � +{, @ i +3, . i � +3,{. 4

5i
� � +3,{ 	 . 4

6$i
� � � +3,{ 
 . = = =. 4

q$i
�
� � +3,{ �

@ 4 . {. { 	
5 . { 


6$ . = = =. { �
q$

Ghw hu noduw di vwru lqwhuhvvh dw ylgh qrjhw rp vwûuuhovhq di ghq ihmo/ ghu
ehjèv yhg dw huvwdwwh hq ixqnwlrq i phg ghqv Wd|orusro|qrplxp S � phg xg0
ylnolqjvsxqnw d1 Wlo hq yxughulqj di ghqqh ihmo hu Wd|oruv véwqlqj yhohjqhw1
Véwqlqj 698 Wd|oruv Véwqlqj1 Dqwdj/ dw i hu q . 4 jdqjh gl�huhqwldeho l
hq rphjq rp d= Vè �qghv ghu wlo hwkyhuw jlyhw { l ghqqh rphjq hw wdo � phoohp
{ rj d/ vè

i+{, @ S � +{, . 4
+q. 4,$i

�
� � � � +�,+{� d, � � �

kyru S � ehwhjqhu ghw q*wh Wd|orusro|qrplxp phg xgylnolqjvsxqnw d/ g1y1v1
S � +{, @ i+d, . i � +d,+{� d, . 4

5i
� � +d,+{� d, 	 . ===. 4

q$i
�
� � +d,+{� d, �

Ehylv1 Ehylv qxpphu 41 Yl plqghu iûuvw rp ghq xgylghgh plgghoyéuglvéw0
qlqj= Dqwdj/ dw ixqnwlrqhuqh k rj j hu nrqwlqxhuwh l lqwhuydoohw ^d> e` rj gl�huhq0
wldeoh l `d> e^= Vè �qghv ghu hw wdo � 5`d> e^/ vè

^k+e,� k+d,` j � +�, @ ^j+e,� j+d,`k � +�,=
L ghq xgylghgh plgghoyéuglvéwqlqj wdjhu yl k+{, @ i+{, � S � +{, rj j+{, @
+{� d, � � � = Vè kdu yl

k+d, @ i+d,� S � +d, @ 3> k � +d, @ i � +d,� S �

� +d, @ 3>
k � � +d, @ i � � +d,� S � �

� +d, @ 3> ===> k � � � +d, @ i � � � +d,� S �
� �

� +d, @ 3>
rj iru j jéoghu wlovyduhqgh j+d, @ 3> j � +d, @ 3> j � � +d, @ 3> ===> j � � � +d, @ 3= Odg
qx { oljjh l ghq rpwdowh rphjq rp d1 Odg rv vljh/ dw { A d1 Iûuvwh euxj di ghq
xgylghgh plgghoyéuglvéwqlqj jlyhu qx

k+{,
j+{, @ k+{,� k+d,

j+{,� j+d, @ k � +� � ,
j � +� � ,



487 NDSLWHO 471 WD\ORUSRO\QRPLHU RJ UÉNNHXGYLNOLQJ

kyru � � 5`d> {^= Dqghq euxj di ghq xgylghgh plgghoyéuglvéwqlqj jlyhu
k � +� � ,
j � +� � , @ k � +� � ,� k � +d,

j � +� � ,� j � +d, @ k � � +� 	 ,
j � � +� 	 ,

kyru � 	 5`d> � � ^= Vègdq ndq iruwvéwwhv1 Lghw j � � � � � +w, @ +q. 4,$ iru dooh w ièu yl
wlo vlgvw ièu yl

k � � � +� � ,
j � � � +� � , @ k � � � +� � ,� k � � � +d,

j � � � +� � ,� j � � � +d, @ k � � � � � +� � � � ,
j � � � � � +� � � � , @ i � � � � � +� � � � ,

+q. 4,$
kyru yl dowvè kdu d ? � � � � ? � � ? === ? � 	 ? � � ? {= Yl kdu qx ylvw/ dw

k+{,
j+{, @ i � � � � � +� � � � ,

+q. 4,$
g1y1v1 k+{, @ ��

� � � ��� i
�
� � � � +� � � � ,j+{,/ dowvè i+{,�S � +{, @ ��

� � � ��� i
�
� � � � +� � � � ,+{�

d, � � � = Phg � @ � � � � hu véwqlqjhq ylvw1
Ehylv qxpphu 51 Ghwwh ehylv ehq|wwhu lnnh ghq xgylghgh plgghoyéuglvéw0

qlqj1 Ehwudjw iru idvwkrogw { ixqnwlrqhq j jlyhw yhg

j +w, @ i +w,.i � +w, +{� w,.4
5i

� � +w, +{� w, 	 . 4
6$i

� � � +w, +{� w, 
 .= = =. 4
q$i

�
� � +w, +{� w, �

j +w, hu dowvè ghw q*wh Wd|orusro|qrplxp iru i phg xgylnolqjvsxqnw w1 Yl �qghu
j � +w,=

j � +w, @ i � +w, . i � � +w, +{� w,� i � +w, . 4
5i

� � � +w, +{� w, 	 � i � � +w, +{� w, . 4
6$i

� � � +w, +{� w, 


�4
5i

� � � +w, +{� w, 	 . = = =. 4
q$i

�
� � � � +w, +{� w, � � 4

+q� 4,$i
�
� � +w, +{� w, � 	 �

Ghqqh vxp hu �whohvnrshuhqgh�= Yl ièu eorw

j � +w, @ 4
q$i

�
� � � � +w, +{� w, �

Yhg lqwhjudwlrq khudi ièv/ lghw j +{, @ i +{, rj j +d, @ S � +{,/ dw

i +{,� S � +{, @ j +{,� j +d, @ 4
q$

] �

�

i � � � � � +w, +{� w, � gw

Dowvè kdu yl
i +{, @ S � +{, . 4

q$
] �

�

i � � � � � +w, +{� w, � gw
Ghwwh uhvxowdw hu Wd|oruv irupho phg lqwhjudouhvwohg1 Iru khuiud dw iè uhvxowdwhw
phg Odjudqjh*v uhvwohg vndo yl euxjh iûojhqgh ohppd=
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Ohppd 699 Odg j rj k yéuh nrqwlqxhuwh ixqnwlrqhu1 Dqwdj/ dw j lnnh vnliwhu
iruwhjq sè lqwhuydoohw ^d> e`1 Vè hnvlvwhuhu ghu hw wdo � 5 ^d> e`/ vè

] �

�

k +w, j +w,gw @ k +�,
] �

�

j +w,gw

Ehylv1 Yl ehkûyhu nxq dw ehwudjwh wloiéoghw j +w, � 3 iru dooh w 5 ^d> e` +phq
lnnh lghqwlvn qxo,1 Yl kdu

k ��� �
] �

�

j +w,gw � ] �

�

k +w, j +w,gw � k �����
] �

�

j +w,gw
Kyrudi iûojhu

k ��� � � U �
� k +w, j +w, gw
U �
� j +w, gw � k �����

Gd k hu nrqwlqxhuw/ dqwdjhu ghq sè lqwhuydoohw ^d> e` hqkyhu yéugl phoohp vlq
vwûuvwhyéugl k ����� rj vlq plqgvwhyéugl k ��� � 1 Dowvè �qghv ghu hw wdo � 5 ^d> e`/ vè

k +�, @
U �
� k +w, j +w,gw
U �
� j +w,gw

Yl ndq qx xgq|wwh ghwwh ohppd sè lqwhjudouhvwohgghw +lghw yl grj wloiûmhu
iruxgvéwqlqjhq/ dw i � � � � � hu nrqwlqxhuw,=
4
q$

] �

�

i � � � � � +w, +{� w, � gw @ 4
q$i

�
� � � � +�,

] �

�

+{� w, � gw @ 4
+q. 4,$i

�
� � � � +�, +{� d, � � �

Ehpéunqlqj 69: Ghw +q� 4,*wh Wd|orusro|qrplxp iru ghq d hghgh i � hu olj
phg ghq d hghgh di ghw q*wh Wd|orusro|qrplxp iru i= Yhg gl�huhqwldwlrq di

S � +{, @ i+d, . i � +d,+{� d, . 4
5i

� � +d,+{� d, 	 . ===. 4
q$i

�
� � +d,+{� d, �

ièv qhpolj
S �

� +{, @ i � +d, . i � � +d,+{� d, . ===. 4
+q� 4,$i

�
� � +d,+{� d, � 	 �

phq ghw hu mr qhwrs ghw +q� 4,*wh Wd|orusro|qrplxp iru i �

Iûojhqgh q|wwljh uhvxowdw ndq riwh ehq|wwhv l vwhghw iru hq gluhnwh yxughulqj
di uhvwohgghw l Wd|oruv irupho=
Véwqlqj 69; +Pd{0ihmo0véwqlqjhq, Dqwdj/ dw i hu q. 4 jdqjh gl�huhqwld0
eho l hw oxnnhw lqwhuydo L/ ghu lqghkroghu d vrp hw lqguh sxqnw1 Odg S � yéuh
ghw q*wh Wd|orusro|qrplxp iru i phg xgylnolqjvsxqnw d= Gd jéoghu/ dw kylv
i � � � � � lnnh vnliwhu iruwhjq dqguh vwhghu l L hqg hyhqwxhow l d> vè yrnvhu diyljhovhqmi+{,� S � +{,m phg m{� dm > rj dqwdjhu dowvè vlq vwûuvwhyéugl l hw di hqghsxqn0
whuqh di lqwhuydoohw L=
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Ehylv1 Liûojh ehpéunqlqjhq ryhqiru hu S �
� ghw +q� 4,*wh Wd|orusro|qrplxp

iru i � = Phg k+{, @ i+{,� S � +{, kdu yl ghuiru liûojh Wd|oruv véwqlqj dqyhqgw
sè i � / dw ghu �qghv hw wdo � � phoohp d rj {> vè

k � +{, @ i � +{,� S �

� +{, @ 4
q$i

�
� � � � +� � , +{� d, �

Khudi iûojhu phg yruhv dqwdjhovh rp i � � � � � > dw k � +{, lnnh éqguhu iruwhjq dqguh
vwhghu hqg hyhqwxhow l d= Ghuiru hu k vydjw prqrwrq wlo yhqvwuh iru d rj vydjw
prqrwrq wlo kûmuh iru d= +Hq ixqnwlrq k hu vydjw yrnvhqgh/ kylv { � ? { 	 @,
i +{ � , � i +{ 	 , ,1 Khudi iûojhu sèvwdqghq1

471414 Dqyhqghovhu di Wd|orusro|qrplhu
Dssurnvlpdwlrq di hq ixqnwlrq i yhg Wd|orusro|qrplhu euxjhv vshflhow l wlo0
iéogh/ kyru ixqnwlrqhq lnnh hu véuolj jrgw nhqgw/ phq kyru gh d hghgh l hw
jlyhw sxqnw d hu nhqgwh +hoohu ohwwh dw ehvwhpph,1 Yl ehj|qghu phg hw vlpshow
hnvhpsho1
Hnvhpsho 69< Yl ylo yxughuh ghq ihmo/ ghu ehjèv yhg dw huvwdwwh vlq{ phg ghwv
imhugh Wd|orusro|qrplxp S � +{, @ S 
 +{, @ {� � �


 � +phg xgylnolqjvsxqnw 3,/ qèum{m � �
	 1 Yl kdu/ qèu i +{, @ vlq{/ dw i � � � +{, @ frv{1 Ghuiru kdu yl phg hw �

phoohp { rj 3/ dw
mvlq{� S � +{,m @

�

�

�

�

4
8$i

� � � +�,{ �
�

�

�

�

@
�

�

�

�

4
8$ frv +�,{

�
�

�

�

�

@ 4
8$ mfrv +�,m m{m

� � 4
8$ m{m

� � 4
8$

�4
5
�

�

@ 4
6;73 �@ 5= 9� 43 	 �

kyru yl kdu euxjw/ dw mfrv +�,m � 41 Hu yl wloiuhgvh phg 6 ghflpdohu l uhvxowdwhw/ ndq
yl dowvè huvwwwh vlq{ phg {� � �


 � / qèu m{m � �
	 1 Hnvhpshoylv �qghu yl vlq 3=8 @ 3=

7:< 76 rj S � +3=8, @ S 
 +3=8, @ 3= 7:< 4:1
Hnvhpsho 6:3 Yl ylo ehvwhpph ghw 61 Wd|orusro|qrplxp S 
 phg xgylnolqjvsxqnw
3 iru dufvlq rj yxughuh ghq ihmo/ ghu ehjèv yhg dw huvwdwwh dufvlq{ phg S 
 +{,> qèum{m � �

	 = Phg i @ dufvlq �qghu yl
i � +{, @ 4s4� { 	 @ �4� { 	 � 	

�
�

i � � +{, @ { �4� { 	 � 	 � �

i � � � +{, @ �4� { 	 � 	 � � . 6{ 	 �4� { 	 � 	
�
�

i � � � +{, @ <{ �4� { 	 � 	
�
� . 48{ 
 �4� { 	 � 	��� @ 6{ �5{ 	 . 6�

+4� { 	 , ��
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Khuphg kdu yl i � +3, @ 4> i � � +3, @ 3> i � � � +3, @ 4> vèohghv dw
S 
 +{, @ {. 4

9{



Hq ûyuh juéqvh iru ghq ihmo/ ghu ehjèv yhg dw huvwdwwh dufvlq{ phg S 
 +{,> qèum{m � �
	 > ndq �qghv vrp iûojhu

mi+{,� S 
 +{,m @
�

�

�

�

4
7$i

� � � +�,{ �
�

�

�

�

@
�

�

�

�

�

�

4
7$

6� �5� 	 . 6�
�4� � 	 � ��

{ �
�

�

�

�

�

�

� 4
7$
6 � �	 �5 � � �	 � 	 . 6

�

�

4� � �
	
�

	 � ��

�4
5
�
� �@ 6= :� 43 	

	

Ghw ndq ehpéunhv/ dw ghq idnwlvnh pdnvlpdoh ihmo hu fd1 6 � 43 	

 > dowvè ehw|0

gholjw plqguh$ Yhg xghoxnnhqgh dw euxjh ghw l Wd|oruv véwqlqj jlyqh uhvwohg0
vxgwu|n hu ghw xpxoljw dw jlyh hq ehguh yxughulqj hqg ghq yl jdy1 L ghwwh hn0
vhpsho ndq yl lplgohuwlg ehpéunh/ dw i � � � +{, 9@ 3 iru dooh { 9@ 31 Di pd{0ihmo0
véwqlqjhq ryhqiru iûojhu ghuiru/ dw mi+{,� S 
 +{,m hu vwûuvw iru { @ 	 �

	 = Yéuglhq
hu ��i � �

	
�� S 
 � �	 ��� �@ 3=335:98 dowvè fd1 6� 43 	


 =
Hnvhpsho 6:4 Oûvqlqjhq wlo gl�huhqwldooljqlqjhq

| � +w, @ w 	 . |+w, 	

phg ehj|qghovhvyéuglhq |+3, @ 4/ ndq idnwlvn �qghv hnvdnw/ phq oûvqlqjhq pè
xgwu|nnhv y1km1d1 vèndogwh Ehvvhoixqnwlrqhu M � rj \ � vdpw yhg euxj di jdppd0
ixqnwlrqhq �= Oûvqlqjhq +vrp hu ixqghw yhg kméos di Pdsoh, vhu lqgylnohw xg=

|+w, @ � w
��

vjq+w,� � � � 

�
�

	 �

M 	 ��

� �
	 w 	 �. \ 	 ��

� �
	 w 	 �� � 


�
�

	 �

�

vjq+w,� � � � 

�
�

	 �

M �
�

� �
	 w 	 �. \ �

�

� �
	 w 	 �� � 


�
�

	

+Ghq oûvqlqj/ vrp Pdsoh vhoy jlyhu/ kdu nxq � lnnh vjq+w,�= Pdsoh*v oûvqlqj hu
vè nxq nruuhnw iru w � 3=, Lplgohuwlg hu ghw ohw +xghq nhqgvnde wlo ghq hnvdnwh
oûvqlqj, dw ehvwhpph oljhvè pdqjh d hghgh di oûvqlqjhq l w @ 3/ vrp pdq o|vwhu1
Dowvè ndq pdq ohw ehvwhpph Wd|orusro|qrplhu iru | xgiud sxqnwhw 3= Yl ylvhu/
kyrugdq gh d hghgh iru w @ 3 ndq ehvwhpphv gluhnwh xgiud gl�huhqwldooljqlqjhq
rj ehj|qghovhvehwlqjhovhq1

Yhg lqgvéwwhovh di w @ 3 l | � +w, @ w 	 . |+w, 	 ièv | � +3, @ 3 	 . |+3, 	 @ 4/ gd
|+3, @ 4= Gl�huhqwlìu qx gl�huhqwldooljqlqjhq1 Yl �qghu

| � � +w, @ 5w. 5|+w,| � +w,
Lqgvéwwhovh di w @ 3 jlyhu | � � +3, @ 5 � 3 . 5|+3,| � +3, @ 5= Gl�huhqwlìu ìq jdqj
wlo1 Yl �qghu

| � � � +w, @ 5 . 5| � +w,| � +w, . 5|+w,| � � +w, @ 5 . 5| � +w, 	 . 5|+w,| � � +w,
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Lqgvéwwhovh di w @ 3 jlyhu | � � � +3, @ 5 . 5| � +3, 	 . 5|+3,| � � +3, @ ;= Gl�huhqwlhuhv
hqgqx hqjdqj/ ièv

| � � � +w, @ 7| � +w,| � � +w, . 5| � +w,| � � +w, . 5|+w,| � � � +w, @ 9| � +w,| � � +w, . 5|+w,| � � � +w,
Lqgvéwwhovh di w @ 3 jlyhu | � � � +3, @ 9| � +3,| � � +3, . 5|+3,| � � � +3, @ 45 . 49 @
5;= Pdq nxqqh iruwvéwwh/ phq yl vwdqgvhu khu1 Yl ndq qx qhgvnulyh ghw imhugh
Wd|orusro|qrplxp S � iru oûvqlqjhq | wlo ehj|qghovhvyéuglsureohphw

| � +w, @ w 	 . |+w, 	
|+3, @ 4

Yl �qghu
S � +w, @ |+3, . | � +3,w. 4

5|
� � +3,w 	 . 4

6$|
� � � +3,w 
 . 4

7$|
� � � +3,w �

@ 4 . w. 4
55w

	 . 4
6$;w


 . 4
7$5;w

� @ 4. w. w 	 . 7
6 w


 . :
9 w

� =
Ghw vhv ohw/ dw ghq ihpwh d hghgh | � � � +w, qûgyhqgljylv pè yéuh srvlwly1 Ghuiru
iûojhu di pd{0ihmo0véwqlqjhq/ dw diyljhovhq m|+w,� S � +w,m yrnvhu phg mwm =
Hnvhpsho 6:5 Odg i yéuh ghq ixqnwlrq/ ghu hu jlyhw yhg iruvnuliwhq

i+{, @
] �

�
h � � � � gw

Ixqnwlrqhq hu dowvè jlyhw yhg hw lqwhjudo1 Ghwwh lqwhjudo ndq lplgohuwlg lnnh
xgwu|nnhv y1km1d1 ghw végydqoljh uhshuwrluh di ixqnwlrqhu nhqgwh di dooh rj hq0
kyhu1 Lnnh hqjdqj Pdsoh ndq xgwu|nnh lqwhjudohw yhg euxj di ghwv uhw rpidwwhqgh
uhshuwrluh di ixqnwlrqhu1 Lnnh ghvwr plqguh hu ghu lqjhq wylyo rp dw i+{, hu
véughohv yhogh�qhuhw iru hwkyhuw { 5 U= Lqwhjudqghq h � � � � hu mr hq nrqwlqxhuw
ixqnwlrq di w1 Ghq kdu dowvè hq vwdpixqnwlrq/ rj i hu qhwrs hq vègdq1 Phg
dqguh rug yl kdu

i � +{, @ h � � � �

Iruxghq dw rsi|ogh ghqqh oljqlqj rsi|oghu i èehqeduw rjvè ehwlqjhovhq i+3, @ 3=
Yl hu qx l uhdolwhwhq l vdpph vlwxdwlrq vrp l hnvhpsohw ryhqiru1 Yl kdu hq ixqn0
wlrq/ ghu rsi|oghu hq gl�huhqwldooljqlqj +ghqqh jdqj di hq phjhw vlpsho duw, rj hq
ehj|qghovhvehwlqjhovh1 Yl ndq gd ohw �qgh Wd|orusro|qrplhu phg xgylnolqjvsxqnw
31 Yl ylo ehvwhpph ghw 61 Wd|orusro|qrplxp S 
 vdpw yxughuh ghq ihmo/ ghu ehjèv
yhg dw huvwdwwh i+{, phg S 
 +{,> qèu m{m � �

� 1 Yl vndo ghuphg xguhjqh gh iûuvwh
7 d hghgh di i= Yl �qghu

i � � +{, @ h � � � � frv{
i � � � +{, @ h � � � � �� vlq{. frv 	 {�
i � � � +{, @ h � � � � frv{ vlq{ +6� vlq{,

Khuphg ièv
i+3, @ 3> i � +3, @ 4> i � � +3, @ 4> i � � � +3, @ 4
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Vèohghv kdu yl
S 
 +{, @ {. 4

5{
	 . 4

9{



Iru dw yxughuh ghq ihmo/ ghu ehjèv yhg dw huvwdwwh i+{, phg S 
 +{,> qèu m{m � �
� >

vndo yl yxughuh uhvwohgghw l Wd|oruv irupho Iûuvw �qghu yl/ iru hw wdo � phoohp 3
rj {=

mi+{,� S 
 +{,m @ mU 
 +{,m @ �

�

�

�

4
7$i

� � � +�,{ �
�

�

�

�

@
�

�

�

�

4
7$h

� � ��� frv � vlq � +6� vlq �,{ �
�

�

�

�

@ 4
7$h

� � ��� mfrv �m mvlq �m m6� vlq �m{ �
L yxughulqjhq ylo yl qx euxjh wuhndqwvxoljkhghq md. em � mdm . mem > ghuhiwhu xg0
q|wwh/ dw mvlq �m � �

	 rj mfrv �m � 4= Yl �qghu
mi+{,� S � +{,m � 4

7$h
� � ��� mfrv �m mvlq �m +6 . mvlq �m,{ �

� 4
7$h

�
� � 4 � 45

�

6 . 4
5
�

��
9
�
�

�@ 3=< 368 ;� 43 	
	

Yl ndq dowvè jdudqwhuh/ dw ghq ihmo ghu ehjèv yhg dw huvwdwwh i+{, phg S 
 +{,
doohukûmvw hu 3=<�43 	

	 / phq ghq hu iruprghqwolj hq gho odyhuh1 Yxughulqjhq ndq
dikéqjh phjhw di ghq irup ghq d hghgh kdu1 Yl ndq odyh hq olgw ehguh yxughulqj
yhg dw rpvnulyh ghq 71 d hghgh yhg euxj di irupohq vlq 5{ @ 5 vlq{ frv{=

i � � � +{, @ h � � � � frv{ vlq{ +6� vlq{, @ 4
5h

� � � � vlq 5{ +6� vlq{,
Khuphg �qghu yl ghq iruehguhgh yxughulqj

mi+{,� S 
 +{,m � 4
7$

4
5h

� � ��� mvlq 5�m +6 . mvlq �m,{ �
� 4

7$
4
5h

�
�

s6
5

�

6 . 4
5
�

��
9
�
�

�@ := ;58 6� 43 	



Yl ndq vèohghv iruehguh jdudqwlhq= Ghq ihmo/ ghu ehjèv yhg dw huvwdwwh i+{, phg
S 
 +{, hu doohukûmvw 3=:;� 43 	

	 / phq ghq hu vwdglj iruprghqwoljw hq gho odyhuh1
Odghu pdq Pdsoh whjqh iruvnhoohq phoohp i rj S 
 sè lqwhuydoohw �� �

� > �
�
� > ylo

pdq vh/ dw ghq vwûuvwh iruvnho hu fd1 4=5 � 43 	

 = Ghq pdnvlpdoh ihmo �qghv l

hw di hqghsxqnwhuqh l ryhuhqvvwhpphovh phg pd{0ihmo0véwqlqjhq/ lghw i � � � +{, @
h � � � � frv{ vlq{ +6� vlq{, lnnh vnliwhu iruwhjq dqguh vwhghu hqg l xgylnolqjvsxqn0
whw 31
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Hnvhpsho 6:6 Dqwdj/ dw ghw ylghv/ dw hq ixqnwlrq i rsi|oghu oljqlqjhq
i+{, 
 . i+{, . 8{� 8 @ 3 +-,

iru dooh { 5 U= Yl ylo hjhqwolj jhuqh oûvh oljqlqjhq iru i+{,= Ghwwh ndq gd rjvè
jrgw odgh vlj jûuh +suûy phg Pdsoh$,/ lghw ghu hu irupohu wlo ehvwhpphovh di
uûgghuqh wlo sro|qrplhu di judg rs wlo rj phg 71 Ghu hu wuh oûvqlqjhu wlo yruhv
oljqlqj1 Gh hu dooh uhw julpph1 Ìq di oûvqlqjhuqh hu uhho1 Liûojh Pdsoh vhu ghq
vèohghv xg

i+{, @ 4
9

�
t

873 +4� {, . 45s536:� 7383{. 5358{ 	

� 5
�
t

873 +4� {, . 45s536:� 7383{. 5358{ 	

Ghqqhv 61Wd|orusro|qrplxp S 
 phg xgylnolqjvsxqnw 4 ylo yl ehvwhpph1 Yl djwhu
lnnh dw euxjh ghwwh hnvsolflwwh xgwu|n iru oûvqlqjhq/ phq ghulprg oljqlqj +-,1 Yl
xgq|wwhu/ dw ghw ndq ylvhv/ dw ghu iru hwkyhuw { 5 U hu suéflv ìq uhho oûvqlqj i+{,
wlo wuhglhjudgvoljqlqjhq +-,1 Ghw vhv yhg lqgvéwwhovh di { @ 4> dw i+4, pè rsi|ogh
oljqlqjhq i+4, 
 . i+4, @ 3= Ghqqh oljqlqj kdu ghq uhhooh oûvqlqj i+4, @ 3= Yhg
gl�huhqwldwlrq di oljqlqj +-, ièv

6i+{, 	 i � +{, . i � +{, . 8 @ 3 +--,

dowvè rsi|oghu i gl�huhqwldooljqlqjhq

i � +{, @ � 8
4 . 6i+{, 	 +--5,

Gd yl rjvè nhqghu ehj|qghovhvyéuglhq iru i> hu yl qx l vdpph vlwxdwlrq vrp
wlgoljhuh1 Yl �qghu xplgghoeduw/ dw i � +4, @ �8= Yhg gl�huhqwldwlrq di oljqlqj
+--, ièv

9i+{,i � +{, 	 . 6i+{, 	 i � � +{, . i � � +{, @ 3 +---,
Lqgvéwwhovh di { @ 4 jlyhu/ dw i � � +4, @ 3= Yl nxqqh l vwhghw kdyh gl�huhqwlhuhw
oljqlqj +--5,/ phq iruhwudn dw xqgjè euûnhu1 Yhg gl�huhqwldwlrq di oljqlqj +---,
ièv

9i � +{, 
 . 4;i+{,i � +{,i � � +{, . 6i+{, 	 i � � � +{, . i � � � +{, @ 3
Lqgvéwwhovh di { @ 4 jlyhu/ dw i � � � +4, @ :83= Khuphg kdu yl

S 
 +{, @ �8 +{� 4, . 458 +{� 4, 
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4715 Wd|oruuénnhu
Odg i yéuh ylonèuoljw riwh gl�huhqwldeho l hw lqwhuydo rpnulqj sxqnwhw d1 Ghw q*wh
Wd|orusro|qrplxp S � phg xgylnolqjvsxqnw d iru i hu vrp vhw ryhqiru jlyhw yhg

S � +{, @ i +d, . i � +d, +{� d, . 4
5i

� � +d, +{� d, 	

. 4
6$i

� � � +d, +{� d, 
 . = = =. 4
q$i

�
� � +d, +{� d, �

@
�

[

��� �

4
n$i

� � � +d, +{� d, �

rj liûojh Wd|oruv véwqlqj kdu yl/ dw ghu wlo hwkyhuw jlyhw { �qghv hw wdo � phoohp
{ rj d/ vè

i +{, @ S � +{, .U � +{, @ S � +{, . 4
+q. 4,$i

�
� � � � +�, +{� d, � � �

Khu hu U � +{, @ ��
� � � � � i

�
� � � � +�, +{� d, � � � uhvwohgghw l Wd|oruv véwqlqj1 Kylv

qx ghw ylvhu vlj/ dw U � +{, $ 3 iru q $ 4/ vè kdu yl dowvè/ dw S � +{, $ i +{,
iru q $ 41 Kylv ghwwh hu wloiéoghw/ ylo yl vnulyh

i +{, @
�

[

��� �

4
n$i

� � � +d, +{� d, �

Hq vègdq vxp ehvwèhqgh di xhqgholjw pdqjh ohg ylo yl ndogh hq xhqgholj uénnh
+hqjhovn= lq�qlwh vhulhv,1
Hnvhpsho 6:7 Xgwu|nnhw

�

[

��� �

5 	
� @ 4 . 4

5 . 4
5 	 . 4

5 
 . = = =. 4
5 � . = = =

hu hq xhqgholj uénnh1 Ghu jéoghu iru hwkyhuw q � 3/ dw
�

[

��� �

5 	
� @ 5��4

5
� �

Dowvè vhu yl/ dw
�

[

��� �

5 	
� $ 5

iru q $ 41 Yl vnulyhu ghuiru
�

[

��� �

5 	
� @ 5
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Hnvhpsho 6:8 Ghw q*wh Wd|orusro|qrplxp S � phg xgylnolqjvsxqnw 3 iru hn0
vsrqhqwldoixqnwlrqhq h{s eohy ryhqiru ixqghw wlo

S � +{, @ 4 . {. { 	
5 . { 


6$ . = = =. { �
q$ @

�
[

��� �

{ �
n$

Yl ylo ylvh/ dw
h � @

�

[

��� �

{ �
n$

Di Wd|oruv véwqlqj ièu yl/ gd ghq +q. 4,*wh d hghgh di h{s hu h{s vhoy/ dw
h � � S � +{, @ U � +{, @ 4

+q. 4,$h
� { � � �

kyru � oljjhu phoohp { rj 31 Ehpéun/ dw � ylo dikéqjh di eègh { rj q1 Khuphg
kdu yl/ gd � � m{m/ dw

mh � � S � +{,m @ 4
+q. 4,$h

� m{m � � � � 4
+q. 4,$h

�
�
� m{m � � �

Yl ylo l hw ohppd qhghqiru ylvh/ dw
m{m � � �
+q. 4,$ $ 3

iru q $ 41 Qèu ghw hu ylvw/ kdu yl ylvw/ dw h � � S � +{, $ 3 iru q $ 4 rj
ghuphg/ dw h � @ S �

��� �
���
� � 1

Ohppd 6:9 Iru hwkyhuw srvwlyw wdo d jéoghu/ dw ���

� � $ 3 iru q $ 41
Ehylv1 Yéoj wlo ghw jlyqh d hw srvlwlyw khow wdo p/ vè d � �

	 p1 Véw e � @ ���

� � 1Iru q � p kdu yl
e � � �
e � @ d

q. 4 � �
	 p

q. 4 � 4
5

Yhg jhqwdjqh euxj di ghqqh xoljkhg ièv iru dooh s � 4

e � � � � 4
5e � � � 	 � � �4

5
�

	

e � � � 	
	 � = = = � �4

5
� �

e � @ 5 	 � e �

Phq di 3 � e � � � � 5 	 � e � iûojhu/ dw e � � � $ 3 iru s $ 4/ kyruphg yl rjvè kdu
ylvw/ dw e � $ 3 iru q $ 41
Ehpéunqlqj 6:: Sè jdqvnh wlovyduhqgh pègh ndq ylvhv/ dw vlq{ rj frv{ hu
olj phg ghuhv Wd|oruuénnhu iru dooh { 5 U> vèohghv dw

vlq{ @
�

[

��� �

+�4, � { 	 � � �
+5n . 4,$

frv{ @
�

[

��� �

+�4, � { 	 �
+5n,$
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Ghvxghq jéoghu/ dw
oq +4 . {, @

�

[

��� �

+�4, � � �
n { �

phq nxq iru { 5 `�4> 4`1 Ghw hu lnnh ryhuudvnhqgh/ dw yl ehkûyhu { A �4/
hiwhuvrp oq +4 . {, mr nxq hu gh�qhuhw iru { A �41 Juxqghq wlo uhvwulnwlrqhq
{ � 4 hu/ dw ghq xhqgholjh uénnh sè kûmuh vlgh hu glyhujhqw iru { A 4/ g1y1v1 dw

�
[

��� �

+�4, � � �
n { �

lnnh kdu qrjhq juéqvhyéugl iru q $ 4/ phg dqguh rug= Ghq xhqgholjh uénnh
ndq lnnh wlooéjjhv qrjhq yéugl iru { A 41

4716 Jhqhuhooh uénnhxgylnolqjhu iru ixqnwlrqhu
Hq Wd|oruuénnh iru hq ixqnwlrq hu hq xhqgholj vxp di ohg di iruphq

�

[

��� �

d � +{� d, �

Ghqqh uénnhv divqlw
�

[

��� �

d � +{� d, � @ d � . d � +{� d, . d 	 +{� d, 	 . d 
 +{� d, 
 . = = =. d � +{� d, �

hu sro|qrplhu1 Qèu ghw lnnh ndq odgh vlj jûuh dw vnulyh hq jlyhq ixqnwlrq vrp
hq vègdq Wd|oruuénnh/ ndq pdq hyw1 ohgh hiwhu hq uénnhxgylnolqj/ l kylonhq
iruhnrpphu ohg di dqguh w|shu hqg d � +{� d, � 1 I1hnv1 eorw yhg rjvè dw wloodgh
qhjdwlyh hnvsrqhqwhu/ dowvè qhjdwlyh yéuglhu di n1 Vègdqqh uénnhu ndoghv Odx0
uhqwuénnhu1

471614 Odxuhqwuénnhu
Hnvhpsho 6:; Ixqnwlrqhq i gh�qhuhw yhg i +{, @ �

� � � � iru { 9@ 3 kdu vhoyiûo0
jholj lnnh qrjhq Wd|oruxgylnolqj xgiud 3/ lghw ixqnwlrqhq lnnh ndq gh�qhuhv l 3
xghq dw ghq eolyhu glvnrqwlqxhuw1 Ixqnwlrqhq kdu hq vlqjxodulwhw l 31 Lplgohuwlg
kdu yl/ dw ixqnwlrqhq j jlyhw yhg

j +{, @
� �

� � � � � �
� iru { 9@ 3

3 iru { @ 3
hu ylonèuoljw riwh gl�huhqwldeho/ rj pdq ndq ylvh/ dw j +{, hu olj phg vlq Wd|oru0
uénnh xgiud 3 iru m{m ? �1 Gh iûuvwh ohg l Wd|oruxgylnolqjhq iru j hu

4
9{. :

693{

 . 64

48453{
� . 45:

937;33{
� . :6

6754773{
� . = = =
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Khuphg kdu yl iûojhqgh uénnhxgylnolqj iru i +{, @ �
� � � � +ghu lûyuljw ndoghv frvh0

fdqv di { rj ehwhjqhv phg fvf{,=
4

vlq{ @ 4
{ . 4

9{. :
693{


 . 64
48453{

� . 45:
937;33{

� . :6
6754773{

� . = = =

jéoghqgh iru 3 ? m{m ? �1
Hnvhpsho 6:< Ghu jéoghu/ dw dufwdq{ hu olj phg vlq Wd|oruuénnh iru �4 ?
{ � 4=

dufwdq{ @
�

[

��� �

+�4, � { 	 � � �
5n . 4 @ {� { 


6 . { �

8 � { �

: . = = =

Iru { A 3 kdu yl/ dw
dufwdq{. dufwdq �{ 	 � � @ �

5
Qèu { � 4/ jéoghu dw 3 ? { 	 � � 4/ vè yl kdu

dufwdq{ @ �
5 � dufwdq 4

{ @ �
5 �

�

[

��� �

+�4, � �{ 	 � �
	 � � �

5n . 4

@ �
5 �

�

[

��� �

+�4, � { 	
	 �

	 �

5n . 4 @ �
5 � { 	 � . { 	




6 � { 	
�

8 . { 	
�

: . = = =

471615 Irxulhuuénnhu
Iru hq shulrglvn ixqnwlrq i ndq ghw xqghuwlghq yéuh q|wwljw dw kdyh ghq rp0
vnuhyhw wlo hq vxp di vlqxv0 rj frvlqxv0ixqnwlrqhu1 Ghu jéoghu khurp iûojhqgh
véwqlqj1
Véwqlqj 6;3 Odg i yéuh hq vw|nnhylv nrqwlqxhuw rj vw|nnhylv gl�huhqwldeho
shulrglvn ixqnwlrq phg shulrgh 5�1 Vè jéoghu/ kylv i hu nrqwlqxhuw l {/ dw

i +{, @ d �
5 .

�

[

� � �
d � frvq{. e � vlqq{

kyru nrh!flhqwhuqh hu jlyhw yhg
d � @ 4

�
] �

	 �
i +{, frvq{ g{

e � @ 4
�
] �

	 �
i +{, vlqq{ g{

L hw sxqnw d/ l kylonhw i kdu hq glvnrqwlqxlwhw/ jéoghu l vwhghw/ dw uénnhqv vxp
hu �

	 +olp ��� � i +{, . olp ��� � i +{,, =



47161 JHQHUHOOH UÉNNHXGYLNOLQJHU IRU IXQNWLRQHU 498

Hnvhpsho 6;4 Ghq shulrglvnh ixqnwlrq i phg shulrgh 5�/ ghu sè lqwhuydoohw
`��> �` hu jlyhw yhg i +{, @ { +� � {,/ kdu iûojhqgh Irxulhuuénnh

�4
6�

	 .
�

[

� � �

7 +�4, � � �
q 	 frvq{. 5� +�4, � � �

q vlqq{

Ixqnwlrqvyéuglhq i +{, hu olj phg Irxulhuuénnhqv yéugl iru { 9@ +5n . 4,�> n 5
]1


